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PREFACE 


TO THE FIRST EDITION. 


In presenting this volume to the Public, I would not claim to 
have unfolded many new principles of ALGEBRA; I only claim to 
have judiciously combined and arranged principles already known. 
By commencing this work with the most elementary parts, and 
gradually ascending to the more complicated, I have designed to 
adapt it to the wants of students of every grade. 

While I acknowledge, that, in general, the pr ‘nciples have long 
been known, I think Iam justifiable in claiming some of the methods 
of operation as original. 

This work will be found to contain, for the first time, I believe 
in any American school book, a demonstration and application of 
Sturm’s TuHrorem; by,the aid of which, we may at once deter- 
mine the number of real roots, of any Algebraic Equation, with 
much more ease, than could be done by any previously discovered 
methods. ‘ 

The method of finding the numerical values of the roots of 
cubic and higher equations, as fully explained under the last chapter, 
will, no doubt, be new to many, and interesting to all lovers of this 
science. It is particularly interesting on account of the ease with 
which it resolves itself into the method of extracting any root of a 
number, as explained in my Higher ARITHMETIC. 

It would be extremely difficult to point out the exact sources 
from which [ have drawn for this work, and even could I do so, these 
principles have been so long in use, we could not with safety say 
when, and with whom, they each originated. While I acknowledge 
the aid of many works on this science, I would give by far the 
greatest share of credit, to the eighth edition of Bourpon’s most 


excellent treatise on Algebra. 
Utica, July, 1842. GEORGE R. PERKINS. 


PREFACE 


TO THE SECOND EDITION, 


Tue present Edition has been very carefully Revised and 
considerably Enlarged. , One entire Chapter on the subject of Con- 
TINUED Fractions, which are treated in quite a general manner 
has been added. The subject of Recurrine Series has been 
re-written, and much simplified, and many other changes, which 
we deemed to be improvements, have been introduced. 

Having almost daily made use of this work in my Classes, since 
its Publication, and always having had in view the changes which it 
would be desirable to make, in order to improve the work, we feel 
that we are now prepared to present the present edition as quite an 
improvement upon the first. It is believed it will be found to con- 
tain a pretty full and complete development of all the various sub 
jects of Algebra, usually taught in our Colleges. 

As we have already prepared a smaller work, especially designed 
for primary schools, it has been our aim to adapt this Treatise to 


the wants of the more advanced Schools and Colleges. 
Utica, January, 1847. GEORGE R. PERKINS. 
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“TREATISE ON ALGEBRA. 


CHAPTER I. 
DEFINITIONS AND PRELIMINARY RULES. 
DEFINITIONS. 


(Article 1.) AucEesra is that branch of Mathematics, in 
which the calculations are performed by means of letters and 
signs or symbols. 

(2.) In Algebra, quantities, whether given or required, 
are usually represented by letters. The first letters of the 
alphabet are, for the most part, used to represent known 
quantities; and the final letters are used for the unknown 
quantities. 

(3.) The symbol =, is called the sign of Equality ; and 
denotes that the quantities between which it is placed, are 
equal or equivalent to each other. Thus $1 = 100 cents, 
which is read, one dollar equals one hundred cents. Again, 
a == 6, which is read, a equals 6. 

(4.) The symbol +, is called plus ; and denotes that the 
quantities between which it is placed, are to be added 
together. Thus, a +- 6 =c, which is read, a and b added, 
equals c. Again, a + b + c=d-+ 2, which is read, a, 
b and c added, equals d added to z. 
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(5.) The symbol —, is called minus ; and denotes that 
the quantity which is placed at the right of it is to be sub- 
tracted from the quantity on the left. Thus, a—b—=c, 
which is read, a diminished by 6 equals c. | 

(6.) The symbol x, is called the sien of multiplication ; 
and denotes that the quantities between which it is placed 
are to be multiplied together. Thus, @ X 6 = c, which is 
read, a multiplied by b, equals c. Multiplication is also 
represented by placing a dot between the factors, or terms 
to be multiplied. Thus, a .bisthesameasa X 6. Another 
method, which is used as frequently as either of the above, 
is to unite the quantities in the form of aword. Thus, abc 
is the same asa X bX c, ora.b.c. 

(7.) The symbol —, is called the sign of division ; and 
denotes that the quantity on the left of it is to be divided 
by the quantity on the right. Thus, a + 6 == c, which is 
read, a divided by b equals c. Division 1s also indicated by 
placing the divisor under the dividend, with a horizontal 


line between them like a vulgar fraction. Thus, i is the 


same as 2 > y. 


(8.) When quantities are enclosed in a parenthesis, brace, 
or bracket, they are to be treated asa simple quantity. Thus, 
(a +b) +c, indicates that the sum of a and bis to be divided 
by c. Again, (c—y) +z=[e—y]+z=}2—yl+z, 
each of which expressions is read, y subtracted from x and 
the remainder divided by z. The same thing may also be 


expressed by a bar or vinculum. Thus, c— y ~ z, which 
is read the same as the last three expressions. 


(9.) The symbol >, is called the sign of inequality; and 
is used to express that the quantities between which it is 
placed are unequal. Thus, 5 > a indicates that b is greater 
than a ; and 6 < c denotes that b.is less than e. 
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(10.) When a quantity is added to itself several times, as 
cte+c-+tc, we need write it but once, by placing before 
it a number to show how many times it has been taken. 
Thus,c +e+c+c=4c. The number which is thus 
placed before the quantity is called the coefficient of the 
quantity. In the above example, 4 is the coefficient of c. 
A coefficient may consist, itself, of a letter. Thus, 7 is the 
coefficient of «x in the expression nz; so also may «x be 
regarded as the coefficient of n in the same expression. 

(11.) The continued product of a quantity into itself is, 
usually, denoted by writing the quantity once, and placing 
a number over the quantity, a little to the right. Thus, 
aX aX ais the same as a*. The number thus placed over 
the quantity, is called the exponent of the quantity. Thus, 
Dis the exponent of a in the expression a°, and denotes 
that a is to be multiplied into itself, as a factor, five times. 


(12.) When a quantity is multiplied continually into 
itself, the result is called a power of the quantity. Thus, a® 
is the sixth power of a, and a® is the third power of a, the 
exponent always indicating the degree of the power. 

‘When a quantity is written without any exponent, it is 
understood that its exponent is a unit. 

Thus, a is the same as a', and (x+y) X mis the same 
as (e+ y)! X m’. 
| (18.) The symbol vy, is called the radical sign; and 
denotes that a root of the quantity, over which it is placed, 
is to be extracted. Thus, 


4/ x, or simply / z, denotes the square root of x. 

*/ x denotes the cube root of zx. 

4/ x denotes the fourth root of x. 

The number placed over the radical is called the zndex 
of the root. Thus, 2, 3,and 4 are, respectively, the zndices 
of the square root, cube root, and fourth root. 
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(14.) A root cf a quantity may also be represented by 


means of a fractional exponent. Thus, the square root of a 

i A Bias CME OG E 
is a@~; the cube root of a is a°; the fourth root of a is a’* ; 
and so on for other roots. 


2 


By the same notation, a® is the cube root of the square 
of a, or the square of the cube root of a. For the same 


reason a° is the fifth root of the third power of a, or the 
third power of the fifth root of a. 


(15.) The reciprocal of a quantity is a unit divided by 


1, ; Ty 
that quantity. Thus, 738 the reciprocal of a; also 5 is the 


3 
reciprocal of 3. 
(16.) The symbol .-., is equivalent to the phrase, there- 
fore, or consequently. 


(17.) When algebraic quantities are written without any 
sign prefixed, the sign plus is understood, and the quantities 
are said to be positive or affirmative ; and those having the 
sign minus prefixed are called negative quantities. Thus, 
a== +a,h= -+ 4, are each positive quantities ; whilst 
— a, — b, are negative quantities. When the sign —, is 
prefixed to an isolated term, as —a, —), it is not to be 
considered as a symbol of operation, but as a symbol of 
condition, merely showing that a and 6 are in a state or 
condition directly opposite to that denoted by + a and + b. 
Thus, if the degrees of the thermometer above zero are 
called +, then those below must be called —. 


(18.) An algebraic expression composed of two or more 
terms connected by + or —, is called a polynomial. A 
polynomial composed of but two terms, is called a bdino- 
mal ; one composed of three terms, is called a trinomial. 
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Thus 
3a + 46, 
Tx* — 3y, > are binomials. 
3a° —2?, 
da* + 46 — a, " 
4m — y +a, are trinomials. 
OF tas y,) 


(19.) Each of the literal factors which compose any term, 
is called a dimension of this term: the degree of a term is 
the number of the dimensions or factors. ‘Thus, 


7a, ( are terms of one dimension, or of 
5b, § the first degree. 


Sax, ( are terms of two dimensions, or 
oxy, | of the second degree. 


7a*b* = Taabbb, ) are terms of five dimensions, or 
3z° == 3zrerere, § of the fifth degree. 
(20.) A polynomial is said to be homogeneous, when all 
its terms are of the same degree. Thus, 


3a — dz + 2y, ) are homogeneous polynomials of 
b— y+ m, § the first degree. 


4a? +- 2x?— ry, ( are homogeneous polynomials of 
Tam—c* +a”, § the second degree. 


5a*b* — 6a° —4r*y, ? are homogeneous polynomials 
3ath —b°? + 4a°b?, § of the fifth degree. 
(21.) Any combination of letters, by the aid of algebraic 
signs, is called an algebraic expression. 'Thus, 
4 is an algebraic expression, denoting seven times 
’( the quantity z. 
is an algebraic expression, denoting that 
3/6 -+ a*,> the quantity a is to be squared, and then 
added to three times the square root of 6. 
(a + 5)2, is an algebraic expression, denoting that 
the sum of a and 0 js to be squared. 
The algebraic expression (a + b)(a—b) =a? — J’, is 
read, the sum of a and b, multiplied by the difference of a 
and 6, equals the difference of the squares of a and b. 
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(22.) We will give some identical pee braie aR? 
which may serve to exercise the student in reading a ‘oebraic 


formulas. 
(a-k bys a2 4 Dab be (1) 
(a — b)? = a? — 2ad'+ b?. (2) 
(a+b)? + (a—b)?= 2a? + 26?. (3) 
i(a-+b) +3 (a—b) =a. (4) 
i(a-+b)—$ (a—b) = 8. Kt LIB) 


Expression (1) is read, ‘‘ the square of the sum of a and 
b is equal to the square of a, plus twice the product of a 
and 5, plus the square of b.” 

Expression (2) is read, “ the square of a diminished by d 
.s equal to the square of a, minus twice the product of a 
and 6b, plus the square of 06.” 

The student should read the remaining expressions for 
himself, and should also form other expressions, which he 
may in like manner translate into common language. He 
should also substitute particular values for a and b, in the 
above expressions, and see if the results on both sides o1 
the equations are identical. 

Thus, the above expressions become, when 

Aime eey atch Oe 


(2+1)=—4+44+1=9. (1) 
(2—1)?=—=4—4+4+1=1. (2) 
(2+1)2?+(2—1)?=8 +2=—10. (3), 
¥(2+1)+3(2—1)=2. (4) 
7(2-F1)—7 (2—1)=1. (5) 

If a==4,and b=}, they will become 
(Gta = t+et+o= he. (1) 
G—3) =r toa (2) 
Chie t)? 4 ee (3) 
$(4+-4)+4(03—))=—4. (4) 
4(4-+4)—}(4—3)=+. (5) 


In this way the student should be exercised, until he be- 
comes familiar with the nature of algebraic expressions. 
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ADDITION. 


_ (23.) Apprtion, in Algebra, is finding the simplest ex- 
pression for several algebraic quantities, connected by + 
or —. 


Suppose we wish to find the sum of 
3a*b + Ta*b — 10a%b + 407b —5a*b — 2a7b. 
We first seek the sum of the positive quantities, by pla- 
cing them under each other as in arithmetical addition, thus, 
+-3a7b 
+ 7ab 
+. 4a7b 


+- 14a*b =sum of the positive terms. 


Proceeding in the same way with the negative terms, we 
find 7 

— 10a7b 

— 5ab 

— 2a*b 


— 17a*b =sum of negative terms. 


Therefore the total sum is + 1407b — 17a*b =— 3a?b. 


_ We could proceed in a similar way for expressions of 2 
like kind. 
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S 7 CASE I. 


(24.) When the quantities are alike but have unlike signs, 
we have this 


RULE. 


I. Place the different terms under each other, add the 
coefficients of the positive quantities into one sum, and the 
coefficients of the negatwe quantities into another. 


II. Subtract the tess from the GREATER. 


III. Prefix the sign of the greater sum to the remainder, 
and annex the common letters. 


EXAMPLES. 
if: 


1. What is the sum of 
2Qabx — Tabx — 2abz + 12abz + abx — 3abzr ? 

Qabsx 

12abx 

abx 


15abr = sum of positive terms. 


— Tabx . 
— Qabz 
— 3abzr 


— 12abz = sum of negative terms. 


Therefore 15abz — 12abz = 3abz = sum total. 


2. What is the sum of 
Tamn — 3amn + 2amn + 5amn — 10amn 2? 
Ans. amn. 
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3. What is the sum of ; 
A9axry — 3Taxry — 10ary + 100ary —Tary +4azry? 
Ans. 99azy. 
4. What is the sum of 
3 J/ar +7 /ax—5 Jar—3 Yar+10 Var Var ? 
Ans. 8/az. 


5. What is the sum of 
AP Sh bce dia 2b oaks eotan 


‘ 


Ans. 43ab?. 
6. What is the sum of 
13a%b? + Ga? 4b — 20a°b? + 10a? ? 
Ans. 9a7B°. 
7. What is the sum of 


1 1 
11a*b? 4x + atb*x* — 20a'b2x* + 6atb? Ya ? 
Ans. —2a‘b* 4/z. 


CASE II. 


(25.) When both quantities and signs are unlike, or some 
like and others unlike. 


RULE: 
I. Find the sum of the like terms as in Case I. 


II. Then write the sums one after another, with their 
proper signs. 


EXAMPLES. 


1, What is the sum of 
3axz — Qab + day —2ax + 3xy + '7ab —2zry + 6ax? 
3 


18 ADDITION. 


3ax 
—2ax 
6ax 


Tax ==sum of the terms containing az. 
Dol 
Tab 


5ab = sum of the terms containing ab. 


4xy 
OLy 
2xy 
5z2y == sum of the terms containing zy. 


Therefore Tax + 5ab + Sry = total sum. 


2. What is the sum of 
Qa7x — 3ax* + 2ab — Tax + 4ax*? — 8ab — 6a2zx 
+ 10axr? + 12ab? 
2a°x — 3ar?+ 2ab 
—Ta*x-+ 4ax?— 8ab 
—6arx + 10ar* + 12ab 


ar ee 


Ans. —lla’x+llax?+ 6ab 


— 


a. 4. 
3a*b* — Tab* + 5ary dam— 3am*— 6ab 
—7a?b*— 2ab*+— axry —Tam-+ 4am?+ ab 
8a*b? + abt—Tary —8am—10am*— 6ab 
a*b® — 10ab* +- 3ary am + am? + 20ab 


5a*b* — 18ab* — 10am — 8am* + 9YQab 


=o eet 
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8: 6. 
TJ/y—4(a+m) 4a*-+ 5an 
3/y—2(a+m) —3a*— Tan 

Ju +7(a +m) 27 San 
SVy t+ (atm) 5a? + 10an 
16Vvy +2(a+m) Sa* + 5an 
. iad 8. 
a(a-+b)+ 3Va—xz aah Tenge 3 
Bch 1 
—4i(a-+b\)—10Va—2z ey +m fa— 7 
—— 4 
—Ta(a+b)— 4V¥a—xz 13x y— m/a—10 
Qa(a+b)+ 6Va—xz Peon ete Sire Jat 2 
; ae 


6x y—4mva— 1 


ee 


— 8a(a+b)— 5Va—xz 


———, 


; 
2ir y—Tm/a— 13 


9. 
ape hg 10. 
Bue + B m 2b + Sax + by 
—l1r?m? — 6x?m? 3b — 8xr—A4y 
Faint Bh pepes dt ceatd Bytes oe 
14z°*m? + 52°m* 76 sr Y 
age Gap ay t 8b + 10x + 3y 
—Txz>m" —122°m Ce a 


yee et. 
—3r'm?%—122?m* 156+ 6x + 3y 


ee 


ee 
—_— ee 


11. What is the sum of 3ag + 6am — 9ry + 3ab — zy 
+4ag + 10am —Tary—6ab + 5zxy + 4ag — 13am ? 
Ans. llag + 3am — 122y — 3ab. 


20 ADDITION. 


12. What is the sum of 4a?*x —5a*y + Tam — 3a*x 
— 10a*y — 4am + 9a?y — Ta?x — 18am + 6a*?y — 1la?x 
tam — aby + a®y — 6au?x? 

‘Ans. —23a?x — 9am. 


13. What isthesum of —3zy + 5n + 3ar— 10am — 6zry 
+ In — 4axr + 8am — Qry + 10n +- 6am —4axr? 
» Ans. — llary + 22n—5az + 4am. 


14. Whatisthesumof 4a? + 5a*b2c? —9a? + 6a7b?c? 
+ 10a*x + Ta3x + 8a?—130°b?c? + 5a*— 3a%e + 3a2b?c? ? 
Ans. 8a? + a°b?¢? + 14a°e. 


15. What is the sum of /a— 3zy — Ym—n-t bry 
+5J7a+ In— Try + 9Va—7 Vm + 1l6n—5 Ya? 
Ans. 10 /a—4zry —8 *9/m +- 22n. 

; 3 a 3,4 
16. What is the sum of 6a Vb + 52*y —Txr+5a 5 

ad Poa Se ae Vy + 2a* /b—10zx + gap! ? 


3,4 : 
Ans. 18a b + 2*y —1]z. 


17. What is the sum of 3Va+b—5 yrz+527y? +7V a+b 
+ 32748 —Tvyax+ V at b—8zr%y3 pb 2Ve 10Va +b? 
Ans. 21Va + 6—10vz. 


18. What is the sum of 5a°}*c — 4ab2c? + 2a2b?c? — Tax 
+ 6a3b*c — 5ab67c? — 13axr — 7a7b?c* +- 3ab?c? — 8a*b°e ? 
Ans. 3a°b*¢ —- 6ab?c? —5a*b?c? — 20az. 
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SUBTRACTION. 


(26.) Susrraction, in Algebra, is the finding the sim- 
plest expression for the difference of two algebraic expres- 
sions. 


If we subtract the positive quantity b from a, we obvr 
ously obtain x ‘ 
a—b, 
which is the same as the addition of a and —b. 

Again, if we wish to subtract b—c from a, we obtain 
by subtracting 6 from a, a—b, but we have subtracted too 
much by the quantity c, therefore adding c, we get 

a—b-tc, 
which is the same as the addition of aand —b+ c. 

From this, we see that subtracting a quantity is the same 

_ as adding it after the signs are changed. 


Hence, for the subtraction of algebraic quantities we 
have this 


RULE. 


I. Write the terms to be subtracted under the similar 
terms, if there are any, of those from which they are to be 
subtracted. 


II. Concewe the signs of the terms of the polynomial to 
be subtracted, to be changed, and then proceed as in addition. 
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EXAMPLES. 


if 2. 
From Tac— 3ab+ d* From 8ama— 4ay+ 5y? 
Take 4ac+ 8ab-+ 4d? Take 9amz + 10xzy—11y? 


— 


Rem. 3ac—1lab—3d* Rem.—amr—I14ry + 167? 


3 4. 


From 6zy—3ac + 2m*> From 4a*V~xr—5a¥Vy+ az 
Take 4ry—Tac— 9m* ‘Take 30° yva+3aVy—Te 


—— eS 


Rem. 2t2y+4ac+ 11m? Rem. a’? vxr—8aVy+ 8a 


5. From 3a*bc — Tary+ 3my +a take a*bce + 8axy 


+6a-—4my. | 
Aus. 2a*be — 1l5axry + Tmy —5a. 


6. From 8ab./c— 12a*b +6cx — Try take YabVe 
— 13a°b + 8ry —- an + 3czr.~ 
Ans. —ab/c+a*b + 3cx — 15zy + an. 
7. From 15a°x — 14a*y + 3ab’? + 6amn take 6mg + 3a 
— 5a®x — Ta*y + 3ab? —4amn —4. | 
Ans. 20a°x —Ta*y + 10amn — 6mg — 3a +4. 
8. From 18a‘z*y +- 3ax — Tab + 6mg — xy? take 5zxy 
+ 4atz?y — 6ax + 9ab + 2mg + 5zx*y?. 
Ans. 9a‘z3y + 9ax — 16ab + 4mg — 62*y? —5zy. 


9. From Tab? + 8a* — 4b*2— Bary + 42* —3zry' take 
3ab —17 + 4a? — 5a2b? — 74x + 3ay°. 
Ans. 1207) ®§—?+3b!2—Bary +-422-—62y>— 3ab + 17. 
10. From 4a°br — Tary + 3p*q + 17—~z2z take 4p7q 
“—13 + Ta®*ba + 8ary — Tx + 38f— mg +n. | 
Ans. —2u*bz — l5axy — p*q +30 +62 —3f+ mg —n. 


\ 
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11. From 6am +2 take 3am + y. 
Ans. 8am +a2—y. 
12. From 3a°m—6zx*y°+2zy take 4a2m + 6z*y? + Sry. 
Ans. —a*m — 1222y* — 3zy. 
13. From 3amx — 43 + 2—y+27d take 15n + 7g —3 
+ 4y— 8d-+ Tamz — x-+ pq —7s. 
Ans.—4ama—40-+272—5 y +35d—15n—7 g¢—pq+yrs. 
14. From a+ 6 take a— b. 
Arsi2be. 


(27.) We can express the subtraction of one polynomial 
from another, by writing the polynomial which is to be sub- 
tracted, after enclosing it within a parenthesis, immediately 
after the other polynomial from which it is to be subtracted, 
observing to place the negative sign before the parenthesis. 

Thus, ab—6xry-+ 3am — (4ab + dry + am) 
denotes, that the polynomial enclosed within the parenthesis 
is to be subtracted from the one which precedes it ; and since, 
by (Art. 26), to perform subtraction, we must change all the 
signs of the terms to be subtracted, we may remove the pa- 
renthesis provided we change the signs of the terms which it 
encloses: and conversely, we may enclose any number of 
terms within the parenthesis, witha negative sign before it, if 
we observe to change the signs of the terms thus enclosed. 

In this way we can transform the expression 


a*b + ry —Tam— (mx +6 — 132°), 


into 

a*b + xy —Tam — mz — 6 + 1327, 
into 

a*h + xy — (Tam-+ mz + 6 — 1327), 
into 

a*b —(—zy+ Tam + mz +6 — 132"), 
into 


a*b + ay — Tam — mx — (6 — 132°). 
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MULTIPLICATION. 


(28.) If we wish to multiply a by b, we must repeat a as 
many times as there are units in 6, which, by (Art. 6), is 
done by writing ) immediately after a, thus, a multiplied 
by?b == ab. 

Again, if we wish to multiply a by — b, we observe that 
this is the same as to multiply — b by a, hence we must re- 
peat — b as many times as there are units ina: repeating a 
minus quantity once, twice, thrice, or any number of times 
can not change it to a positive quantity. Hence, — 6 multi- 
plied by a, or, which is the same, a multiplied by—b—=—ab. 

Finally, if we wish to multiply a — b by c —d, we will 
first multiply a—b by c, we thus obtain 

a—b 
c 


ac — bce for a—b repeated c times. 


This result is evidently too great by the product of a— b 
by d, since it was required to repeat a — b as many times as 
there are units in ¢ lessd. 

Then repeating a — b as many times as there are units in 
d, we have 

a—b 
d 


ad—bd for a — b repeated d times. 


Subtracting this last result from the former, we have 
ac — be — (ad — bd), which, by (Art. 27), becomes 
ac —bc—ad- bd for the product of a— b by c—d. 
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Hence, we see that — 6, when multiplied by — d, produces 
the product + bd 

If we wished to multiply 2 by —), it would hardly be 
correct to say, that we are to repeat a minus b times ; for 
a quantity cannot be repeated a minus number of times. 
But when we wish to multiply a@ by — 0, we evidently 
wish to repeat a as many times as there are units in 0, and 
then to give to the product the negative sign ; that is, when 
the multiplier is negative, we must multiply as though it 
were positive, and then give to the product a contrary sign. 

‘Applying this principle to the case of —a multiplied by 
—b. We know that —a multiplhed by + 6 gives — ad 
for the product; therefore —a multiplied by —}d must 
give the same product taken with a contrary sign ; that is, 
—a multiphed by — ) must give + abd. 

(29.) From all this, we discover, that the product will 
have the sign +, when both factors have like signs, and the 
product will have the sign —, when the factors have con- 
trary signs. 

If we wish to multiply 3a*b by 4a°b*, we observe that 

3a7b = 3aab 
4a°b* = 4aaabb 
Hence, the product will be 
Saab X 4aaabb = 12aaaaabbb = 12a°d*. 


| Here we discover that the exponent of a, in the product, 
is equal to the sum of the exponents of a in the factors ; 
likewise the exponent of b, in the product, is equal to the 
sum of the exponents of b in the factors. 

(30.) Hence the product of several letters of different ex- 
ponents is equal to the product of all the letters, having for 
exponents the sums of their respective exponents in the fac- 
tors. 
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CASE I. 


(31.) From what has been said, we pares for multiplying 
together two monomials, this 


RULE. 


', Multiply the coefficients, observing to prefix the sign + 
when both factors have like signs ; and the sign — when they 
have contrary signs. 

Il. Write the letters one after another ; if the same letter 
occur in both factors, add the exponents for anew exponent. 

(52.) The product will be the same in whatever order the 
letters are placed, but it will be found more convenient, in 
practice, to have a uniform order for their arrangement. 
The order usually adopted is to place them alphabetically. 


: EXAMPLES. 
1. Multiply llaz*y by 3a*y’. 
Ans. 33a°x*y*. 
2. What is the fon Te of 3am? by 6a7b*z ? 
Ans. 18a?b?m2z. 
. What is the product of 10c*d? by 9a°cd? 
Ans. 90a°c*d°, 


oe) 


4. Multiply — 13ac* by — 4a*d°c?. | 
Ans. 52a*b®c®. 
5. Multiply ab’c' by a’d’. 
Ans. a? "ber, 
6. Multiply —17z°y by 3zyz. 
Ans. — 51s‘y*z. 
ase See love 
7. Multiply qu cd by aaty- 


Ans. = o°btedey, 
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8. Multiply — wt i) by yet. 
2 2 Ans. Cease, 
4 


9. Multiply 7m°n®p7 by 6mn2p3. 
Ans. 42m'°n'p'®, 


CASE If. 
(33.) Polynomials‘may be multiplied together by the fol- 


lowing 
RULE. 


I. Multiply all the terms of the multiplicand succes- 
sively by each term of the multiplier, and observe the same 
rules for the signs and exponents as wv Case I. 


Il. When there arise several partial products alike, they 
must be placed under each other, and then added together 
in the total product. 


(34.) The total product will be the same in whatever 
order we multiply by the terms of the multiplier, but for 
the sake of order and uniformity,.we begin with the left- 
hand term. | 


. EXAMPLES. 
1. What is the product of 3a?—6ar-+ y by 3a —m ? 


OPERATION. 
oa? — bax +- y 


3a —- m 


-_——-— 


Ans. 9a —18a? z+ 3ay — 3a2m + 6ama — my. 


nn 
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2. What is the product of 6z?—3y%La by 2®&—2y3—a ? 


OPERATION. 
6x? — 3y3 + a’ 
re —' 23 — a 


6xt -—— 32?y8+ az? 
— 122r°y'—6ax?+ 6y°—2ay’ 
+3ay%—a? 


Ans. 62+ — 152?y? —5ax?-+- 6y°+ ay?—a?. 


3. What is the product of b°m —3ay by 62 —3? 
Ans. 6b?mxz— 18axry— 3b°m + Yay. 
4. What is the product of 7/—2m—9 by 3/—11m ? 
Ans. 211?—83lm—27/1+22m?+99m. 
5. Multiply 2a--5)+-3:—5e by 3a4+10b+15f. 
Wate PUR UAE ERLE 
* ) —50be+30af+-75bf-+-45 cf—bef 
6. Multiply a+6-+c+d by a—b—c—d. 
Ans. a* — b? — 2bc — 2bd — c? — 2cd — d?. 
7. Multiply a®+ a*+ a? by a? —1. 
Ans. @ —u?. 
8. Multiply a? + az-+ 2? by a?— az 4 27. 
Ans. at + a?z? + 24, 
9. Multiply a+b by ab. | 
Ans. a® + 2ab + 6?. 
10. Multiply a—b by a—b. : 
Ans. a?—2ab + b?. 
11. Multiply a + b by a—b, 
| Ans. a* — }?. 
(35.) The last three examples, when translated into com- 
mon language, give three distinct and important theorems, 
which we will proceed to illustrate. 
Example 9 is the same as 
(a3) x (a3) = (@-8)'= a* +. 2Qab + b?; 


which, when translated, gives 
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THEOREM I. 


The square of the sum of two quantities is the same as the 
square of the first, plus twice the product of both, plus the 
square of the second. 


EXAMPLES. 


lL (ety) x @e+yH+y) =" +2ryy’. 
2. (22a) x (Qa-+-a)= (22-2)? —42°+ 4ar-La’. 
3. (5m+3) x (5m+3)= (5m+3)?=25m?+30m-+9. 
Example 10 is the same as | 
(a—b) X (a—b)=(a—b)?=a2—2ab+0?; 
which, when translated, gives 


THEOREM II. 


The square of the difference of two quantities is equal to 
the square of the first, minus twice the product of both, plus 
the square of the second. 

EXAMPLES. 

1. (@—y)X(@—y) = (2 —-y)? = 2? — 2ay + 9’. 

2. (3a — b) X (8a —b ) = (8a — b)? =9a* — Bab + B?. 

3. (5a—z) X (5a—x) = (5a—z)? = 25a? — 10azxr +2". 

Example 11 is the same as 

(a +-b) xX (a—b) = a? — 0’; 
which, when translated, gives 


~ 


THEOREM III. 


The sum of two quantities multiplied by their difference, 
as equal to the square of the greater, minus the square of 
the less. 


EXAMPLES. 
1. (@+y)xX(e—y) =e —¥. 
2. (8a + 6) x (3a —b) = 9a? — B?. 
3. (Tm + y)x (Tm —y) = 49m? — 9. 
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DIVISION. 


(36.) We know by the principles of Arithmetic, that, if, 
in Division, we multiply the divisor into the quotient, the 
product will be the dividend. 

Therefore, referring to what has been said under Multi- 
plication (Art. 29), we infer that when the dividend has the 
sign ++, the divisor and quotient must have the same sign ; 
but when the dividend has the sign —, then the divisor and 
quotient must have contrary signs. 

(37.) Hence, when the dividend and divisor have like SigNS, 
the quotient will have the sign +-; and when the dwidend 
and divisor have contrary signs, the quotient will have the 
the sign —. 

We have. also seen under Multiplication (Art. 30), that 
the product of several letters of different exponents is equal 
to the product of all the letters with the sum of their re- 
spective exponents for new exponents. 

(38.) Hence, to divide any power of a letter by a different 
power of the same letter, rt is obvious that the quotient will 
be a power of the same letter, having for exponent the ex- 
cess of the exponent in the dividend above that of the divisor. 

(39.) If we divide continually the expression 

a° = aaaaa by a, we shall find 
a®2-'¢ =o 1g aaaa 
a* — a= a'— 1a = aaa; 


3 


Gi Ga eee ee Oe 


Cee Gao Fae Os 
a fase a = ; 
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. 1 A 
a° — a==a°—'==a—'=-—reciprocal of a; 
a ; 


Tesoro ) 
a—-*-a=a-'" =a =. --=—=reciprocal of a; 
aa a 
: 3 1 
aaa =a == =reciprocal of a? ; 
aaa, a 
1 1 
a +¢—0*—' =a 4+ —_=—=reciprocal of a*; 
aaaa a 
- &c. &e. 


(40.) From the above scheme, we see, that whenever the 
exponent of a quantity becomes 0, its value is reduced to 1. 

(41.) That whenever it is negative, it 1s the reciprocal of 
what it would be were vt positive. 

(42.) Hence, changing the sign of the exponent of a 
quantity is the same as taking tts reciprocal. 


CASEI. 


(43.) From what has been said, we have, for dividing one 
monomial by another, this 


RULE. 


I. Divide the coefficient of the dividend by that of the 
divisor, observing to prefix to the quotient the stgn + when 
the signs of the dividend and divisor are alike, and the 
sion — when they are contrary. 


II. Subtract the exponents of the letters in the divisor 
from the exponents of the corresponding letters of the divi- 
dend; wf letters occur in the divisor which do not in the © 
dividend, they may (Art. 42) be written in the quotient by 
changing the signs of their exponents. 


(44.) It must be recollected here, and in all cases here- 
after, that when the exponent of a letter is not written, 1 is 
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always understood (Art. 12); and when the exponent is 0, 
the value of the power is 1. (Art. 40.) 


EXAMPLES. 


1. What is the quotient of 14a*z* divided by Taz* y ? 
Dividing the coefficients we find 2, to which if we annex 
the letters after subtracting the exponents. we have 
: gata tame pa 11 
the x has disappeared, since its exponent became 0, and its 
value therefore was 1, by (Art. 40.) And since the y oc- 
curred in the divisor and not in the dividend, it was written 
in the quotient with the sign of the exponent changed. 
(Art. 42.) ‘ 
2. What is the quotient of 3527b%¢ divided by 5abe? 
Ans. Tab’. 
3. What is the quotient of —44mnz? divided by 22 abca? 
Ans. —2a—'b—*c~*mnz. 
4. Divide —7z*y by 10z%y. 


7 2 Hy | 
Ans. AOS 4 


or 


. Divide 3a°min® by —6amn. 
Deeg: 
Ans. at me 


6. Divide 352°yz° by —7x?y°z°. 
: Ans. —bdxy—*. 
7. Divide cd" by —13cd". 


1 
Ans. ——d-". 
| ns. —75 
8. Divide —3ab" by—4a’b c’. 
Ans. ote, 
9. Divide —17a%]°m— by —4a-"l4m-*. 


Ans. palm’. 
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10. Divide 132—*y—7 by — 26zy. 


1 
° a A, Pris! 
Ans. — ae 


(45.) 'To divide one polynomial by another, we shall imi- 
tate the arithmetical method of long division. And in the 
arrangement of the work we shall follow the French method 
of placing the divisor at the right of the dividend. Thus, 
to divide 


a +a’x+ab+bz by a+z, 


-we proceed as follows : 


OPERATION. 
Dividend = a’ + oz + ab + bzia + x= divisor 
a® + ax } 
sr ee A ia” + b = quotient 
ab + bx 
ab +- bx 
0 


Having placed the divisor at the right of the dividend, we 
seek how many times its left-hand term is contained in the 
left-hand term of the dividend, which we find to be a?, which 
we place directly under the divisor, and then multiply the 
divisor by it, and subtract the product from the dividend ; 
then bringing down the remaining terms, we again seek how 
many times the left-hand term of the divisor is contained 
in the left-hand term of this remainder, which we find to 
be 6; we then multiply the divisor by b, and again subtract- 
ing there remains nothing ; so that a?+ 6 is the complete 
quotient. 


That the operation may be the most simple, it will be 
necessary to arrange both dividend and divisor according to 
the powers of some particular letter, commencing with the 


highest power. 
5 
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CASE IL 
(46.) To divide one polynomial by another, we have this 


RULE. 


I. Arrange the dividend and divisor with reference to a 
certain letter; then divide the first term on the left of the 
dividend by the first term on the left of the divisor, the re- 
sult is the first term of the quotient; multiply the dwisor 
by thes term, and subtract the product from the dividend. 


II. Then divide the first term of the remainder by the first 
term of the divisor, which gives the secon ' term of the quo- 
tient; multiply the divisor by this second term, and subtract 
the product from the result after the first operation. Con- 
tinue this process until we obtain O for remainder ; or when 
the division does not terminate, which is frequently the case, 
we can carry on the above process as far as we choose, and 
then place the last remainder over the divisor, forming a 
fraction, which must be added to the quotient. 


EXAMPLES. 
1. What is the quotient of 2a7b + aia di- 
vided by a* + b? + ab? 
Arranging the terms according to the powers of a, and 
operating agreeably to the above rule, we have 


OPERATION. 
Dividend = a? + 2a*b + 2ab? + b3|a? -| ab + b? = divisor 


a® a2b ab? Saee 
pinnae." A a + b= quotient 


a*b + ab*+ B% 
a*b+ ab®?+ 0° 


0) 
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2. What is the quotient of a*}—3a?+-2abh—6a—4)+ 22 
divided by b—3 ? 
* 


OPERATION. 
a*b—3a* 4-2ab—6a—4)-+-22|b—3 
a*b—3a? —- seein 
a*+2a—4+4-_— 
2ab—6a b—3 
2ab—6a 
—-4b-+.22 
—4i-L12 


10—remainder: 


3. Divide 1°—zx*-+-r*—2?-22—1 by x? +2—1. 


OPERATION. 
g°—at + 2— 2? +-27—1 2? +2—] 
z°+2°—z4 oT Wienke 
more Sh). r—a3--a?—r+1 
—r+r23—z* 
—yi—r' 2° 
e'—x*+2x 
wt +- 73§—z? 
—zx*+2r—1 
—r* —x* +24 


x*+gz—1 
x*+-c—1 
0 


4, What is the quotient of z’—3az?+-3a2x—a* divided 
ov r—a? 
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OPERATION. 
x3 — 3ar* + 3072 — adic — a * 
x3 — az? SE 
MELE Wace: x* — 2ax + a? 
— 2ax*? +- 3072 
— Qax* + 2a*x 
a*x — a? 
a*z — as 
0 


he ee 


5. Divide 14af— 21bf-+ Tef + 6ag — 9bg + 3cg by 
if + 3¢. Ans. 2a—3b—+c. 
6. Divide 423 + 42? — 29x -+ 21 by 2x— 3. 
Ans. 2x? -+-52 — 7. 
7. Divide 119¢2 — 200cd +- 408ce — 113ch — 39d* 
+ 72de + 37dh — 96eh + 20h? by 17c + 3d — 4h. 
Ans. 7c — 13d + 24¢e — 5h. 
8. Divide  72x* —78x*y — 10x2y? + 17zy* 4+- 3y4 by 
6x? — 4ry — 7. 
Ans. 1222 — 5ry — 3y?. 
9. Divide 36a7b — 63ab? + 206? by 12ab — 55’. 
Ans. 3a — 4b. 
10. Divide a* — b? by a —b. 
Ans. a +6. 
11. Divide a* — b* by a —. 
Ans. a° + a*b + ab? +- B°. 
(47.) The following examples cannot be accurately per- 


formed, there being still a remainder, however far the divi- 
sion be carried. 


DIVISION. 37 


12. Dividing 1 by 1—}, we have in succession 


: be, b 
1+ (1- Dare ia Nag 


b bs 
seen TEE: 
1+65+0? Bs 
=1+6-+ qth rang 
b4 
=14b4+ +04 —— 
&c. &e. 
Hs 3 ERC es 
its 
1—b Hs 
ne EEE 
1—d-+-3B? vS 
Pe ee 
1— }-+- db? — a 
Sih aka Mahia 
&e. &e. 
: | ae 
14. (hPa): (12) a3 oS 
a 
2 
CR re 
1—z 
Dine 
=1+27-+ 22? 
De Weta 
cuit 2 3 2x* 
=1+ 27+ 2z F225 3 


&c. &e. 
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CHAPTER IL. 


ALGEBRAIC. FRACTIONS. 


(48.) In our operations upon algebraic fractions, we shall 
follow the corresponding operations upon numerical frac- 
tions, so far as the nature of the subject will admit. 


CASE I. 


To reduce a monomial fraction to its lowest term, we 
have this 


RULE. 


I. Find the greatest common measure of the coefficients of 
the numerator and denominator. (See Arithmetic.) 


II. Then, to this greatest common measure annex the let- 
ters which are common to both numerator and denominator, 
give to these letters the lowest exponent ‘which they have, 
whether in the numerator or denominator: the result will 
be the greatest common measure of both numerator and de- 
nominator. 


III. Divide both numerator and denominator by this 


greatest common measure, (by Rule under Art. 43,) and the 
resulting fraction wul be in its lowest terms, 
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EXAMPLES. 


1. Reduce ue eae 


; to its lowest terms. 


The greatest common measure of 375 and 15 is 15, to 
which annexing abry, we have l5abry for the greatest 
common measure of both numerator and denominator. 
Dividing the numerator by l5abcy, we find 

sTOa3bzy — l5abry = 25a". 
In the same way we find 
15ab?xy* — l5abry = by’; 
hence, we have 
Ssi5a*bay . 25a? 
“Dab ay? ‘by? 
which, by Rule under Art. 44, becomes 


SLED Rate tee 
by” 
eae O. 
2. Reduce pices to its lowest terms. 
DOTY Z 


In this example, the greatest common measure of the 
numerator and denominator is 7ryz* ; hence, dividing both 
numerator and denominator of our fraction by Tzyz*, we 
find 


420x712". Gaxr*2* 
ve . “aban is in its lowest terms. 


-Bbary3z* aed By? 
—18mnz? a 
3. Reduce — to its lowest terms. 
~72ma' cee 
Ans. a Ae 
4zy° 
4. What is the Sninlest form of 13x8 
26x74 
Ans e 
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5. What is the simplest form of meal 
12abcd 
Ans. 9b7d°. 

(49.) From what has been said (Art. 42), we infer that 
we may transfer a letter from the numerator to the denomi- 
nator, or from the denominator to the numerator, by changing 
the sign of the exponent. 

Thus, 

TOLY2 tel Tz 


a ey 


xyz) 
2 

es 7th Vas uieae ih : 

OZ Curae 


Daher Nike, 
3. Reduce 76 to its simplest terms and then transfer 
all the letters to the numerator. 
if Cou ae 
= hse Fi 
Bath 5 ‘ 
27Tabed 

108a%b4m 


Ans. 


4. Reduce in a similar manner the fraction 


Ans. ane = jo-%—tedm—. 


GREATEST COMMON MEASURE OF POLYNOMIALS. 


(50.) Before proceeding to the reduction of polynomial 
fractions, it is necessary to show how to find the greatest 
common measure of two polynomials, which may be effected 
by this 


RULE. 


Divide one of the polynomials by the other, and the pre- 
ceding divisor by the last remainder, till nothing remains ; 
the last divisor will be the greatest common measure. 


This rule may be demonstrated as follows : 
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(51.) Let VW anda be two polynomials, of which WV is 
greater than ; then, performing the divisions as directed 
in the above rule, we have 


OPERATION. 


n) NV (qi= first quotient. 


91 
First remainder = 71)  (q2== second quotient. 
7192 | 
Second remainder = rz) 7; (q3 = third quotient. 


7293 


Third remainder = 0 


The numerals placed at the bottom of the letters q and r, 
are called Subscript Numbers, and show the order in which 
the quotients and remainders occur. 

Letters marked like the above, are as independent as 
though they were different letters. The reason why we use 
them in preference to different letters, is because we can 
the more readily discover what they are designed to repre- 
sent. 

(52.) Now, since the dividend equals the divisor multi- 
plied by the quotient and increased by the remainder, we 
have the following conditions : 


N= qn-+ rt. (1) 
N= gritr. - (2) 
11 == J31o. (3) 


Substituting gsr2 for 7, in (1) and (2), and they will be- 

come 
N= qin +- Qare. (4) 
0 == J273"2 -+- 12. (5) 

The right-hand member of (5) is divisible by 72, and 
therefore its left-hand member must also be divisible by 72 ; 
that is, n is divisible by 7p. 

6 
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The value of n, (5), being substituted in (4), gives 


N= qagegere + gare + qara- (6) 

The right-hand member of (6) will divide by v2, and 
therefore its left-hand member will also divide by 72; that 
is, Vis divisible by v2: hence, 72 is a common measure of 
Nandn. Itis also the greatest common measure. For 
every common measure of JV and m, is also a measure of 
NV —ng,=71; and every common measure of » and 1, is 
also a measure of n —7rjqz==72. But the greatest measure 
of r2 is téself. ‘This, then, is the greatest common measure 
of Nand n. 

In the above case we have supposed the third remainder 
r3 to =0. Had the process of dividing extended still far- 
ther, it might still be shown, that the last divisor is the great- 
est common measure ; hence the truth of the above rule. 


(53.) It is obvious, that any factor common to but one 
of the two polynomials, may be struck out before dividing, 
without affecting the accuracy of the work. 


(54.) Also, either of the polynomials may be multiplied 
by any factor before dividing.* 


EXAMPLES. 


1. What is the greatest common measure of at — a*, and 
a3 + 027 — ax* — x3? 

Arranging the terms according to the powers of a, and 
dividing according to Rule under Art. 46, we have for the 


* If the above demonstration is deemed too difficult, on account of its 
making use of some of the principles of equations, which have not yet ° 
been fully explained, the student must’ pass it by, until he has gone 
through with the chapter on simple equations, and then he can return 
to it with pleasure and profit. 
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FIRST OPERATION. 


4 


a*— x4 a’ + a*x — ax* — x3 


at + a®e — arx? — 
2S ani a—xz 
— ax aa* + ax* — x4 
— a°x—a*x? + ax? + x4 


Qa2x? — Qx* — first remainder. 


We must now divide a3 + a*« —ax*— x? by 2a*x* — 22%; 
but before performing the division, we will expunge from 
2a°x? — 2x4 the factor 2x? (Art. 53), which gives a?— 2? for 
the divisor ; hence, we have for the 


SECOND OPERATION. 


a® +.a?x — ax? — x3|a? — x? 
a — ax’ 


SN a ata 


There being no remainder, the process must terminate. 
The last divisor, or greatest common measure, is therefore 
a® — x. 

_ 2. What is the greatest common measure of 6a? + llaz 
+ 32° and 6a?-+ Tax — 32x? ? 

In this example, we may take either of the polynomials - 

as the divisor, since they are each of the same degree. 


FIRST OPERATION. 
6a? + llaz + 327|6a? + Tax — 32° 


6a7 + ‘Tax —32" nadine 


4ax + 6x? = first remainder. 
Before dividing 6a? + Tax — 32? by 4ax + 6x? we ex- 
punge from 4azr + 62? the factor 2x, and thus have 


44 ALGEBRAIC FRACTIONS. 


SECOND OPERATION. 


6a? + Tax — 3x7/2a + 32 


6a? + 9ax wr 
3a—2z 
— 2ar— 382? 
—Ia¢—- 32? 
0 


Therefore, 2a + 3z is the greatest common measure. 
3. What is the greatest common measure of 
a? — a*h + 3ab* — 3b? and a? — 5ab + 4b? ? 
FIRST OPERATION. 
a’— a’b-+ 3ab?— 3b'la?—4ab-+ 4b? 
a® —5a*b-+ 4ab? 1 ag TARY 


a+4b 


4a*b— ab*?— 363 
4a*b — 20ab? + 16b° 


a re ee 


19ab? — 19)? = first remainder. 
Before dividing a*® —5ab + 4b? by 19ab*— 19b*, we ex- 
punge from this last polynomial the factor 190?. 
SECOND OPERATION. 
a” — 5ab + 4b7|a — b 
a*— ab 


a—4b 


— 4ab + 4b? 
—4ab-+ 4b? 


0 

Therefore, a —b is the greatest common measure. 

4. We will now seek the greatest common measure of 
these polynomials after the terms have been arranged ac 
cording to the powers of b, as follows : 

— 3b + 3ab2— a*b + a? and 4b?— 5ab-+ a*? 
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Before dividing, we must multiply the polynomial — 3b° 
+ 3ab? —a*b + a® by 4, in order that its left-hand term 
may be divisible by the left-hand term of the other poly- 
nomial. (Art. 54.) 


FIRST OPERATION. 


— 120° +-12ab*?— 4a7b4- 40°}4b7— 5ab +- a3 
— 12b°+15ab?— 3a7b 


Multiplying by4,— 3ab*— a*b-+ 4a? 
—12ab?— 4a*b + 16a? 
—12ab? + 15a7b — 3a? 


—$—$—$—_ — 


— 3) — 3a 


— 19a*b +- 19a? = first remainder. 

Before dividing 4b? —5ab-—-a* by —19a*b + 19a, we 
expunge from this last polynomial, the factor 19a”, and then 
dividing, we have for they 


wee ere 


SECOND OPERATION. 


4b*?—-5ab + a7I— b+a 


4b62— 4ab aries 
—4) +a 


— ab+a?* 
— ab+da? 


0 


Therefore, —b-+-a, or a—b, is the greatest common 
measure, same as before. 


4. Whatis the greatest common measure of the two poly- 
nonin Tatch 10C0 08 4 ct aa 
Ans. 3a* + 2ab — 6’. 
5. What is the greatest common measure of 
x3 —— 67 and x* -+- Qhx + b?? 
Ans. x + 6. 
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6. What is the greatest common measure of 
a* — ab — 2b? and a2 —.3ab + 22? 
Ans. a — 26. 
In this example it is immaterial which polynomial we 
consider as the divisor, since they are of the same degree. 
7. What is the greatest common divisor of 
x + 42° — 3x* — 16x23 + 11x? + 127— 9, 
62° + 20rt — 122° — 48x? + 227 + 12? 
, Ans. 2° + ¢* — 5x + 3. 
8. What is the greatest common divisor of 
20x° — 122° + 1621 — 152° + 142? — 1dr + 4, 
152*— 928+ 47x?—2lxr + 282 
Ans. 52*-— 32 + 4. 


- 


CASE II. 


(55.) 'To reduce a polynomial fraction, that is, a fraction 
of which the numerator or denominator, or both, are poly- 
nomials, to its lowest terms, we have this 


RULE. 


Divide both numerator and denominator by their greatest 
common measure, found by Rule under Art. 50. 


EXAMPLES. 


Giese Toe 4 
1. Reduce the fraction 36x° — 182° — 27x! +- 9x8 


ee ee et ee A 
27x*°y* — 182x*y? — 92% y? | 


simplest form. | 
We see, by a mere glance of the eye, that the numerator 

and denominator can both be divided by 92°, ly which di- 

423 — 22*—3r+1 { 


vision the fraction becomes eee ss 
3x?y* — Qry*? — y? 
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We must now seek the greatest common measure of 
4x3 — 22? — 3x +-1 and 3x?y? — 2ay* — y’. 
Dividing the second of these by y* (Art. 53), and multi- 
plying the first by 3 (Art. 54), we have the 


FIRST OPERATION. 


1273 —622— 9Sxr+ 332*—2xr—1 
122° —82*— 42 Pe Se ae Te A 


___'4a +2 
Multiplying by 3, 2x°7— 5r+ 3 ee 
6a*— 15x + 9 mei 


627 ‘da — 2 


—llz+11 = first remainder. 
We must now repeat the operation upon 32*— 22 — 1 


and —llz+11. Dividing the second of these by 11 (Art. 
53), we have for the 


SECOND OPERATION. 


3x2 —2x2—Il1!|—x+1 


322 — 3x 
__|— 34 — 1 
r—l1 
xr—l 


0 


Hence, the greatest common measure of the numerator 


fe gray am 
denominator of the fraction se A Sear Le 
3a%y? — Day! —y* 


orz—l. Dividing both numerator and denominator, of 


2 —— 
the above fraction, by x — 1, it becomes ie san 
dary” + 9? 


the reduced value of the ake fraction. 


2. Reduce ——— to its lowest terms. 


ai ar 2 
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In this example the greatest common measure of the nu- 
merator and denominator is found to be z-+y. Hence, 


the fraction reduced becomes paaaea bie t 
mg 
mt —nt ya 
3. Reduce ——___—_--—_.__—_ to its simplest form. 
m3 — mn — mn? 4-3 
dy: m* Cee 
m—n- 
—ab—2b*, . 
4, Reduce == 40 fits simplest form. 
a? — 3abG> 2b" 


5. Reduce ei ake Po atin be ele ie 
10z ry — 8x + 1by— 12 


to its simplest form, 


oy +4 
Aneta 
Dy -—4 
Bn ae cen (Pave 0 all aan 
6. Reduce OF RAT ARE nae es reP ea to its sim- 
4x4 +. 27° — 182? + 3x —5 
plest form. | 

2 

ree 32° +4r+1 
Q4 +5 
cAshermi: 


(56.) To reduce a mixed quantity to the form of a frac- 
tion. 


RULE. 


Multtply the entire part by the denominator of the Srac- 
tion, to which product add the numerator, and under the 
result place the given denominator. 
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EXAMPLES. 
1. Reduce 11z + erat to the form of a fraction. 
Ls 


In this example the entire part is 117, which multiplied 
by the denominator 7z, gives 77x*, to which adding the 


numerator «++ y, we have 77x? + 2+ y for the numerator 
of the fraction sought, rea which placing the denomi- 


nator 7x, we finally ihenivetes Keg aise Ty for the reduced 
form of lla + se 
far 
2 
2. Reduce x — ee eee to the the form of a fraction. 
m : 


Aves mx — br — x? 


m 


3. Reduce y + 3% — 5 e 


to the form of a fraction. 
a 


Ne By + 9x + ay 3ax—6 
3+a : 
bh? 


By 
ae — ; 
4. Reduce x — ---—— to the form of a fraction. 
Lv 


Se sive 2 
ig a tal 


x 


5. Reduce 3a* —6 ty : to the form of a fraction. 


Ake. ae — 36 — 3a? y + by — 2? 
yp 
— 4 
6. Reduce 9 + a to the form of a fraction. 
a—zx 
9a — 62” — 8c4 
dh ZR) 


Ans. 


50 ALGEBRAIC FRACTIONS. 


CASE IV. 


(57.) To reduce a fraction to an entire or mixed quantity. 
RULE. 


Divide the numerator by the denominator, the quotient 
will be the entire part; tf there is a remainder, place tt over 
the denominator for the fractional part. 


EXAMPLES. 


SOP eee ae ed 
i Rea g eese Be 


i am 


; to a mixed quantity. 


Dividing the numerator by the denominator, we find this 
FIRST OPERATION. 
9a — 6x? — Sella —z 


9a — 9x? | 
_... | |9 ==integral part. 


32° — 8c = numerator of fractional part. 
é 3x — 8c4 
Therefore the quantity sought is 9 + BT : 
a—xz 
We will now change the order of the terms of the nume- 
rator and denominator, by placing the 2? first ; we thus find 
this 
SECOND OPERATION. 


—6 x2 + 9a — 8c1t|— 2? +4 
— 6x? + 6a 


6 = integral part. 
3a — 8c* = numerator of fractional part 
3a — 8c4 


——— 


a—z? 


Therefore the quantity sought is 6 + 
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These two results are equivalent, but under different 
forms. 


2. Reduce 


— 7? 4 
to an entire quantity. 


Ans a—z. 
3. Reduce ae cory to a mixed quantity. 
Ans. Og faa an sas 
32+1 
Pyen O70 
4. Reduce -_® to an entire quantity. 
m—y 
Ans. m2? + my + y”. 
5. Reduce - alt: oe <3 toa mixed quantity. 
a 


Ans. 4a—2 + Aa 
5a 


: alg 2,,2 
6. Reduce jhe cer 2 to a mixed quantity. 
4 


Ans. y 79 4509 y 


1am% -—— 21; : é 
7. Reduce = to a mixed arantiees 
m 


Ans. 2m? — an 
m 


U. OF ILL: Un. 
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AC ALS Hy We 
(58.) To reduce fractions to a common denominator. 


RULE. 


Multiply successively each numerator into all the denomi- 
nators, except tts own, for new numerators, and all the de- 
nominators together for a common denominator. 


EXAMPLES. 
Tied ea Ve ve 
1, Reduce -, ~, — to equivalent fractions having a com- 
Pie Ta 


mon denominator. 
aX 2X Ta==14a* —new numerator of first fraction. 
6 xX x X Ta=Tabx—=new numerator of second fraction. 
cX xX 2 =—22cx = new numerator of third fraction. 
and xX 2X 7a=14ar =common denominator. 


Yaar YM abe oe 
Therefore, at, OE VCS tare ithe equivalent frac- 


14axr’ ldax’ l4azx 


tions sought. 


b : 
2. Reduce am abi and y, to fractions having a common 
a 


OL ' 
denominator. 
9mx 4ab Gary 
Ans. ——; —-; : 
6ar’ Gar’ bax 
A: ee a . : : : 
3. Reduce 5? 5 —— to equivalent fractions having a 


common denominator. 


Ans. = 
me 6at6r’ 6at6r *’ 6a+6xr 
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On Gar. be teers ht fy es } ; 
4. Reduce — — to fractions having a com- 


3b’ 5e’ 
mon denominator. 


Ans 


S5cdx | 18bdx?  15a*be — 1dbex* 
"15bcd”  15bed ? 15bcd ; 
x—l1 2#+2 
ST id 


x 
5. Reduce 5 to fractions having a com- 


“mon denominator. 
12x 8¢—s. 62*-+-12 


ngs glee mua 
DARE Cod 24 


CASE VI. 


(59.) To add fractional quantities. 


RULE. 


Reduce the fractions to a common denominator ; then add 
the numerators, and place their sum over the common de- 
nominator. 


EXAMPLES. 


ae Las ah 
1. What is the sum of —, =, =? 
Baivoues 
These fractions, when reduced to a common denominator, 


a, oo a adding their numerators, we have 
21x + 21a -+ Yay; placing this over the common denomi- 
nator, we find 


© Tanteyifiee 
3 Sa 


become 


21r+-2la+9ay  Tx-+-Ta+3ay 
63a Cab MED Lee “ihe 
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-2. What is the sum of 32 + anda — ? 


Ans. 32 + iat 


3. What is the sum ofS Leet phe 2 


de ek We 


Ans. 2x + ec 


ox 4x On 
j sis me meey 4 
4, What is the sum of ree ae ! 
45x +- 482 +-50z 23x 
A Ss — —__—9 —, 
; 60 766 
5. What is the sum of ~ a <a b 
2 x 
Ans. a. 


a? + 2ab ay a? —2ab + b, 
4 / 4 
2 2 
Ans. Shiciy? 
2 


6. Whatis the sum of 


CASE VII. 
(60.) To subtract one fraction from another. 


RULE. 


Reduce the fractions to a common denominator, then 
subtract the numerator of the subtrahend from the nume- 
rator of the minuend, and place the difference over the 
common denominator. 
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EXAMPLES. 


1. From Sak subtract href 


These fractions, when reduced to a common denominator, 
rae and a . Subtracting the numera- 
A. 12 i 
tors we have 9x + 3a — (8a — 4a) =2-++7a, placing this 
over the common denominator 12, we find 
3r--a 2x—a_ «2-+7a 
4 Bie ahi 
2. From Oe —~ subtract re 


become 


3. From 3y +2 subtract y — a. 


aes 
Ans. 2y + Cy a OF ney 
ac 


4 From cr subtract scala ay 
2 2 
Ans. y. 
5 From wt eoy ty subtract *- oe oa an 
4xy 4xry 
Ans. 1. 


6 From aa 


* subtract a +ey f 
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CASE VIII. 
(61.) To multiply fractional quantities together. 


al a PA 


If any of the quantities to be multiplied are mixed, they 
must, by Case III, be reduced to a fractional form; then 
multiply together all the numerators for a numerator, and 
all the denominators together for a denominator. 


EXAMPLES. 


ae, eLugl, 
gt 


: be Multiply ~ ah 


The product of the numerators will be 
(c+ a)X(e@+ b)=2?+ ax + br + ab; 
and the product of the denominators is 2X3=6. 


ae se ee ee he BO 
Suc No Ratti: Ge taki 


Hence, - 


2 
2. Multiply eae ory, ee as ae 


be Mam +c 
es 

Ans. eke 
3. What is the continued product ie ——— eee ae “i 2 
log aT 
Ans. = , 

4. What is the product of a e : ove b> 
Ans Lordi 
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5. What is the continued product of as ovat p » and 
m at 
jorge 
a a Ang. 2bhx — 2bdx 


CMLL — CML 


6. What is the product of y + ae by eae ? 


2b 
Ans. by? — by + Yoh 
2b? 
CASE, IX. 


(62.) To divide one fraction by another. 


RULE. 


If there are any mixed quantities, reduce them to a frac- 
tional form, by Case III.; then invert the divisor, and mul- 
tiply as in Case VILI. 


EXAMPLES. . 


4x —1] 


4 5 

If we invert the divisor, and then multiply, we have 
32 +7 J Oy LO 30 

4 4e—1  l6r—4 


1. Divide Sarl 


for the quotient. 


Cpe 2 2 
2. Divide = by ZY. 
x y 
x*y—y 
Ss. ° 
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2 3 2 
B) Dives aby eae 


ams 5m 
Ans aa 

4. Divide Ee by a 
Ans. a 


5. What is the quotient of a divided by 5? 


Ans. 
ct—1 
2 — — 
6. What is the quotient of Z 2 divded by zd 7 to 
ees 
Ans. — 2 


ei; 


cm 
eae) 


SIMPLE EQUATIONS. 


CHAPTER IIL 


SIMPLE EQUATIONS. 


(63.) An equation is an expression of two equal quanti- 
ties with the sign of equality placed between them. 

The terms or quantities on the left-hand side of the sign 
of equality constitute the first member of the equation, 
those on the right constitute the second member. 


Thus, 2-+-2=a, (1) 
a 
Sai l=, (2) 


32+ 7 =e, (3) 

are equations ; the first is read, “‘z increased by 2 equals a.” 

The second is read, ‘‘ one-half of x diminished by 1 equals 
b.” 

The third is read, “ three times xz increased by 7 equals 
C.”’ 

(64.) Nearly all the operations of algebra are carried on 
by the aid of equations. The relations of a question or 
problem are first to be expressed by an equation, containing 
known quantities as well as the unknown quantity. After- 
wards we must make such transformations upon this equa- 
tion as to bring the unknown quantity by itself on one side 
of the equation, by which means it becomes known. 
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(65.) An equation of the first degree, or a simple equa- 
tion, is one, in which the unknown has no power above the 
first degree. 

(66.) .2 quadratic equation, is an equation of the second 
degree, that is, the unknown quantity is involved to the 
second power, and to no greater power. 

(67.) An equation of the third, fourth, &c., degree, is 
one which contains the unknown quantity to the third, 
fourth, &c., degree ; but to no superior degree. 

And in general, an equation which involves the mth power 
of the unknown quantity, is called an equation of the mth 
degree. 

(68.) The following axioms will enable us to make many 
transformations upon the terms of an equation without de- 
stroying their equality. 


AXIOMS. 


I. If equal quantities be added to both members of an 
equation, the equality of the members will not be destroyed. 

II. If equal quantities be subtracted from both members 
of an equation, the equality of the members will not be 
destroyed. 

III. If both members of an equation be multiplied by 
the same quantity, the equality will not be destroyed. 

IV. If both members of an equation be divided by the 
same quantity, the equality will not be destroyed. 


CLEARING EQUATIONS OF FRACTIONS. 


(69.) When some of the terms of an equation are frac 
tional, it is necessary to so transform it, as to cause the de 
nominators to disappear, which process is called clearing of 
fractions. 
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Let it be required to clear of fractions, the following equa- 
tion, 


statgaetl. () 

Now, by Axiom ITI, we can multiply all the terms of this 
equation by any number we please, without destroying the 
equality. If we multiply by a multiple of all the denomi- 
nators, it is evident they will disappear. 

If we choose the least multiple of the denominators as a 
multiplier, it is plain that the labor of multiplying will be 
the least possible. 


Thus, in the above example, multiplying all the terms 
of both sides of the equation by 6, which is the least multi- 
ple of 2, 3, and 6, we have 

32+ 24+27—62r+ 6. (2) 

This equation is now free of fractions. 

(70.) Hence, to clear an equation of fractions, we deduce, 
from what has been said, this 


RULE. 


Multiply all the terms of the equation by any multiple of 
their denominators. If we choose the least common multi- 
ple of the denominators, for our multiplier, the terms of 
the fraction, when cleared, will be in their simplest form. 


EXAMPLES. 


1. Clear of fractions the equation = = —__ — -, 


In this example the least common multiple of the deno- 
minators 5, 2,and 7,1s 70; hence, multiplying all the terms 
of our equation by 70, we find 

142 — 14a = 352 + 35) — 10, 


for the equation when cleared of fractions. — 
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2. Clear of fractions ~ 


| 4 OF Uae Le 
Ans. 2x — 4-4 4x -+- 4a — 82 -+ 8b = lOz + z. 
(71.) We must observe that when a fraction has the sign 
—, it requires its value to be subtracted, so that, if it is writ- 
ten without the denominator, all the signs of the numerator 
must be changed. 


sei Saline — Sean I 


rt+l «¢—3 __ site 
ee ea —=a-+tb 7 


Ans. 427—42+-282-+-28—2127+63 =—84a+-84b—12e. 


3. Clear of fractions gregh 


4, Clear the equation -— ee s+ cai F eit a2) 1 of fractions. 
Ans. 30x ++ ef + anthie 12x +- 10z = 15060. 


Comba Ke ; 
5. Cl ial ete ease 
ear the equation zi + = + EE of fractions 


Ans. a?dm +bdx + cmz = dgmz. 


x Li) Ee ae 
—_—_——- 4- Lael 


6. Clear the equation ———> amy: ian prob aerated 


of 
fractions. 
Ans, 34 a*?x—abz —3a? +- 3ab— a?x — abs + 5a? 
+ 5ab=a?m —b?m. 


TRANSPOSITION OF THE TERMS OF AN EQUATION. 


(72.) The next thing to be attended to, after clearing the 
equation of fractions, is to transform it so that all the terms 
containing the unknown quantity may constitute one mem- 
ber of the equation. 


If we take the equation 
DSS Fa 
“—5+3=8, (1) 


we have, when cleared of fractions, 
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6a — 3x + 2bx = 482. (2) 
If we add to both members of this equation 32 — 2bz 
(Axiom I.), it becomes 
6a — 32 + 2br + 82 — 2x = 48+ 3r—2bde. (3) 
All the terms of the left-hand member cancel each other 
except 6a. 
Therefore we have 
6a = 487 + 32 — 2bz, (4) 
in which all the terms of the right-hand member contain z. 


If we compare equation (4) with (2), we shall discover, 
that the terms — 3x + 262, which are on the left side of 
equation (2), are on the right side of equation (4), with 
their signs changed. 


Hence, we conclude that the terms of an equation may 
change sides, provided they change signs at the same time. 


(73.) To transpose a term from one side of an equation 
to the other, we must observe this 


RULE. 

Any term may be transposed from one side of an equation 
to the other, by changing its sign. 
EXAMPLES. 


1. Clear the equation i 


: sit 26 =F 12 of fractions, 


and transpose the terms so that all those containing 7 may 
constitute the left-hand member. 

First, clearing the above equation of fractions, by Rule 
under Art. 70, we have 


Q¢ + 124104 = 5r+ 8. 
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Secondly, transposing 2x from the left member to the 
right member, and 8 from the right member to the left, we 


have 12+ 104 — 8 = 5z — 2z for the result required. 


a 


2. Clear the equation =~ 3 — 7+ of fractions, and 


transpose the terms. 
Ans. 3x — 2x = 45 ++ 2a. 


3. Clear of fractions, the equation S31 fos 2 


and transpose the terms. 
Ans. 14x + 32 —2z = 36 + 60. 
4. Clear of fractions and transpose the terms of the 
areas ati 
7 le St eS ia Se 
Ans. ax+- br—oax-+ br=c + 2a— 20. 
(74.) We are now prepared to find the value of the un- 
known quantity. If we take the last example, it may be 
written thus, 
(atb—a+b)x=c+2a—2b; 
or uniting the like terms within the parenthesis, it becomes 
2bxe = c + 2a— 2b. 
Dividing both sides of this equation by 2b, (Axiom IV.), 


equation 


we find or tnt see wert 
1 ile “a a SR ae 
hence, the value of x is now known, since it is equal to the 
| — 2b 
expression hae = —. 


(75.) From what has been done, we discover that an 
equation of the first degree may be resolved by the follow- 
ing general 


SS us 
FonK Te 
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RULE. 


I. If any of the terms of the equation are fractional, the 
equation must be cleared of fractions, by Rule under Art. 70. 

Ii. The terms must then be so transposed, that all those 
containing the unknown quantity may constitute one side or 
member of the equation, by Rule under rt. 73. 

I. Then divide the algebraic sum of those terms on that 
side of the equation which are independent of the unknown 
quantity, by the algebraic sum of the coefficients of the terms 
containing the unknown quantity, the quotient will be the 
value of the unknown quantity. 


EXAMPLES. 


1. What is the value of x in the equation - + 7 —=r—10 2 


This, cleared of fractions, becomes 
42 +- 32 = 12x — 120. 
When the terms are transposed and united, we have 


120 == dz. 
Dividing by 5, we get 24—2z. 


2. What is the value of x in the equation 
eee +1 -2+3 


2 
3 4 


Ans. x= 13. 
91 — dx 4a 6 
9 


3. Given aly —— to find z. 
| AS, ees 3: 
4. Find x from the equation 3ax + 5 —3 = bx—a. 


6— 3a 


Ans. ct EET 


e 
£ 
66 SIMPLE EQUATIONS. 
5. Given? 4 = 37, to find z. 
Ans. = 6. 
6. Find zsoas to satisfy the condition sain oe 4 
a. ee 
afm + 4am 
Ans. 2= Popeyes 
7. Find z from the equation a BEEP 
rneging ss Ou: BORE 
16n 
8. Given => , + a = 3x — 12, to find z. 
Ans. « ==6. 
8r—5 , 4x—2 
9 Given Mo ag ae “A ~==x + 1, to find o 
Ans. =—G: 
10 Given E43 + 2" 4+3=2, to find z. 
Ans. = 2. 
11. Given a ipa =z — 1, to find z. 
zi 11 
Ans. c= 3. 
1. Givens —; + o= 11, to find z. f 
Ans. z= 9,5. 
(a + b)z - c+ 
13. Given sigalg: a Nag a TB to find x 


a—b 


A: EIS tA eR EE 
nae salon saa ee 


2° 
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QUESTIONS, THE SOLUTION OF WHICH REQUIRE EQUATIONS 
OF THE FIRST DEGREE. 


(76.) In the solution of questions, by the aid of algebra 
the most difficult part is to obtain the proper equation which 
shall include all the necessary relations of the question. 
When once this equation of condition is properly found, 
the value of the unknown quantity is readily obtained by 
the Rule under Art. 75. 


Suppose we wish to ‘solve, by algebra, the followir 
question. 


1, What number is that, whose half increased by i 
third part and one more shall equal itself? _ 
If we suppose x to be the number sought, its half will be 


, which increased by its third part, becomes of - and 


es 
2 
‘gal Cd 

this increased by one, becomes 5 -h 5 + 1, which by the 
question must equal itself. 


Therefore, we have 5+ , +1 =z for the equation of 


condition. 
Solving this, by Rule under Art. 75, we have z= 6. 


VERIFICATION. 


Therefore, 5 aa s+ 1 = 6, which shows that 6 is 


truly the number sought. 
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Again, let us endeavor to solve this question : 

2. What number is that whose third part exceeds its 
fourth part by 5 ? 

Suppose x to be the number, then will its third part 
re ‘ig 
=; its fourth part =-. 
a7 e 4 


e 


~~ 


Therefore, the excess of its third part over its fourth part 


is expressed by 5 — o which, by the question, must equal 5. 


Hence, we have the following equation : — i ania 


this solyed, gives x= 60; the third part of which is 20, 
and its fourth part is 15, so that its third part exceeds its 
fourth part by 5, hence, this is the correct number sought. 


(77.) The method of forming an equation from the con- 
ditions of a question, is of such a nature as not to admit of 
any simple rule, but must be in a measure left to the inge- 
nuity of the student. 

It will however be of assistance to pay attention to the 
following ; 


|i7m Ole Dae Op 


Having denoted the quantity sought by z, or some other 
letter, we must indicate, by algebraic symbols, the same 
operation, as it would be necessary to perform upon the true 
number, in order to verify the conditions of the question. 


3. Out of a cask of wine which had leaked away a third 
part, 21 gallons were afterwards drawn, and the cask, was 
then found to be half full: how much did it hold ? 

Suppose z to be the number of gallons which the cask 
held. 
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ya 
5° 
And the part leaked away, together with the quantity 


drawn off, must be 5 + 21. 


Then, the part leaked away must be 


Now, by the question, the cask is still half full; so that — 
what has leaked out, together with what has been drawn off 


must be es 
y 


Hence, we have this equation, : =; + 21, 
which, cleared of fractions, becomes, 32 —= 2x + 126 ; 
transposing and uniting terms, we have z = 126. 

4. There are two numbers which are to each other as 6 to 
5, and whose difference is 40. What are the numbers. 

Suppose the numbers to be denoted by 6z and 5z, which 
* are obviously as6 to 5 for all values of z. Now, by the 
question, the difference of these numbers is 40. Therefore, 
we have 67 — 5a = 40; that is, = 40. ' 

Hence, 6z = 6 X40 =240 

ox =5 X 40 —=200 


5. A farmer had two flocks of sheep, each containing the 
same number. Having sold from one of these 39, and 


the numbers sought. 


from the other 93, he finds twice as many remaining in the 
- one as in the other. How many did each flock originally 
contain ? 

Suppose the number in each flock to be denoted by z. 

Then the flock from which he sold 39 will have remain- 
ing z— 39. 

And the one from which he sold 93 will have remaining 
x — 93. ) 

Hence, by the the question, we have 

2X (x— 93) =x— 39, or 22 — 186 =x — 39; 

transposing and uniting terms, x = 147. 
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6. Divide the number 36 into three such parts, that 3 of 
the first, 3 of the second, } of the third, shall be equal to 
each other. | 

If we denote the three parts by 2z, 32, 42, it is plain that 
2 Of the first, } of the second, 2? of the third, will be equal 
for all values of z. 

Now, by the question, the sum of these three parts must 
equal 36. 

Therefore, 2z + 32+ 47 = 36; 
uniting terms, we have vt —- 30: 
dividing by 9, and we obtain 2=4., 


Consequently, 22 == 2X4—= 8 
3x = 3X4 = 12 ¢ the parts sought. 
47 = 4X4—16 


7. Two pieces of cloth are of the same price by the yard, 
but of different lengths ; the one cost $5, the other $61. If 
each piece had been 10 yards longer, their lengths would 
have been as 5 to 6. What was the length of each piece ? 

Since the price per yard was the same for both pieces, 
their lengths must have been to each other the same as the 
number of dollars which they cost, or as 5 to 63, or, which 
is the same, as 10 to 13. 


Therefore we will denote their lengths by 10z and 18z. 
These become, when increased by 10, 


102 + 10 and 13x + 10, 
which, by the question, must be as 5 to 6. 
Hence, 6(102 + 10) =5(132-+ 10) ;s 
or, expanding, 60z-++.60 = 65x-- 50 ; 
transposing and uniting terms, we get 10 =5z, and r= 2. 
Therefore, Dg ee 02 20 


132 — 13x 2 —26 the lengths sought. 
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8. Twelve oxen have in 4 weeks eaten all the grass which 
grew on 34 acres of land, in such a manner that they not 
only ate all the grass ce at first was there, but also that 
which grew during the time they were grazing. In like 
manner, have 21 oxen, in 9 weeks, eaten all the grass upon 
10 acres of land. How many-oxen can, in this way, graze 
for 18 weeks upon 24 acres of land ? 


Let,2 =the crowth in acres of one acre of grass for one 
week ; then will the growth of 33 acres for 4 weeks equal 
40 
3x4 Xa== = 


also, the growth of 10 acres for 9 weeks will equal 
10X9Xx= 902. 
Therefore, the whole quantity of grass eaten in the first case, 
equals 
31 — pn0 mass 400 
The quantity eaten in M3 second case equals 10 + 90z. 
Hence the quantity which one ox eat in one week equals 


10 a oe x aes s oS in the first case. 


Again, in the second condition the quantity which one ox 
eat in one week equals 
9 
(10-4 902) x = Ker A RL 


21 189 


Now, by the question, an ox in the first case ate the same 
as an ox in the second case; therefore we have 


5+202 10+902 


nye Peleg, 1 
72 189 (1) 


This, solved, gives 2 = = of an acre. 


This value of z substituted in either member of (1) gives 
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5 
ba for the fractional part of an acre eaten by one ox In one 


week ; therefore, the quantity which 1 ox eats in 18 weeks is 


5 5 
a hy Be eo : 
54’ 3 acres 


: ‘ | 
Now, the 24 acres increasing 18 weeks, at the rate of 15 


of an acre for each acre for each week, will amount to 60 
acres. 


Hence, 60 == a6 oxen for the answer. 


9. Divide the number 237 into two such parts, that the 
one may be contained in the other 11 times. What are 
these parts ? 

Ans. 1054 and 1312. 

10. The sum of $1200 is to be divided between two per- 
sons, A and B, so that A’s share may be to-B’s share as 
2to'7. How much does each receive ? 

Ans. A $2662, B $933}. , 

The above question, when generalized, becomes like the 
following question. 


11. Divide a number a into two such parts, that the first 
part may be to the second asm ton. What are the parts ? 
ma na 
| Ans. crane Tae 
12. Divide the number 46 into two unequal parts, so that 
when the greater is divided by 7, and the less by 3, the quo- 
tients together may amount to 10. What are these parts ? 
Ans. 28 and 18. 


13. In a company of 266 persons, consisting of officers, 
merchants, and students, there were four times as many mer- 
chants, and twice as many officers as students. How many 
were there of each class ? | 


Ans. 38 students, 152 merchants, and 76 officers. 
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14. Divide the number a into three such parts, that the 
second may be m times, and the third n times as great as 
the first. What are these parts? | 


A a ma NOsiriip 
aa +m+n’ ltm+n’ 1+m—+n 
15. A field of 864 square rods is to be divided among 
three farmers, A, B, C, so that A’s part shall be to B’s as 
5 to 11, and C may receive'as much as A and B together. 
How much does each receive ? 
Ans. A 135, B 297, C 432 square rods. 


16. Divide the number a into three such parts, that the 
first shall be to the second as m to n, and the second part 
to the third as » to g; What are these parts ? 


mpa np a nga 


Ans. 2 ao ey eee aS 
mp +np-ng mp+np+ng mp + np + nq 


17. Divide $1520 among three persons, A, B, C, so that 
B may receive $100 more than A; and C $270 more than 
B. How much does each receive 2? 


Ans. A $350, B $450, C $720. 


18. A certain sum of money is to be divided amongst 
three persons, A, B, C, as follows: A shall receive $3000 
less than the half of it, B $1000 less than the third part, 
and C is to receive $800 more than the fourth part of the 
whole sum. What is the sum to be divided? and what 
does each receive ? 


Ans.. The whole sum is $38400. <A receives $16200, 
B $11800, C $10400. 


19. A mason, 12 journeymen, and 4 assistants, receive 
together $72 wages for acertain time. The mason recelves 
$1 daily, each journeyman } dollar, and each assistant 25 
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cents. How many days must they have worked for this 
money ? 
Ans. 9 days. 


20. A courier who had started from a certain place 10 
days ago, is pursued by another from the same place, and 
by the same way. The first goes 4 miles every day, the 
other 9. How many days will the second need to overtake 


the first ? 
Ans. 8 days. 


21. A courier left this place m days ago, and makes a 
miles daily. He is pursued by another making b miles daily. 
How many days will the second require to overtake the first 2 


na 


b—a 


; Ans. days. 


22. But, in what time will the second courier overtake 
the first, when it is supposed that the second starts 12 ‘days 
later than the first, and his speed is to that of the first as 8 


is to 3 2? 
Ans. 71 days. 


23. Two bodies start from the same place, one after the 
other, in a straight line; the second starts m seconds later 
than the first, and its speed is to that of the first as q is to 
p. In what time will these two bodies be together ? 


Ans, 2 seconds after the setting out of the second. 
| Rae 
24. Two bodies move in opposite directions ; one runs 
c feet in each second, the other C feet. The two places 
from which they start at the same time, are distant d feet 
from one another. When will they meet? 


Ans. 


seconds. 


d 
Cte 
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25. But, in what time will these two bodies come to- 
gether, when that which goes C feet each second, runs af- 
ter the other ? 


seconds. 


d 
Ans. a 


Is the problem, as here stated, always possible? And 
what is required for it to be possible 2? What does the ex- 


Ea ye ; 
PRCSOD Fach, signify, when C a 2? What does it denote 


when C<c? 


26. At 12 o’clock, both hands of a clock are together. 
When, and how often, will these hands be together in the 


next 12 hours 2 


/'The hands will meet 11 times ; these ren- 
conters will be at 5,2 minutes past 1, 104% 
Ans. 


minutes after 2, 16,4, after 3, and so on, in 
each successive ar 5; minutes later. 


27. Two bodies move after one another in the circumfe- 
r nce of a circle which measures p feet. At first they are 
distant from each other by an arc measuring d feet ; the first 
moves c feet, the second C feet in a second. When will 
these two bodies be together for the first time, second time, 
and so on, supposing that they do not disturb each other’s 
motion ? 
qd  pt+d 2p+a 
Cz Ome (C22 
28. But when will they meet, when the first begins to 
move ¢ seconds sooner than the second ? 
d+ct pt+td+ct a 
~ Cc? 1C—c¢ ? C— 
29. But ifthe first starts ¢ seconds later than the second, 
when will they meet ? 3 
d—ct p+d—ct %p+d—ct 
Atty CHa MERE? C= 


, &c., seconds. 


, &c., seconds. 


, &c., seconds. 
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30. But if the first, instead of preceding the second, runs 
against it, and starts from the same place ¢ seconds sooner, 
when do they meet ? 

d—ct p+d—ct 2p+d—ct 
Ans. =——, ‘————__, —_____ 
Cte C+ ec Cte 


, &c., seconds. 


31. A cistern can be filled by three pipes ; by the first in 
13 hours, by the second in 31 hours, and by the third in 5 
hours. In what time will this cistern be filled when all 
three pipes are open at once ? } 
Ans. 48 minutes. 


32. In order to make the foregoing problem more general, 
let the time which the first pipe alone takes in filling the cis- 
tern =a, the time which the second takes in doing the same 
=}, and the time required by the third ==c. What ex- 
pression gives the time in which all three pipes together — 
will fill it 2 

Ans. Bsa! hy 
ab +-ac + be 


33. A servant received from his master $40 wages, 
yearly, and a suit of livery. After he had served 5 months 
he asked for his discharge, and received for this time, the 
livery, together with $6! in money. How much did the 
livery cost 2 


Ans. $18. 


34. A master hired a journeyman, and promised him 8 
shillings for each day that he worked for him; but if he 
worked anywhere else, then the journeyman must pay him 
5 shillings daily for his board. At ‘the expiration of 50 
days they settle, and the journeyman receives 10 pounds 
and 18 shillings. How many days has he worked for his 
master ? 


Ans. 36 days. 
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35. Find a number such that 4 thereof increased by 4 of 
the same, shall be equal to } of it if increased by 35. 
Ans. 84. 


36. A gentleman spends 2 of his yearly income in board 
and lodging, 2 of the remainder in clothes, and lays by $200 
a year. What is his income ? 


Ans. $1800. 


EQUATIONS OF TWO OR MORE UNKNOWN 
QUANTITIES. 


(78.) Suppose we have given the two’ equations 
| xy = 19, 
e—y=11, 
to find the value of x and y. 


If we take the sum of the two equations, we shall have 
ax 200, 
Dividing by 2, we find 
Pal). 
Again, subtracting the second equation from the first, we 
have 


MD Temes 
Dividing by 2, we obtain 
| ia As 
2. Suppose we nave given the two equations 
Ne 
3 si Tae 8; (1) 
ae 


to find the value of z and y. 
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We will first clear these equations of fractions, by mul- 
tiplying the first by 12 and the second by 48 (Art. 70); we 
thus obtain 


4r-+3y= 96, (3) 
Sx + 3y = 144. (4) 
Now, subtracting (3) from (4) we have 
7 4x = 48. } 
Divided by 4 we find 
f= 12, 
If we multiply (3) by 2 it becomes 
Sx + 6y = 192. (5) 
Now, subtracting (4) from (5) we find 
oY == 48. 
Dividing by 3 we find 
Yee Gs 
3. If we have given the two equations 
22 —3y= 4, (1) 
Sx — 6y = 40, (2) 


to find x and y, we proceed as follows : 
Dividing (2) by.2 it becomes 
42 — 3y = 20. (3) 
Subtracting (1 from (3) we find 
22=16..7=8. 
Multiplying (1) by 4 we have | 
Sx — 12y = 16. (4) 
Subtracting (4) from (2) we get 
6y = 24. y=4. 
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ELIMINATION BY ADDITION AND SUBTRACTION. 


(79.) From what has been done, we discover that an . 
unknown quantity may be eliminated from two equations, 
by the following 


RULE. 


Operate upon the two gwen equations, by multiplication 
ar division, so that the coefficients of the quantity to be 
eliminated may become the same in both equations ; then add 
or subtract the two equations, as may be necessary, to cause 
these two terms to disappear. 


EXAMPLES. 


4, Given, to find z and y, the two equations 


or — y= 3, (1) 
y+t2c=7. (2) 
If we add the two equations, we have 
Ai ripemen LOMA Fr 28 (3) 
Again, multiplying(3) by 2, we get 
7 Wea (4) 
Subtracting (4) from (2) we obtain 
| a os 


5. Given, to find z and y, the two equations 
es hier 
Anika (1) 


Te a 
tna Os: (2) 
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Clearing these equations of fractions, by multiplying 
each by 6, they become 


3x + 2y = 36, (3) 


22+ 3y = 39. a 
Multiplying (3) by 3, and (4) by 2, they become 
9x + 6y= 108, (5) 
47+ 6y= 78. (6) 
Subtracting (6) from (5) we get 
5x —=30, 
and c= 6. (7) 
Multiplying (7) by 2, it becomes 
? Qn = 12. (8) 


Subtracting (8) from (4), we find 


6. Suppose we wish to find z, y, and z, from the three 


equations 
5a—6y +42= 15, (1) 
aoe heen (2) 
2r+ y+ 6z (3) 


We will first eliminate y: for fe purpose multiply (3), 
first by 4 and then by 6, and it will give 


Sz + 4y-+ 242 = 184, (4) 
12x + 6y + 362 = 276, (5) 
Add (1) to (5); and subtract (2) from (4), and we have 
172 +. 40z = 291, (6) 
xv --27z = 165. (7) 


We have now the two equations (6) and (7), and but 
two unknown quantities x and <. . 


Multiply (7) by 17 and it will become 
17x +- 459z = 2805. (8) 
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Subtracting (6) from (8) we obtain 


4192 = 2514. (9) 
Dividing (9) by 419, we find , | 
Hem o B (10) 
Multiplying (10) by 27, we find 
Q71z = 162. ‘11) 
Subtracting (11) from (7) we get 
ce oy (12) 


Multiplying (10) by 6, and (12) by 2, and then taking 
their sum, we find 
6z +22 — 42. (13) 
Subtracting (13) from (3), we get 
ne &. 


(80.) We will now repeat the solution of this last ques- 
tion, adopting a simple and easy method of indicating the 
successive steps in the operations. 


The method which we propose to make use of, is to indi- 
cate by algebraic signs, the same operations upon the respec- 
tive numbers of the different eyuations, as we wish to have 
performed upon the equations themselves. 


. Thus, 
hows, that equation (6) is obtained b 
6) =(4)x3 mate Malar ee ‘ 
oie K) x multiplying equation (4) by 3. 
hows, that equation (10) is obtained 
10) =(7)+( ii ame 
et) by adding equations (7) and (1). 
(11) = (6)—(3) shows, that equation (11) is obtained 
| ( by subtracting equation (3) from (6). 
(15) = (14) +3 shows, that equation (15) is obtained 
' Cby dividing equation (14) by 3. 
And so on for other combinations. 
Aas 
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This kind of notation will become familiar by a little 
practice. 


We will now resume our equations of last example. 


Given (‘7x + 4y—3z2= 19 (2) >, to find a, y, and z. 
2r-+ ytb6z=46 (3) 
Sct dyt 242184 (4) = (3) x4 
1Qe2+ 6y+ 362 == 276 (Dy ==13) x6 
We-+ 40z=291 (6) =(1)+(5) 
eLotz =165 (7)—(4)—(2) 
17a+.4592 = 2805 (8)=(7)x17 
419z==2514 (9)=—(8)—(6) 
fe (10) = (9)+419 
Q1z=162 (11)=(10)x27 
en (12) = (7)—-(11) 
6z=36 (13)—(10)x6 
Qe—6 (14)—=(12)x2 
62+ 2x = 42 (15) = (13)+(14) 
y=4 (16) = (3)—(15) 


Collecting equations (12), (16), and (10), we have 


Bema (12) 
Ans. Ay aaa (16) 
Bee AF (10) 


We will soive one more set of equations by this method, ° 


giving all the steps at length, the better to illustrate this 
notation. 


Y2—22+3u=17 (1) 
4y—2Qz-+ t=11 (2) 

Given< 5y--32—2u= 8 (3) 7, to find a, y, 2, u, t. 
4y—3u+2t= 9 (4) 
: 3z-+-8u=33 .. (5) 
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Sy —4z + 2¢ = 22 
4y—4z+3u=13 
2lz—6z+ 9u—51 
soy — 21lx— 14u = 56 
soy — 62 —5u== 107 
140y — 1402 + 105u = 455 
140y —24z —20u = 428 
—116z + 125u = 27 
3482 + 928u = 3828 
—3482 + 375u = $81 


1303% = 3909 
iS 
Se = Vs 
Ae 
tpt 
Sia 
Siecle 

47—3u == 3 
4y = 16 
y=4 
Sy = de 
Sy —4z = 20 
Dy eexihe 
| Amomee| 
eo O 
3u—2z—3 
Te = 14 
eer 


(6) a (2) x 2 
(7) = (6) — (4) 
(Syi= (2) (x13 
(DD) Ke 


(10) = (8) + (9) 
Clie 07) ) Seroo 
(Ao —— (1Oy Ks 
(13) = (11) — (12) 
(14) = (5) X 116 


1D), == | LS eer 


(16) = (14) + (15) 
(17) = (16) + 1303 
(1S) (17x Sa 
(a9) = (5) — (18) 
(20) == (19) + 3 
C20 Se CLT eet 
C2 ime, (ae nee 
(23) = (22) — (21) 
(24) = (23) + (7) 
(25) == (24) +4 
(26) = (24) x 2 
(27) = (26) — (22) 
(28) = (6) — (21) 
(29) == (28).+.2 
(30). == (20), 320 
(31) = (21) — (30) 
(32) = (1) — (31) 
(33) = (32) +7 


Collecting equations (33), (25), (20), (17), (29), we have 


PotD: 
ia A, 
Ans.< 2 ==3. 
UL —— oe 


fishnet By. 
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ELIMINATION BY COMPARISON. 


(81.) We may a.so eliminate one of the unknown quan- 
tities of two equations, by the following process : 


Take the two equations 
by — 42 = —22, (1) 


Q ay ran, (2) 


If we, for a moment, consider y as a known quantity, 
we may then, from each of these equations, find the value 
of x by Rule under Art. 75. 


We thus find 
22 +-5 
f aay Ses dk (3) 
4 
Teg Op oe 
cose SY (4) 


Putting these two values of x equal to each other, we have 
delay BO ae 


4 aT; 4 Th (5) 
Clearing (5) of fractions, it becomes 
| 22 + 5y = 38 — 3y, (6) 


transposing and uniting terms, we find 
Sy sae 165.7. y zee. 
This value of y substituted in either of the equations (3) 
or (4), will give 
fiesa, 
The above method of eliminating may be given as in 
the following 


RULE. 


I. Find, from each of the given equations, the value of 
one of the unknown quantities, by Rule under Art. 75., on 
the supposition that the other qaantities are known. 


SIMPLE EQUATIONS. 85 


Il. Then equate these different expressions of the value of 
the unknown, thus found, and we shall thus have a number 
of equations one less than were first given; and they will 
also contain“a number of unknown quantities one less than 
at first. 


III. Operating with these new equations as was done with 
the given equations, we can again reduce thew number one ; 
and continuing this process we shall finally have but one 
equation containing but one unknown quantity, which will 
then become known. 


EXAMPLES. 


Tze+5y+2z= 79 (1) 
1. Given 4 8z-+ Ty + 9z = 122 (2) >, to find zg, y, 


By Rule under Art. 75, we find, by using (1), (2) and (3), 


79 —5y — 2z 
st i Siri (4) 
} 122 — Ty — 9z 
ONC age 
x= 55 — 4y —5z. (6) 
Equating (4) and (6) ; and (5) and (6), we have 
eos ene 55 —4y—5z. (8) 


When cleared of fractions, (7) and (8) become 
19 — 5y — 2z = 385 — 28y — 35z, 
122 — Ty — 9z = 440 — 32y — 40z. 
Transposing and uniting terms, we have 


23y + 33z = 306, (9) 
29y + 31z ane URS A (10) 
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Equations (9) and (10) give 


306 — 33z 
318— 3l1z 
Equating (11) and (12), we have 
306 —33z_ 318—3l1z 
D3 1h ae ; (18) 
which reduced gives 
Za oh 
This value of z substituted in (11) gives 
ea 
And these values of z and y, substituted in (6), give 
Gs=4, 


dat dy + z= 62 
2. Given Jip 4 iytig—47 , to find x, y, and z 
1 ZY + 3z—= 38 
These equations, when cleared of fractions, become 
6e+ 4y+ 32=—= 744, (:1) 
202 + 15y + 12z = 2820, (2) 
15x + 12y + 10z = 2280. (3) 
ul 


From (1), (2), and (3), we find 


744 — 6x — 4 
= Be (4) 
2820 — 2027 — 15y 
er ee ant es? ©) 
2280 — 152 — 12y 
2S 6 
a (6) 


Equating (4) with (5), and (4), with (6), we have 
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144—62-—4y 2820 —20z — 15y 


—————____. = . 


3 12 
144 —6r—4y 2280 — 15a — 12y 
3 10 
Equations (7) and (8) when reduced become 
4x -- «4 == 156, 


Equations (9) and (10) give 


y = 156 — 42, 
__ 600 — 1dz 
oe A 
Equating (11) and (12), we have 
leis eee 


This reduced, gives 
z= 24. 


Having found z, we readily find y and z to be 
op OU 2) Zhe kU. 


ELIMINATION BY SUBSTITUTION. 


(8) 


(9) 
(10) 


(11) 
(12) 


(13) 


(82.) There is still another method of elimination. 


1. Suppose we have given the two equations 


ba + 2y = 45, 
42+ y=33. 
From the first we find 
45 — 5x 
i a 


Substituting this value of y in (2), we have 


def — 83. 


(1) 
(2) 


(3) 


(4) 
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Equation (4), when cleared of fractions, becomes 


8x + 45 —5x— 66. (5) 
This gives 
peed 
Substituting this value of x in (3), we find 
ie 


2. Again, suppose we have given, to find z, y, and 2, the 
three equations 


Qu + 4y — 3z = 22, (1) 
4x — 2y + 5z= 18, (2) 
62 -+ Ty— z= 63. (3) 
From equation (3) we obtain 
z= 6x + Ty — 63. (4) 


Substituting this value of z,in (1) and (2), and they will 
become 

Qe + 4y — 3(6x + Ty — 63) = 22, (5) 

4x — 2y + 5(6x + Ty — 63)= 18. (6) 
Equations (5) and (6) become, after expanding, transpo- 
sing, and uniting terms, 


16x + 17y = 167, Cy) 
B42 1 33y = 333. (8) 
Equation (7) gives 
__ 167 — 1Ty 
This value of x, substituted in (8), gives 
ee ee $32) == 393.. > (10) 


Equation (10), when solved as a simple equation of one un 
known quantity, gives 
yi 
Saas tl this vv of y in (9), we find 
ee 
ee these values of x and y in (4), we obtain 
pe fs 


Zs: 


d 
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(83.) This method of eliminating may be comprehended 
in the following 


RULE. 


Having found the value of one of the unknown quantities, 
from either of the given equations, in terms of the other 
unknown quantities, substitute it for that unknown quantity 
in the remaining equations, and we shall thus obtain a new 
system of equations one less in number than those given. 
Operate with these new equations as with the first, and so 
continue until we find one single equation with but one un- 
known quantity, which will then become known. 


EXAMPLES. 
x—w= 50 (1) 


3y — xr = 120 (2) 
22 — y = 120 (3) , to find w, x, y, and z. 


3w—z=195 (4) 
From (1) we find | 


1. Given 


w= x — 50. (5) 
This value of w, substituted in (4), gives 
3(a —50) —z = 195, or dx — z= 345. . (6) 
Equation (6) gives 
z== 34 — 345. (7) 
This value of z, substituted in (3), gives | 
2(382 — 345) — y= 120, or 6&—y=810 (8) 
Equation (8) gives 


y = 6c — 810. (9) 

This value of y, substituted in (2), gives 
3(6z— 810) — 2 = 120, (10) 
or ieee D550: (11) 


12 
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This value of x causes (9) to become 


YOO 
Using the value of x in (7), we find 
Cae oOt 
Finally, using the value of z in (5), we find 
w= 100. 
i 2y = 4, (1) 
2. Given ~ y+ 12=a, (2) > to find a, y, and z. 
zp t= 4, (3) 
Equation (3) gives 
4a—x 
Soe 5 4 
p= (4) 
This value of z, substituted in (2), we have | 
4a—zx 
y Ty 12 ue (5) 
Clearing of fractions and uniting terms, (5) becomes 
12y — x= 8a. (6) 
From (6) we find 
x == 12y— 8a. — (7) 
This value of x, substituted in (1), gives 
12y — 8a + ate (8) 
Equation (8) gives 
25y = 18a, (9) 
18a 
Therefore, y 
This value of y, substituted in (7), gives 
ies 
panies 
Substituting for z, in (4), its value just found, we have 
21a 


5° 
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Hence, collecting values, we have 


27d. 
8 
5a. 
1 
5M. 


_ We may observe that if a is any multiple of 25, the above 
values of x, y, and z will be integers. 


Sle 


02 Sees 
lll Il 
toto bof 


(84.) All equations of the first degree, containing any 
number of unknown quantities, can be solved by either ot 
the Rules under Articles 79, 81, and 83, or by a combina- 
tion of the same. 


The student must exercise his own judgment, as to the 
choice of the above Rules. In very many cases he will dis- 
cover many short processes, which depend upon the parti- 
cular equations given. 


(85.) We will now solve a few equations, and shall en- 
deavor to effect their solution in the simplest manner possi- 
ble. 

62 + 5y = 128, 


“Given 
pempen ys) ar epi, Aihiggl 


to find the values of zandy. 


Adding the two equations, and dividing the sum by 9, we 
find ) 
xt y = 24. (1) 
Multiplying (1) by 3, and subtracting the result from the 
second of the given equations, we have — 
y= 16. (2) 
Subtracting (2) from (1), we get 


Uitteoe a 


y= a, (1) 
2. Given < y+z=6, (2) > to finda, y, and z. 
Dee eS) 
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Dividing the sum of these three equations by 2, we find 
| b | 
ai Pe 5 ferns (4) 


From (4) subtracting, successively, (2), (3), and (1), we 
find 


eens SC a ras 
2 
a—c+t+b 
y= (A) 
Me Ye ara) tet oe ok 
ER 2 


Equations (1), (2), and (3), of this last example, are 
so related that if in (1) we change z to y, y to z, and a 
to b, it will correspond with (2). Again, if in (2) we 
change y to z, 2 to x and D to ¢, it will correspond with (3). 
Also, if in (3) we change z to x, x to y, and c to a, it will 
give (1), from which we first started. In each change we 
have advanced the letters one place lower in the alphabeti- 
cal scale, observing that when we wish to change the last 
letters of the series, as z or c, we must change them respec- 
tively to x and a, the first of the series. 


\ 
Since the above changes can be made with the primitive 


equations (1), (2), (3), without altering the conditions of 
the question, it follows that the same changes can be made 
in any of the equations derived from those. Thus, execu- 
ting those changes in equations (A), we find that the first 
is changed into the second, the second into the third, and 
the third in turn is changed into the first. 
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=a, (1) 


3. Given 


YN ee Lie Sle 


+-=-=b, (2) to find 2, y, and z 
a 


If we take the sum of these three equations, we shall ob- 
tain | 


Ny tae 

Ea / at aan hag Bee (4) 
Now, subtracting twice (2) from (4), and we have 

ee a+c—b. (5) 

r 


In a similar manner subtracting twice (3) and (1), suc- 
cessively, from (4), and we find 


—a—c+b; (6) 


NPw ele 


m=—atbt+e. (7) 
Equations (5), (6), and (7), readily give 
2 
misee=o 


cei 
= OA B 
y a—c+t bd’ ( ) 


oe 


a 


2 
er 5b 
The letters in this example will admit of the same changes 
as those pointed out in the last example. Indeed, the only 
difference between the two examples is, that the unknown 
quantities in the one example are the reciprocals of those in 
the other. Consequently the expressions for 2, y, and z, 
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as given by equations (B), ought to be the reciprocals of 
those given by equations (A), which we find to be really the 
case. 


a--a(y+z)=m, (1) 

4. Given < y+)(z+z)==n, (2) 7 to finds, y, and z. 
z+e(r+y)=p, (3) 

If we add and subtract az from the left-hand member of (1), 
and add and subtract by from the left-hand member of (2), 
and add and subtract cz from the left-hand member of (3), 
they will become 


(1 —a)z + a(a + y +2) =m, (4) 
(1— b)y+ b(@+- y+ 2)=2, (5) 
(l—c)z+celat+y+z)=p. (6) 
If we divide (4) by 1—a, and (5) by 1—8, and (6) by 
1 —c, they will become 


2+ (7) 


en 


3 
1—a 


fog Vogger eee tt He EA Rear —3 (8) 


z+ ——(e+y+2)=-+ 


nit, 


(9) 


Taking the sum of (7), (8), and (9), we have 
a b c 
CD se a ford. a ces at 
tt th etyta 


Rea: n ag 
ee Syeiaeaes ur ana 


1—a 
m 


1—b — 
Therefore, c-+-y-+-+- z= ime ate (11) 


b 
14+ 7*-+-4+- 


a 1—c 
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This value of x-++-y + z substituted in (7), (8), and (9), 


gives 


m n Dp 
a= 2 je Ne 
sales pea a % ei ; i 7; ; (12) 
Il—a ' 1—b Il1---c 
m n D 
n b fag ea WO 1l—c (13) 
yon es ; 
RS ae? a b Cc 
iy at ecg 
m n p 
2 Gil’ hie aa . (14) 


Steep, of be 6). is EL ¢ 
tiatieat 


This example affords a beautiful illustration of the law 
. of permutations which can be made with the letters which 
enter into symmetrical equations. ‘The primitive equations 
(1), (2), (3); the three equations (4), (5), and (6); and 
the three (7), (8), and (9) ; as well as the three (12), (13) and 
(14), can be deduced in succession from each other, by 
simply advancing the letters one place lower in the alpha- 
betical scale. Equations (10) and (11), which contain all 
the different letters, are of such a form as not to change by 
this method of permuting. Consequently ‘the expression 
within the braces of (12), (13), (14), which is the right- 
hand member of (11), must remain unchanged for the values 
of zx, y,and z. By studying carefully the different laws 
by which changes may be made, we have great control 
over symmetrical algebraic expressions which we cou!d not 
otherwise obtain. Itis not always necessary that the change 
should be in alphabetical order, but may vary according to 
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any other law. The principle may be thus stated ; what- 
ever changes can be made among the letters entering into 
the primitive equations, without altering the equations, the 
same changes may be made on any of the derived equa- 
tions. 


‘This method of deducing one: expression from ano. 
ther of a similar nature, is of great use, especially in the 
higher parts of analysis. In order that the proper permu- 
tations may be made with ease, and without danger of error, 
we must adopt some simple and uniform notation for the 
different values of the quantities which enter into our ex- 
pressions. Indeed, by a well chosen method of notation, 
we may frequently resolve, with ease, questions which 
would otherwise be extremely difficult. 


Perhaps we can not better impress upou the student, the 
importance of a judicious notation, than by giving, at length, 
the solution of the two following questions. 


5. Find n numbers, such that the first increased by a; 
times the sum of all the others, shall equal b; ; the second, 
increased by ag times the sum of the others, equals ba; the 
third, increased by ag times the sum of the rest, equals b3 ; 
and so on for the other numbers. 


SOLUTION. 


Let the n numbers sought be represented by 


L15 L253, - > " = Se Dens 
Then, if 
S= 21 + x2-+ 23 + i = ~ % +2n, (a) 


we shall have, by the conditions, the following system of 
equations : 
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y+ ay (S — z,) ht 
Ne) + ay (S — 22) == bo, 
x3 + a3 (S— 23) = ds, 


een MOONE Ne ak 


In dn (S— In) = bn. (n) 
From (A) we readily find the following system of equa- 


tions : 
=o ey & 
By 1 — <2 Mi @) 
ty 1 s— 1” 3) (4) 
aa ae ee pas He ) 


Taking the sum of the m equations (A’), we find 


SDC Ne (B) 
Where, for the sake of brevity, we have put 
ie a4 ag ag -t ata On P 
Meee) ge, ap alen ieee ney) 
by be bs b 
Dp’ = Syren, | ba n ” 
a,;— 1 or <7 aren Ra prem k f: ) 
Returning to equation (B), we find 
D” 
S—=—_-. (C) 
D’—1 


This value of S written in the n equations (A’) gives 


(13 
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\ 
Gs Je ae ibis: bie by 
, a, — 1 D'—1 j i — 
ee ao DD? iN bo 
: a—ifD—1 dg — 1 (D) 
ea ee b, 
ee Wy ee aoe 


ifinie 10 syand bj == besa bg bee bs bp Oy == be — Oo 
== 619 = 845693 ; and a@;== 4, Qg=}, €3—=— 7, 4=F) 
5 = hy 06 = To) AT Fry O3= qe, Mo = Tz) C10= Tz, then 
will the above question agree with one in the Higher Arith- 
metic, which question is there required to be solved by rules 


purely arithmetical. The preceding question is also a 


particular case of the above question. 

6. Suppose m individuals, Aj, Ag, As, - - - - An, 
play together on this condition, that the one who loses shall 
give to each of the others as much as they then have. 
First A; loses, then Ag, then As, then Ay, and so on, until, 
in turn, they have all lost ; and at the end of the mth game 
their respective shares are dj, de, a3) - - - - - dn. How 


much had each before playing ? 


SOLUTION. 


Let their respective shares before playing be represented by 
L144 12,23, = ry — = In. 

Also, put 

mtatetast - - - - - +2a,=8. (1) 

Since A; loses on the first game, he must, by the question, 

give to As, As, A, &c., as much as they now have. Hence 
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Ay’s money will be diminished by z2-+ 23 -+- 2% + ->-+2n; 
which, by (1), equals S— «a, so that Ay’s money will be 
Hs oe (S— 2) — 22; — S. 
Therefore, at the end of the first game, they will have 
Aa, Az, As, mo, 
2r,—S; 2x9; 2%3;----- a ie 
Now, since Ag loses on the second game, he must give to 


Ay, As, Aa, &c., as much as they now have. Hence A»’s 
money will be diminished by 


2a, — S-+ 223 4+- 2a, + ----- Qn (2) 


Since they, all together, always have the same amount as 
at first, we have 


27, — S + 22.4 2a3 + ----- Jr Ss (3) 
ae 271 —§ + 223 ob 2x4 + rat esl oo ee: pd Se S —27o. 
Hence, Ag, after the second game, will have 
22 —- (S aa 222) = 4x0 — S. 
Therefore, at the end of the second game, they will have 
Ay, As, Az, Aa, Any 
4%,—2S8;42.—S; 423; 4x43----- Av: 
Proceeding in this way, we find that after the third game, 
they will have 
Au, Ag, As, Ay Nise Any 
82, —4 S; 8x2—28; 873-—S; 804; 825;--- Ban. 
And in general, after the nth game, they will have 
Au, Ag, As, An 
Qn, — 29-18; Qrx7 — 9-29; Dez, — Q"-8 8); - - - "2, — S. 
Equating these results with the values, 


1, G2, 43, U4 - - -~ ~ = Any 
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we have the n following equations ; 


Qe; — 2e- TSS a, Ga), 
2” ry — 2"-2S = av, (2') 
2”"r3 — 2” S=— as, (3') 
2*y, — 2" 8 a= 04, (4’) 


A) 


- - - - - = 


ok Po ae 2 S = An—t15 ((n—1)’) 


2"r, —S=ay, (n') 
From the above system of equations (A), we readily find 
a S 
ies - at 3? Uli) 
a S 
Lf = -- 52? (21 
fig) an 
i . fr 93 (3!) 
Hi ita sak old cas i aE (B) 
Ons Sa 
Tn—1 = Fe pO hae ([n—-1]'’) 
Gein 


eatin pS cit: i 
Ly = Sete ga (n ) 


Now, since they all together had as much money when 
they left off playing, as they had before playing, it follows, 
that 


Sa, + 42+ 03-+a,-+ - - - - a (C) 


If this value of S be substituted in the system of equations 
(B), we shall then have the values of 


15 TQ, £35 le iz ‘e Br a Ln 
in terms of known quantities. 


If we have the relation 
ay = ag = Ag = a4 — = = = - 
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then (C) will give 
S=na,, 


and the system of equations (B) will then become 
+=) (D) 


If, in (D), we suppose n»=5 and a, = 832, we shall have 
esol eae 4 le goae ll aye LL ee Os 


The above supposition causes our question to agree with 
Ques. 13, Chap. XII, Higher Arithmetic. 
u-+e2+y=13, (1) 
utetz=17, (2) 
7. Given<,, ty+tz=i8, (4)(' find u, x, y, and z, 
ea+y+z=21, (4) 


Dividing the sum of these four equations by 3, we obtain 


ua y+ z= 23. (5) 
From (5), subtracting successively, (4), (3), (2), and (), 
and we find 
ws es 
HY 5, 
y= 6, 
Cacmmancg dh (A 
: 3x +. Qy a= 118 
& cinen§ , | 
ven) 9) 4 By = 191, to find x and y 


Ans Le. 
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i 1131¢—27y—=10y-+54883 
9, i 5 nate se 1B 0, lu ; to find z and y. 
Ans. ae 
y= 23 
aN SE ule 
10. Given ¢ 6-Fy 80-2’ § to And # and y. 
ax + 2by =d, 
ct i eral qd 
Ans. ae 
_ 3c ta 
3b 


11. A and B possess together a fortune of $570. If A’s 
fortune were 3 times, and B’s5 times as great as each really 
is, then they would have together $2350. How much had 
each ? 

Ans. A $250, B $320. 

12. Find two numbers ot the following properties : When 
the one is multiplied by 2, the other by 5, and both products 
added together, the sum is = 31; on the other hand, if the 
first be multiplied by 7, and the second by 4, and both pro- 
, ducts added together, we shall obtain 68. 


Ans. The first is 8, and the second is 3. 


13. A owes $1200, B $2550; but neither has enough to 
pay his debts. Lend me, said A to B, 1 of your fortune, 
and I shall be enabled to pay my debts. B answered, I can 
discharge my debts, if you will lend me} of yours. What 
was the fortune of each ? 


Ans. A’s fortune is $900, and that of B $2400. 


14. There is a fraction, such, that if 1 be added to the 
numerator, its value 4, and if 1 be added to the denomi- 
nator, its value==4. What fraction is it? 
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15. The sum of two numbers is =a, the quotient arising 
from the division of the second, by the first is ==). Find 
these numbers ? 


~ b+ ; 

16. A, B, C, owe together $2190, and none of them can 

alone pay this sum ; but when they unite, it can be done in 

the following ways: first, by B’s putting ? of his property 

to all of A’s; secondly, by C’s putting % of his property to 

all B’s; or, by A’s adding 2 of his property to that of C. 
How much did each possess ? 

Ans. A $1530; B $1540; and C $1170. 


9 


17. A and B possess, together, only 2 of the property of 
C; Band C have, together, 6 times as much as A; were 
B $680 richer than he actually is, then he would have as 
much as A and C together. How, much has each? 

Ans. A, has $200; B, $360 ; and C, $840. 

18. Three masons, A, B, C, are to build a wall. A and 
B, jointly, could build this wall in 12 days; Band C could 
accomplish it in 20 days; but C and A would do it in 15 
days. What time would each take to doit alonein? And 
in what time will they finish it, if all three work together ? 

ery A requires 20 days, B 30, and C 60; 
all three together require 10 days. 

19. Three laborers are employed ina certain work. A and 
B would, together, complete this work in a days ; B andC re- 
quire b days ; but Cand A, only c days. What time would 
each require, singly, to accomplish it in? And in what time 
would they finish it, if they all three worked together 2 


Answer, 
2abc 2abe 


A requi eee, pee ie Ge see Sh siday 
equites re a “188s B, Beast ah days, 
2abe 2abe 
Aer By 5¢ days 3 Jointly, pe Ge days. 
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20. A certain number consists of three digits, which are 
in an arithmetical progression. If this number be divided 
by the sum of its digits, (thatis, without considering the value 
they have as tens and hundreds,) the quotient is 48 ; but 
if 198 be subtracted from it, then we obtain for the remain- 
der a number consisting of the same digits as the one sought, 
but in an inverted order. What number is this ? 

Ans. 432. 


21. A cistern containing 210 buckets, may be filled by 2 
pipes. By an experiment, in which the first was open 4, 
and the second 5 hgurs, 90 buckets of water were obtained. 
By another experiment, when the first was open 7, and the 
other 3} hours, 126 buckets were obtained. How many 
buckets does each pipe discharge in an hour. And in what 
time will the cistern be filled, when the water flows from both 


pipes at once ? 
The first pipe discharges 15, and the 
Ans. < second, 6 buckets ; it will require 10 
hours for them to fill the cistern. 


22. According to Vitruvius, Hiero’s crown weighed 20 
lbs., and lost 13 Ibs., nearly, in water. Let it be assu- 
med that it consisted of gold and silver only, and that 
20 lbs. of gold lose 1 lb. in water, and 10 lbs. of silver, 
in like manner, lose 1 lb. How much gold, and how 
much silver did this crown contain. 


Ans. 15 lbs. of gold, and 5 pounds of silver. 


23. A person has two large pieces of iron whose weight 
is required. It is known that 2 of the first piece weighs 96 
Ibs. less than 2 of the other piece ; and that 4 of the other 
piece weighs exactly as much as j of the first. How much 
did each of these pieces weigh ? 

Ans. The first weighs 720 Ibs., the second 512 lbs. 


24. Two persons, A and B, can together perform a piece 
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of work in 16 days. After having laboured jointly 4 days, 
A leaves, and B by laboring 36 days more, completes it. 
How many days would each separately require ? 


| A requires 24 days 
suet B requires 48 days. 


25. A merchant has two kinds of wine; if he mix a gal- 
lons of the worst wine with b of the best, the mixture is 
worth ¢ dollars per gallon ; but if he mix f gallons of the 
worst with g gallons of the best, then the mixture is worth 
h dollars per gallon. What is the price of each kind of 
wine per gallon ? 


(a+) eg —(f-+8) bh 


Price of the worst, 


‘K ag — bf ? 
ns. ree 
Price of the best, (a+ 6) f—(f-+8) ah 
bf—ag 


26. Several detachments of artillery divided a certain 
number of cannon balls. The first took 72 and } of the 
remainder ; the next 144 and } of the remainder; the 
third 216 and + of the remainder; and the fourth 288 and 
1 of the remainder, and so on; when it was found that the 
balls had been equally divided. What was the number of 
detachments and the number of balls ? 

Ans. 8 detachments, and 4608 balls 


27. A person has three horses and a saddle, which of 
itself is worth 220 dollars. If he put the saddle on the 
back of the first horse, it will make his value equal to that 
of the second and third; but if he put it on the back of 
the second horse, it will make his value double that of the 
first and third; and if he put it on the back of the third 
horse, it will make his value triple that of the first and 
second. What is the value of each horse ? 


Ans. 20, 100, and 140 dollars 
13 
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ELIMINATION BY INDETERMINATE MULTIPLIERS. 


(86.) Suppose we wish to find x and y from the equa- 
tions 


2x + 3y = 18, (1) 
5x + 4y = 22. (2) 

Multiplying (1) by m, we find 
Qnxz + 3my = 13m. (3) 


Adding (2) and (3), we have 
(2m + 5)a-+ (38m-+4) y=138m 4 22. (4) 
Assume 3m + 4=0 which gives 


1b oe +. (5) 
This value of m causes equation (4) to become 
pfgrvamnems | 13m + 22 eae es (6) 
2m +5 
Again, if we had assumed 2m + 5 = 0, which would have 
given : 
m—=— 4, (7) 
then equation (4) would have become 
13m -+ 22 
‘ Fe eg WO ATES 
3m +4 (8) 


Now, returning to our former equations, we will subtract 
(2) from (3) ; we thus obtain 


(2m — 5) x-+ (8m — 4) y= 138m— 22. (9) 


Assume 3m — 4 = 0, which gives 


m = 4, (10) 
This value of m causes (9) to become 
13m — 22 
= — Says 
2m — 5 sg 


Again, assume 2m — 5 = 0, which gives 
m=, (13) 


This causes (9) to become 
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13m + 22 
a) as aay ae o. (13) 

These values of x and y are the same as just found. 

It is evident that had we multiplied (2) by m, and then 
added, or subtracted the result from (1), we should then 
have found, in a similar manner, the same values for x 
and y. ° 

(87.) We will now apply this method to the two literal 
equations, | 

Xe + Vy = A, (1) 
Xor + Yoy = Ap. (2) 
In these equations the capital letters are supposed to be 


known, and their subscript numerals indicate the equation 
to which they belong. ‘Thus, 
X» is the coefficient of x in the second equation. 
Y, is the coefficient of y in the first equation. ~ 
/lg is the absolute term, or the term independent of x and 
y in the second equation. ee 
Returning to our equations, we will multiply (1) by m 
and add the result to (2); we thus obtain 
Assume Yym + Y2= 0, which gives 
m= al (4) 
This causes (3) to become 
(Xym + Xs) eA + Als, (5) 
which gives immediately 
em te __ Yn — AN (6) 
Xym + X2 | X;Ve— XV, 


Assume Xym + X2=0, which gives 
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X; 
This value of m causes (3) to become 


ron Am -t Jig JIgX1 — aS Ay Xe 


ee AARNE tS) 
Yym+ Yo XiV2— Xi Yo — Xe” (8) 
Hence, the values of x and y are 
— AyYa— Ae, 
Xi Yo ——- Xo Y; (9) 
__ AX — JS Ay Xe 
ORG Ae 


These values of x and y may be considered as comprising 
the solution of all stmple equations combining only two un- 
known quantities. If we wish to adapt this general solution 
to the equations 

2¢ + 3y = 13, 
Ox + 4y = 22; 
we must call. 
jl, oon} 3 A een LINE 
Xi ee 3 Xo mre 6 
Y; — 3 3 Yo — 4. 
These values substituted in (9), give 
| Us 2 eee Be 

(88.) Asa still farther illustration of the method of elimi- 

nation by means of indeterminate multipliers, we will pro- 


ceed to the solution of three simultaneous simple equations, 
involving three unknown quantities x, y and z; and we will 


continue to make use of the notation by the assistance of 
subscript numbers. 


Let the equations be as follows : 
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Xie + Ny + Zz = Ay (1) 
Xot + Yoy + Loz 4S, (2) 
X3r “qo Yay + Z3Z = /13. (3) 


In these equations, as in those of the last example, the 
capital letters X, Y, Z, are the coefficients of their corres- 
ponding small letters. The small numerals placed at the 
base of these coefficients correspond to the particular equa- 
tion to which they belong. ‘Thus X, is the coefficient of x 
in the second equation ; Y3 1s the coefficient of y in the 
third equation ; Z; is the coefficient of z in in the first equa- 
tion, and so for the other coefficients. The letter 4 is used 
to denote the right-hand members of the equations, or the 
absolute terms ; the subscript numbers in this case also de- 
note the equation to which they belong. 


This kind of notation, by use of subscript numbers, is very 
natural and simple, and combines many advantages over the 
ordinary methods. 


Having explained this method of notation, we will now 
proceed to the solution of our equations. 


If we multiply (1) by m, and (2) by m, and then add the 
results, we shall obtain 


(Xam -- Xen) x + (Yim + Yon) y (4) 
+ (Zim + Zon)z = Aym + Aon. | 
From (4) subtracting (3), we find 
(Xym+- Xon— Xg)x+-( Yem-+ Van — V3) y (5) 
+(Zim-+ Zen — Z3)z = Aim + Asn—A3. | 
In order to cause y and z to vanish from this equation, we 
will assume 
Yim + Yon = Ys, (6) 
Zim + Zon = Z3- (7) 
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This assumption causes (5) to become 
(Xym + Xen — Xz) c= Am + An — As. (8) 
Therefore, 
Aim ta Aon — As 
mech tt AS Bene 9 
7 Xm + Xon — Xz (9) 
We must now find the values of m and x, by aid of con- 
ditions (6) and (7); for this purpose we will compare them 
with (1) and (2), (Art. 87). Now, in order to make (6) 
and (7) agree with (1) and (2) respectively, we must change 
estovmsa tons X, tal Avesta .s iV) to V0 eae 4, 
Al, to Y3, A, to Z3. Making these same changes in equa- 
tions (9) of Art. 87, we obtain 


Y3Zo —— Z3 Ys 
n= : 10 
7 a am) 
RET AYS SONET, 


or eit RSID 11 
© YZ Ay uy 
Arranging the terms alphabetically, we have 


Rie 7 Y3Z2— YoZs3 (12) 


Sy ETD PAS 
Y,Z3— Y3Z, 

ery minemall ‘ (13 
Y¥,Za— YoZ ) 


Substituting these values of m and n, in (9), we readily 
find 


1li 
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Gt). 24 ty — og ty —*7 a ty — 92 ox +17 A ZA XK, 
ler 8x ty —ty iy oy —ty ez ly —*y 4 ey + ty ex oy + ey eq ty 


fa) eek = a OS ZN +17 % KX + °F AIK ne 
ig tr by — 87 Ur ty —*7 ty ty — 7 ty 8x +27 8X ZX 


“Mopoq se fz pue A Jo sanpea oy} puy [eqs os ssonoid avprums e Ag 


fap) aide eee ee Wea 7A et ed el *Z ee, 
iz tr — eer — eae IZ 2 et ZA 


JAB [[BYS aM ‘yuoWasSuBIe Aq} UT asueys 
WSs Ve axeu pue ‘1oyVULUIOUSp PUB LOPVIOUINU OY} JO SUL} ay} [[@ JO susis oy} aouByo OM JT 


aaa — Za XY + ZAK ZAK TZ 
Oy eet ay cae Wad eae +€Z 


ty ly — 7 &4 | 
(¥1) Ao | fig KE) a 


qty —7Z 1 
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(89). We will now proceed to point out some remark- 
able relations in the combinations of the letters marked 
with subscript numbers, as given by equations (15), (16), 
and (17). 


I. The denominator, which is common to the three 
expressions, is composed of six distinct products, each 
consisting of three independent factors. Three of these 
products are positive, and three are negative. 


II. The letters forming the different products of this com- 
mon denominator being always arranged in alphabetical 
order, X, Y, Z, we remark that the subscript numbers of 
the first product are 1,2,3. Now, if we add a unit to 
each of these numbers, observing that when the sum 
becomes 4 to substitute 1, we shall obtain 2, 3, 1, which 
are the subscript numbers of the second product. Again, 
increasing each of these by 1, observing as before, to write 
1 when the sum becomes 4, we find 3, 1, 2, which are the 
subscript numbers of the third product. If we increase 
each of these last numbers by 1, observing the same law, 
we shall obtain 1, 2, 3, which are the subscript numbers 
belonging to the first product. A similar method of chang- 
ing has already been noticed under Art. 85. 


What we have said in regard to the subscript numbers of 
the positive products, applies equally well in respect to the 
negative products. 


II. The numerator of the expression for z, may be 
derived from the common denominator by simply substi- 
tuting 1 for X, observing to retain the same subscript 
numbers. . 

The numerator of the expression for y may be derived 
from the common denominator by substituting for Y, 


observing to retain the same subscript numbers. 
14 
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In the same way may the numerator of the expression 
for z be found by changing Z of the denominator into A, 
retaining the same subscript numbers. 


(90.) We will now proceed to show how these expres- 
sions, for x, y, and z, can be obtained by a very simple and 
novel process, which is easily retained in the memory, and 
which is applicable to all simple equations involving only 
three unknown quantities. 


Writing the coefficients and the absolute terms in the 
same order as they are now placed in equations (1), (2), 
(3), we have 


Xi A Zi — JAN, 
Kay Vol/Fo, = As, (4) 
) Xe ONS 25) =) As. 


Now, all the products of the common denominator can 
be found by multiplying together by threes, the coefficients 
which are found by passing obliquely from the left to the 
right, observing that if the products obtained by passing 
obliquely downwards, are taken positively, then those form- 
ed by passing obliquely wpwards must be taken negatively, 
and conversely. This is in accordance with the property 
of the negative sign. In the present case the products, 
formed by passing obliquely downwards, are taken posi- 
tive. 


In this sort of checker-board movement, we must ob- 
serve that when we run out at the bottom of any column, 
we must pass to the top of the same column; and when 
we run out at the top, we must pass to the bottom of the 
same column. 


This method is most readily performed upon the black- 


board, by drawing oblique lines connecting the successive 
factors of the different products. 
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We will trace out this sort of oblique movement. 


Commencing with X,, we pass obliquely downwards to 
Yo, and thence to Zs, and thus obtain the positive product 
of Xi Ys 23. 

Commencing with Xs, we pass obliquely downwards to 
Y3, and since we have now run out with the column of Z’s 
at the bottom, we pass to Z;, at the top of the column, and 
thus obtain the positive product X2Y3Z). 


Again, commencing with X3, we pass to Y;, and thence 
obliquely downwards to Zz, and find the positive product 
X3Y;Zz. 

Now, for the negative products we make similar méve- 
ments obliquely upwards. 


Thus, commencing with Xj, we pass to Y3, and thence 
obliquely upwards to Z», and find the negative product 
X,V3Z2. 


Commencing with X2, we pass obliquely upwards to Yj, 
and thence to Zs, and find the negative product X2 Y, Zs. 

Again, commencing with X3, we pass obliquely upwards 
to Y2, and thence to Z;, and thus obtain the negative pro- 
duct X3 YZ. 


Having thus obtained the denominator which is common 
to the values of x,y, 3; we may find the numerator of 
the value of z, by supposing the .4’s to take the place of 
the X’s, and then to repeat our checker-board movement. 
By changing the Y’s into the .4’s, we shall find the numera- 
tor of the value of y; and by changing: the Z’s into A’s 
we shall find the numerator of the value of z. 


(91.) We will now illustrate this method of solving 
simple equations containing only three unknown quantities, - 
by a few examples. 
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, Qn + By + 4z= 16, 
1. Given < 3x2 + 5y + Tz = 26, - to find z, y, and z. 
4x +- 2y + 3z = 19, NS 


We will first find the common denominator. 


Positive Propucts. NecaTiveE Propucts. 
2x53 = 30 2x2x7 = — 28 
Oe a es 24 ax oxXo = wet 
“xox 7 = 64 4x5x4 = — 80 

138 — 135 
— 135 


3 == common denominator. 


We have for the numerator of zx the following operation : 


Positive Propvcts. NecativeE Propucts. 
160 K Saar 40 16xX2x*7 = — 224 
26*2x*4 = 208 26x3x3 = — 234 
SX Tz) 399 19x5x4 = — 380 
847 — 838 

— 838 | 


9 = numerator, for z. 


_ To find the numerator for y, we have 


Positive Propucts. NEGATIVE Propucts. 
2x26X3 = 156 2«19x7 = — 266 
3 KX A == 298 3X16X3=—— 144 
4X16 1 448 4x 264 —=— 416 

832 — 826 
— 826 


a 


6 = numerator, for y. 


Go 
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To find the numerator for z, we have 


Positive Propucts. Nercative Propucts. 
2x5xX19 — 190 2x%2X26 = — 104 
3xX2x16= 96 3x*3%*19 = — 171 
Es Be eg) em W he 4x5 xk 16 = — 320 

598 — 595 
— 595 


_3 = numerator, for z. 


Hence, A 


— 
— 


| 


coool =O 


! 


sets hg 
When some of the coefficients are negative, we must ob- 


serve the rule for the multiplication of signs. 


22 + 4y — 3z = 22, 
2. Given 2 42 —2y +5z= 18, > to find z, y, and z. 
6x -+ Ty— z= 62, 


To find the common denominator, we have 


PosiriveE Propuwcts. Necative Propucts. 

2x—2x—1= 4 eT Kou) eek mT) 

4x 7X—3=— —84 ex 14 Xba 4 1G 

CORN See 6xX—2xk—3== — 36 
40 — 90 
— 90 


Se et 


— 50 == common denominator. 
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For the numerator of z, we have 


Positive Propvucts. NecAtTIvE Propucts. 
22x—2x—1= 44 22k = =TX b=—770 
18x Tx—3=— 378 18 Xia exe DS 12 
634 aoc OS 1260 63x —2x—3=— 378 
926 — 1076 

— 1076 


— 150 = numerator, for z. 


srnO ia 


3. 
— 50 


Hence, z= 


Proceeding in a similar way, we find the values of y and z. 
C+ Y= 4, ) | 
3. Given < y+ iz =a, ¢ to find g, y, and z. 
2+ le=a, 
We will arrange the coefficients, omitting the unknown 


quantities, observing also to write 0 for such terms as are 
wanting. 


This arrangement being made, we have 


Damier see hee 

LBA hae) {ed 

Renu? Le ee 

Positive Propvucts. NeEGATIVE Propucts. , 

1x1x1= 1x0x1=0 
0x0x0= 0x+x1=0 
tXoXg=a , +X1x0=0 
25 ==common denominator. 0 


For the numerator of x, we have 
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Posirrve Propucts. NecativeE Propvucts. 
Tex lxXl=— ax0xi= 0 
axX0x0—= 6 aXixXxl=—ia 
axixi=fja eC 0 ce 0 
Za —tla 
— ta 


=@ = numerator, for z. 
— 2 bs eee yy 
Hence, LE 54-35 — 3 38- 
By a similar process is the value of y and z found. 


zta(y+z)=mn, 
4. Given’ y+ d(x +2)=n7, ¢ to find z, y, and z. 


z+ e(x-+y) =p, 


These coefficients, being properly arranged give, 


Pe Nae Sy 

b¥I pln 

COMES Aika pe aad 

Positive Propuvucrs. Necativse Propvucts. 

Add Ryd Ramo | 1xcxXb—=—Obde 
bXcXa=abc bx axl sap 
¢ Xaxb=abe cx1xXa=—ae 
1-+- 2abe -  —ab—ac—be 


— ab — ac— be 


1+2abc — ab — ac — bc = common denominator. 


For the numerator of x, we have 
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Positive Propucts. NEGATIVE Propucrs. 
Pea Sli mxcxb=— btm 
um xXOXG== ach nxaxl=— an 
p xXaxb=abp pXlxa=— ap 
m + acn + abp — bem — an — ap 


— bem — an — ap 


m--acn--abp — bem— an — ap = numerator of z. 


m —+- acn +- abp — bem — an — ap 


H — 
a. Yaar 1 “lake —obe—ab—~ be 


If to this expression for x we apply the principle of per- 
mutation, as already explained, by advancing the letters one 
place lower in the alphabetical scale, we shall find 


__ 2a bap + bem — can — bp — bm 


1 + 2bca — be — ba — ca 


Again, permuting this expression, we have 


__ p-tcbm + can — abp —cm— cn 
Peter Sean eae che he 


This solution is far shorter than the one giveh on page 


94, and the expressions for x, y, and z, are far more sim- 


ple. 


We may remark, that the denominators of the above ex- 
pressions are common, as they must of necessity be, in vir- 
tue of the general results given by Equations (15), (16), (17), 
on page 111. 


5. A, B, and C, owe together (a) $2190, and none of 
them can alone pay this sum ; but when they unite, it can 
be done in the following ways: first, by B’s putting 2 of 
his property to all of A’s; secondly, by C’s putting 3 of 
his property to all of B’s; or by A’s putting 3 of his 
property to all of C’s. How much was each worth ? 
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Let x, y, and z, represent what A, B, and -C, were re- 


spectively worth. 


Then we shall have these conditions, 


t+ y= 4, 
¥Y. + oz = 4, 
Zz tc =a 


Clearing these of fractions, and arranging the coefficients, 


we have 


TBO Mav Ta 

0" 9" Be “9a 

Dos Ope aac Bar 
PosirivE Propwcts. Necative Propvcts. 
1 OR OX ae LOO Lo UO Aa eee 
Oc OP oe cen OX 3 Xo ee 
9X 3X = 30 0 oan Umea 


219 =. common denominator. O 


For the numerator of x, we have 


Positive Danner, NecativE Propvucts. 

TaX9xX3= 189a TaXO0x5=—= 0 

9x0x0= 0 9a xX 3X 3=—8la 

BAX aed re oe eX OX 9 eae 
234a . —8la 
—S8la 


153a = numerator of z. 


For the numerator of y, we find 
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PositivE Propvcts. Negative Propvucts 
7X 9aX3 = 189a Tx3axb = — 105a 
Ox3ax0O= 0 Ox7axX3—= 0 
2x7ax5= T0a 9x 9ax0 = 0 

259a ceatha™ 


154a = numerator of y. 


154 
AAD EAC. 


Hence, y = 919 


For the numerator of z, we have 


Positive Propucts. NecativE Propvcts. 
1 Me Kod = 150G TX OXxIa.== 0 
Ox 037. 0 0568. % 3a == 0 
2x3xX9a — 54a 2x9xTa= — 1264 
2434 — 126a 
— 126a 


ee 


117a = numerator of z. 
« 


We __ 4470. 
219 


Hence, z = 


Collecting the results, we find that 
A was worth $1530, 
Pager ow. os SI SSOs 
anes ¢¢ = $1170. 


The student will find, after a little practice in this method 
that it-is much more simple than would at first sight seem . 

Whenever some of the coefficients are zeros, as in the 
3d and 5th examples, the work is much abridged, as in this 


caee some of the products must become zero 
15 
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CHAPTER IV. 


INVOLUTION, EVOLUTION, IRRATIONAL AND 
IMAGINARY QUANTITIES. 


INVOLUTION. 


(92.) The process of raising a quantity to any proposed 
power is called Invoturion. 

When the quantity to be involved is a single letter, it is 
involved by placing the number denoting the power above 
it a little to the right. (Art. 11.) 


After the same manner we may represent the power of 
any quantity, by enclosing it within a parenthesis, and then 
treating it as a single letter. j 

Thus, 

the second power of mz = (mz)?, 

the third power of a + b=(a-+ d)3, 

the fourth power of 3m + y= (38m + y), 
Cae Sire 


CASE I. 


(93.) To involve a monomial, we obviously have this 
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RULE. 


I. Raise the coefficient to the required power, by actual 
multiplication. 

II. Raise the different letters to the required power by 
multiplying the exponents, which they already have, by the 
number denoting the power, observing that if no exponent 
is written, then one is always understood. To this power 


prefix the power of the coefficient. 


Note.—If the quantity to be involved is negative, the 
signs of the even powers must be positive, and the signs of 
the odd powers negative. (Art. 29.) 


EXAMPLES. 


1. What is the square of 3ax*? 
Here the square of 3 equals 
A Pte 4 Bam fe 
Considering the exponent of a,in the expression az, as 
one, we find a*z® for the square of az*. 
Therefore we have 
Pe okt 1 6 le 
2. What is the fifth power of — 2ab* ? 
Ans. (—2ab*) °== — 32a° }"®. 
3. What is the fourth power of —; TU nek 


— 8 


| . Ans. (—; ry a) he = 
which by Art. 49, is the same as 


124 


9. 


. What is the third power of z*y—*? 


INVOLUTION. 


1 
. What is the seventh power of —a~*x? 


7 q 
Pe use x 
Ans. —a7*z7 = ——, 


a? 


em 
z 
ADS. 2°ygt ee a 


. What is the nth power of —2z—3 4? ? 


Np Qn 
Ans. sb 2%0— $y?” == ae a 


. What is the square of —7z—'y—*? 


Ans, 49278 4 Geo ae 
. What is the third power of — : yak 
1 og 
Ans. ——~ £*y-* = — ——.. 
R125. 125 y 


by 
What is the seventh power of — m*az—' ? 


wh 
Ans. — m?a7z—", 


10. What is the fourth power of -- - n—3y3 2 


(94) When the quantity is compound, we can write the 
different powers by the aid of rules which we will hereafter 


16 
Ans. 8,12, 
Se cefilel «) 


CASE II. 


point out. (See Binomial Theorem.) 


At present we will content ourselves, by involving com- 


pound expressions by actual multiplication, according to 


Rule under Art. 33. 
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EXAMPLES. 
1. Find the second power of z + y—2z. 
e-y—z ; 
rty—z 


x2 +. ry — 2% 
ry ROMER i 
— XZ — yz +- 2? 


Ans. = 2? 2ay — Qrz- y? — Qyz + 2”. 


2. Find the fifth power of a + b, as well as all the lower 
powers of the same. 


(a+b)'=a--b, 
a-b 


a® + ab 
+ ab + b? 


(a+b)? =a? + 2ab + d2. 
a+b 


a’ + 2a7b ++ ab* 
a*h +. 2ab? + 63 
(a+b)? =a? + 3a*b + 3ab? + 6°. 
a +6 
a* + 30% + 3a7b? + ab3 
a®b + 3a7b* + 3ab? + 54 


(a+b)'= at + 4a% + 6a? -+ 4ab? + be. 
a +) 


a® + 4datb+ 6a3b?-+ 4a7b® + abt 
a‘h en 4a°b* + 6a7b? “+ 4ab° +. 6% 


(a+6)° =a? + 5a%b + 100°? + 10a7b? + 5ab* +b’. 
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3. Find the fifth and Jower powers of a —6. ; 
(a—b)*= a—b. 
a—b 
a*— ab 
— ab +- b* 


(a —b)*’=a?— Qab+ b*. 


a—d 


a®—2a7h + ab? 
— ab + 2ab?— d° 


(a—b) §= a8 — 3a*b + 3ab?— B*. 


a'—b 


a*— 3a*b +. 3a7b?— ab® | 
— a®b + 3a7b*— 3ab?+ b? 
(a-—~- b) ‘= at—4a°b + 6a2b?— ab + BA, 


a—bd 


a°—4ath + 6a*b?— 4a*b°+ ab4 
— atb-+ 4a*°b*— 6a7b%+- 4ab*— 6° 


a 


(a — b) >= a®— 5ath + 10a8b?— 10a*b3-+ 5ab*— b*. 
4. What is the cube of a—-x? 
Ans. a§— 3a*x2 + 3axr*— 23. 
5. What is the square of m+n—-z? 
Ans. m?-+- 2mn— 2mex + n?— Qnzx +- 2, 
6. What is the fourth power of 32—Qy? . 
Ans. 81r2*— 2162z°y + 21627y’— 96zy? + 16y4. 


7. What is the square of a+b? 


-——— 


; Ans. a?-+ 2ab + h?. 
8. What is the square of a+b+c? 
| Ans. a2+ 2ab + 2ac + b? + Qbe + c’. 


EVOLUTION. , St 


EVOLUTION. 


(95.) Evouvution is the extracting of roots, or the 
reverse process of involution. 


When the quantity whose root is to be found is a single 
letter, the operation is denoted by giving it a fractional ex- 
ponent, the denominator of which denotes the degree of 
the root.. (Art. 14.) 


And in the same way we may denote the extraction of a 
root of any quantity"or expression, by enclosing it within 
a parenthesis, and then treating it as a single letter. 


Thus, the second root of my = (my)?, 
the third root of « + y=(a2 + y)3, 
the fourth root of 22 — 3y = (22 — By)", 


the nth root of a—b=(a 5)", 
&c.; * &., 


CASE I. 


(96.) To extract a root of a monomial, we obviously 
have the following 


: Pe i E.. 


I. Extract the required root of the coefficient, by the usual 
arithmetical rule. When the root can not be accurately ob- 
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tained, it may be denoted by means of a fractional exponent, 
the same as in the case of a letter. 


II. Extract the required root of the different letters, by 
multiplying the exponents which they already have by the 
- fractional exponent denoting the required root. To this 
root prefix the root of the coefficient. 


Notrr.—Since the even powers of all quantities, whether 
positive or negative, are positive ; it follows that an even 
root of a negative quantity is impossible, and an even root 
of a positive quantity is either positive or negative. 


We also infer that an odd root of any quantity has the 
same sign as the quantity itself. 


EXAMPLES. 


1. What is the square root of 64a7b*zx® ? 


In this example, the square root of the coefficient, 64, is 
+8, where we have used both signs. 
And, 


Z 
(a?b4z®) = ab®x*, 


1 


. (6407b42°)?—= + 8ab?z°. 
2. What is the cube root of 64a°x$ ? 


Mae Ans. 4az*, 
3. What is the fifth root of — 32zay?? - 
Ans. — 2ax°y° 
4. What is the seventh root of — az-?? 
Ans. —aTa~7= — oa 
xt 


5. What is the square root of — 4a‘b?? 
Ans. Impossible. 


EVOLUTION. 129 


6. What is the cube root of 27a?b?? ? 
Ans. 3ab‘. 
7. What is the fourth root of 16a —*ba—! ? 


* 
PO eee 
Angi gp ah Pa eae 


a‘a* 

(97.) By comparing the operations of this rule, with those 
of rule under Art. 93, we see that involution and evolution 
of monomials may both be performed by one general rule, 
of multiplying the exponents of the respective letters by 
the exponent denoting the power or root. We will there- 
fore tive the following promiscuous examples, which will 
require the aid of one or both of these rules. 


EXAMPLES. 


1. What is the cube root of the second power of 8a%b? ? 


If we first raise 8a°b® to the second power, it will become 
(8ab°)?— 64a°'S, 
extracting the third root, we find 


1 
(640°5'8\? = 470°, 
for the result required. 
Again, first extracting the cube root of 8ab%, it becomes 


(Sah)? = 2ab°, 
raising this to the second power, it becomes 
(2ab3)?== 4a7b°, 
the same as before. 


(98.) Hence, the cube root of the square of a quantity, 
is the same as the square of the cube root of the same quan- 
tity. 

And in general, the nth root of the mth power of a quan- 
tity, is the same as the mth power of the nth root of the 


same quantity. 
17 
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4 ‘ 
Therefore, a® may be read, the fourth power of the fifth 
root of a, or the fifth root of the fourth power of a. 


And in the same way, (a + b)? is read, the third power 
of the square root of the sum of a and }, or the square root 
of third power of the sum of a and b. 


2. What is the value of (— 3ab2n*)? ? 
Ans. 35a%b322, 
5 
3: What is the value of (4a—*b‘zx)* ? 
Ans. + 32a x, 
(99.) Surd quantities may be made to assume several 


equivalent forms which require to be read differently. As 


3 

an example, the surd a~° may be written six different 

ways, as follows : 
ory cet | 8 


1. ((«*)*) hid Gs (Coy PhS) ((o=)4) 


4. ((a*)-") : 5, (ey) : 6. ((*)") ‘ 
These six expressions are read as follows : 


1. The reciprocal of the fifth root of the third powei 
of a. 


C= 


2. The reciprocal of the third power of the fifth root 
of a. 


3. The third power of the fifth root of the reciprocal 
of a. 


4. The third power of the reciprocal of the fifth root 
of a. : 


5. The fifth root of the third power of the reciprocal 
of a. 
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6. The fifth root of the reciprocal of the third power 
of a. 


CASE 


(100.) To extract any root of a polynomial, we have the 
following general 


RULE. 


1. Having arranged the polynomial according to the 
powers of some one of the letters, so that the highest power 
shall stand first, extract the required root of the first term, 
which will be the first term of the root sought. 

II. Subtract the power of this first term of the root from 
the polynomial, and divide the first term of the remainder, 
by the first term of the root involved to the next inferior 
power, multiplied by the number denoting the root; the quo- 
tient will be the second term of the root. 

Il. Subtract the power of the terms already found from 
the polynomial, and using the same divisor proceed as before. 


This rule obviously verifies itself, since, whenever a new 


term is added to the root, the whole is raised to the given | 


power, and the result is subtracted from the given polyno- 
mial: and when we thus find a power equal to the given 
polynomial, it is evident that the true root has been found. 
1, What is the fifth root of 
a° + 5a*h + 10a%b? + 10a%b* + 5ab* + b° ? 


OPERATION. 
ROOT. 


a° + 5a‘b + 10a%b? + 10a7b* + 5ab* +- b> (a+b 


a® 


Bat) 5atb 
(a+ b)® = a+ 5a‘d + 100d? + 1002? + 5ab4 + b°. 


0 


q 


132 EVOLUTION. 


EXPLANATION. 


We first found the fifth root of the first term a°, to be a, 
which we placed to the right of the polynomial for the first 
term of theroot. Raising a to the fifth power and subtract- 
ing it from the polynomial, we have 5a% for the first term 
of the remainder. 

Since the number denoting the root is 5, we raise the first 
term of the root, a, to the fourth power, which thus becomes 
a‘, this multiplied by the number denoting the root, gives 
5a* for our divisor. 

Now, dividing 5a*b by 5a‘, we get b, which we write for 
the second term of the root. 

Involving this root to the fifth power by actual multipli- 
cation, as was done in Ex. 2, Art. 94, we have 


(a + b)?= a°+ 5a*d + 10a*b*-++ 10a7b?+ 5adb4*+ d° ; 
which subtracted from the given polynomial, leaves no re- 
mainder, so that we know that a + 0 is the true root. 

2. What is the square root of 
4z*— 16z° + 242*— 16x +4? 


OPERATION. 
ROOT. 
4x4 — 16224-2427? — 1627+-4(22?—42+-2 
(222)? — 4a* 
4a*)\— 1623 


(2x*— 42)? = 424 —1623+-162? 


| 4x*)8x? 
(222?—4a+2)?— dat —162°+242?— 162-44 


ST Tn eee ee ae SD 
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3. What is the square root of 
16x* + 242° + 89x? + 60x + 100? 
Ans. 427 + 3x + 10. 
4. What is the cube root of 
a® + 3a° — 3a* — 11a? + 6a? + 12a— 8? 
Ans. a? + a—2. 
5. What is the sixth root of 
a® — 6a°b-+15a*b?— 20a*b3-+- 15a? b* — 6ab>+}® 2 
Ans. a—b. 
6. What is the fourth root of 
a* — 4a%b + 6a?b?—4ab3 + b*? 
Ans. a—b. 


(101.) If we carefully observe the law by which a poly 
nomial is raised to the second power, we shall, by reversing 
the process, be enabled to deduce a rule for the extraction of 
the square root of a polynomial, which will be more simple 
than the above general rule, and of more interest, since the 
arithmetical rule is deduced from it. 

By actual multiplication, we find 

(a+b)? = a?-+-2ab-+b°, 
(a+b+-c)?=a?+2ab+b?+2(a+b)c+e?, 
(a+b+c+d)° 
* = a2+2ab-+b24+2(a+b)c+e2+2(a-+b+c)d+a, 
(a+b+c+d+e) 
LY a?+-2ab-+-b?4-2(a+b)c-+-c? 
~— U+2(a+b+c)d+d?+2(at+b+c+d)je+e%. 
&e. &e. 


From the above, we discover, that 

(102.) The square of any polynomial is fo to the square 
of the first term, plus twice the first term into the second, 
plus the square of the second; plus twice the sum of the first 
two into the third, plus the square of the third; plus twice 
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the sum of the first three into the fourth, plus the square of 
the fourth; and so on. 


(103.) Hence, the square root of a polynomial can be 
found by the following 


RULE. 

I. After arranging the polynomial according to the powers 
of some one of the letters, take the root of the first term for 
the first term of the required root, and subtract its square 
from the polynomial. 

Il. Bring down the next two terms for a dividend. Di- 
vide rts first term by twice the root just found, and add the 
quotient, both to the root, and to the divisor. Multiply the 
divisor, thus increased, into the term last placed in the root, 
and subtract the product from the dividend. 

III. Bring down two or three additional terms, and pro- 
ceed as before. 


EXAMPLES. 
1. What is the square root of 
a?-+2ab+b?+2(a+b)c+e?+2(a+b+c)d+d?? 
OPERATION. 


a’+ 2ab-+-b?-++2(a+b)c+c?-+2(a-+b-+c)d+ df a 4 ba ‘ 4d. 


a~ 


2ab-+-b? 
2ab-+-b? 
Q(at+b)+c 2(a+b)c+c? 
2(a+b)c+c? 
- X(a+b-be)+d 2(a-Lb-Lc)d--@ 


2(a--b-+-c )d-+-d? 
0 
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2. What is the square root of 
47° 4-127°+-524— 22° +72? -—Q2-+1)? 


OPERATION. 
ROOT, 


40°-+-122°-+5x* — 2234-72? — 2e-+1(223-+32?—2-+1. 


476 


do®43e? 120°+5a8 
122°+-924 


42°+-62?—ax —4x4*—28-+-7Tr* 
—4z*—6x°+- 2 
4x°-+-6x? —22¢-+1 47384-6272? — 2Q7-+-1 
473+-62?—27+1 


3. What is the square root of 
xt — 27°? — 2x?-+ y*+ 2y?+.172 
Ans. 2? — y2?— 1. 
4, What is the square root of 
9xty* — 30x%y3 + 2524? 2 
Ans. 32742 — 5zy. 


5. What is the square root of 
a? + 2ab — 2ac + b? — 2be+-c?? 
Ans. a+-b—c. 
6. What is the square root of 
‘4m? — 36mn + 81n? 2 
Ans. 2m — 9n. 


In these examples, and in all others where an even root 
is extracted, the terms of the root ‘may have all their signs 
changed, and still satisfy the questions. 
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(104. ) We will now endeavor to find a particular rule 
for the extraction of the cube root of a polynomial. 
By actual multiplication, we find 
(a+b)? = a? +3a*b+3ab2+)3, 
(apb-+0)? 
= a3-+3a7b+3ab*+b3+3(ab)*c+3(a-b)c*+c%, 
(atb+c+d)> | 
a a?+3a7b +3ab?+-b3+-3 (a--b)2c-+-3(a-Lb)c? 
+-c8+-3(a--b-+-c)*d-+3(a-+-b-+-c)d?+-d?. 
Se; RC. 


(105.) From which we discover that 


The cube of any polynomial is equal to the cube of the first 
term, plus three times the square of the first into the second, 
plus three times the first into the square of the second, plus 
the cube of the second; plus three times the square of the 
sum of the first two into the third, plus three times the sum 
of the first two into the square of the third, plus the cube of 
the third; plus three times the square of the sum of the first 
three into the fourth, plus three times the sum of the first 
three into the square of the fourth, plus the cube of the 
fourth; and so on. | 


(106.) Now we may reverse the above process, that is, 
we may extract the cube root of a polynomial by the fol- 
lowing 


4 


RULE. 


I. Having arranged the terms of the polynomial accord- 
ing to the powers of some one of the letters, seek the cube 
root of the first term, which place at the right of the poly- 
nomial for the first term-of the root, also place it at the left 
by itself, for the first term of a column, headed, First 
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cotumn. . Then multiply it into itself, and place the pro- 
duct for the first term of a column, headed, SECOND COLUMN. 
Again, multiply this lust result, by the same first term of 
the root and subtract the product from the first term of the 
polynomial, and then bring down the next three terms of the 
polynomial, for the r1rst pivipeND. Add the first term of 
the root just found to the first term of the first column, the 
sum will constitute its second term, which must be multt- 
plied by the first term of the root, and the result added to 
the first term of the second column, for its second term, 
which we will call the FIRST TRIAL Divison. The same first 
term of the root must be added to the second term of the 
first column, forming its third term. 


Il. Divide the first term of the first dividend by the first 
term of the trial divisor, the quotient must be added to the 
root already found, for its second term, it must also be 
added to the last teri of the first column, the result will be 
ats fourth term, which must be multiplied by the second term 
of the root, and the product added to the last term of the 
second column, which sum will give its third term, which in 
turn must be multiplied by the second term of the root, and 
the product subtracted from the first dividend. 


Ill. To the remainder bring down three or four of the 
next terms of the polynomial for a SECOND DIVIDEND. Pro- 
ceed with this second term of the root, precisely as was done 
with the first term, and so continue until the entire polyno- 
mial has been exhausted. 
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0 
— b—xg9 + gE 
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5. What is the cube root of the polynomial 
a — 625+ 1544 — 2023 + 15a? 6x +11 
Ans. 2? —2x2+1. 
6. What is the cube root of the polynomial 
a® + 12a°x? — 8a'x3 — atx 2 
Ans. a? — 2az. 
7. What is the cube root’ of 
a° — 3a° + 6a! — 7a? + 6a?— 38a-+12 
Ans. a2 —a-+1. 
8. What is the cube root of 
x® + 62° + 21x + 4423 + 632? + 542 + 277 
Ans. 2° 22-7 3. 
(107.) From the above rule, for extracting the cube root 
of a polynomial, we can easily deduce the rule which we 
have given in the Higher Arithmetic for the extraction of 
the cube root of a number. 
This rule is also particularly interesting because of its 
close analogy to the method of finding the numerical roots 
of a cubic equatien, as explained in a subsequent part of 


this work. 
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IRRATIONAL OR SURD QUANTI- 
TES. 

(108.) An Irrationan Quantity, or SurpD, is a quan- 
tity affected with a fractional exponent or radical, without 
which, it can not be accurately expressed. 

Thus, , 

/3 is a surd, since the sjuere root of 3 can not be accu- 

ga 
rately found; also 8°, 4°, V4, 5, &c., are surd quanti- 
ties. 


REDUCTION OF SURDS. 


CASE I. 


(109.) To reduce a rational quantity to the form of a 
surd, we have this 


RULE. 


Raise the quantity to a power denoted by the root of the 
required surd; then the corresponding root of this power, 
expressed by means of a radical sign or fractional exponent, 
will express the quantity under the proposed form. 


EXAMPLES, 
1. Reduce 5a to the form of the cube root. 


Raising 5a to the third power, we have 
(5a)?—= 125a°; 
extracting the cube root, it becomes 


i 
3 


ba = V125a5— (125a°)*. 
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2. Reduce = to the form of the fifth root. 


ys «(8 zie ah 


3. Reduce Fi to the form of the fourth root. 


Ans. “=(5) 3 
y 


fee 


y* 
2 
4. Reduce _ to the form of the nth root. 


CASE Tl. 


(110.) To reduce surds expressing different roots to equi- 
valent ones expressing the same root. 


Reduce the different indices to common denominators ; then 
raise each quantity to a power denoted by the numerator of 
its respective exponent ; afterwards take the root denoted by 
the common denominator. 


EXAMPLES. 


1. Reduce v3, 9/4, and 7/5 to surds expressing the same 
root. 


Changing the radicals into fractional exponents, they be- 
come 3, 4, 1, which reduced to a common denominator, are 
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is) tz) +z: Now, raising the quantities 3, 4, and 5, to 
powers denoted respectively by 6, 4, and 3, we find 3°, 44, 
5%, or, which is the same, 729, 256,125. Taking the 12th 


root of these results, they become 
he SE ci, 
C129)? 7 (206) "4p (125).73, 


1 a : , 
2. Reduce a? and z* to surds expressing the same root. 


4. Reduce 7/2, 4/3, 9/4 to surds expressing the same 


® 


root. 
‘ 2 — (220 to 
Vv: oi )- 5) 


Ans. 173 = (315)°9, 
1 
V4 = (4'2)7°, 


aS Re DE 


(111.) To reduce surds to their simplest form. When 
ever a surd can be separated into two factors, one of which 
is a perfect power, it can be simplified by this 
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RULE. 


Having separated the surd into two factors, one of which 
is a perfect power, take the root of the factor which rs a 
perfect power, and multiply it by the surd of the other fac- 
tor. 


EXAMPLES. 


1. Reduce V288 to its simplest form. 


We can separate 288 into the factors 144 x2, of which 
144 is a perfect square whose root is 12; therefore 


288 = V144K2 = V144x v2 = 12 v2. 
2. Reduce Va3y—a?z’ to its simplest form. 
Ans. Vey — ax? = a2 Vy —a?. 
3. Reduce V— 32a°d to its simplest form. 


Ans. V—32a5>=—2a yb. 


4 : ; 
4. Reduce (a*x®y—*)? to its simplest form. 
3 


Ans. (a?x®y—*) we OL —“ 
y 


) 
~ 


5. Reduce (mn®ricby®)? to its simplest form. 


Ans. may(nay) K 


(112.) When a surd is in the form of a fraction, it may 
be simplified by the following 


RULE. 


Multiply both numerator and denominator by such a quan- 
tity as will render the denominator a perfect power. 
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EXAMPLES. 


1. Reduce vis to its simplest form. 


Multiplying both numerator and denominator by 11, we 
have 
Sian ag sat 8) aaa 
Ee Nae ef —— % 22 = 1-22. 
11 121 WI | Lit 


ae aes Oat t, 
2. Reduce Ae a to its simplest form. 
x 


rer ay ieee we 
Ans. a0% = af weir} °/ abn. 
{ x 


4p)8\ 5 
3. Reduce (—) to its simplest form. 


1 
5 


i 
Ans. (=) —-  (atprety’)t. 
xy] ay 


Fp erat ahaa tind ice 
to its simplest form 


4. Reduce | 


1 1 
yp eT 3 cy 
Ans. te se — ( ‘ ae + (a25a2) 3, 
x aba 


ab?x 
ADDITION AND SUBTRACTION OF SURDS. 
i ey babs , 


(113.) Reduce the surds to their simplest form; then, if 
the surd part ws the same in both, add or subtract the ration 
al parts, and annex the common surd part to the result; 
but when the surd parts are different, they can only be ad- 
ded or subtracted by the aid of the signs +- or —. 

19 : 


, 
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EXAMPLES. 


1. What is the sum of 54 and ~24%? Also, what is 
the difference of the same surds ? 

By reduction we have 
Vv 54 = Vv9ox6 = 3,6 
et <6 2476 


mest R 


SO ——_—_ — 


Therefsre, v 04 + vy 24 BIS a 3 
And, vy 04 — vy 24 coo) aay 
2. What is the sum and difference of 2/a'b and ?/ab4 ? 


 § The sum =—(a + b)?/ab. 
oe The diff. = (a — b)¥ab. 


3. What is the sum of (3622y)? and (25y)? ? 
Ans. (62 + 5) Vy. 
4. What is the um of (8z)*, (ay°) * an (2721)? ? 
Ans. (2+ 32+ 7°)¥z. 
5. What is the sum of (ab?zr®°)* and eo 2 
1 
Ans. x(ab2x)? Ft ¥%(m4)>, 
MULTIPLICATION AND DIVISION OF SURDS. 


RULE. 


(114.) Reduce the surds to equivalent ones expressing the 
same root, (Case II. Art. 110,) then multiply or divide as 
required. 

* 


EXAMPLES. 
1. What is the product of v8 by vig 2 
By Case II, we find 73 (8) =6 2 


“eS (162)? (256). 
Therefore, V8x Y16 = (5 12956)°=4 £782. 
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2. What is the product of 43/ab by 3 by ? 
Ans. 12V.a?b*y’, 
3. Divide 44/32 by 16. | 
ANsaln/ 3! 
4, Divide Va%— by Vabi. 
1 
Ans. ab-*(a*b-8) "=e sal , 
5. Divide V4a2b? by V2ab?. 
Ans. a(16ab5)°, 
EXTRACTION OF THE SQUARE ROOT OF A BINOMIAL SURD. 


(115.) When one. or both of the terms of a binomial are 
surds, it is called a binomial surd. 
Thus, 
ak V/b 
Jct Vd 
(116.) Before we proceed to the extraction of the square 
root of a binomial surd, we will establish the following 
lemmas. 


are binomial surds. 


LEMMA TI. 


The square root of a rational quantity can not consist 
of the sum of two parts, one of which is rational and the 
other wrrational. 


For if possible, suppose we have the relation 


Ja=Z2-+ VY; (1) 


where z 1s rational. 


“quaring both members of (1), we find 
a= a4 Qevy+y (2) 

From (2). we obtain 

a—2— y 


ye don 2 


(3) 
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Equation (8) gives an irrational quantity equal to a ra- 
tional one, which is impossible, thercfore the condition (1) 
is impossible, hence the above lemma must be correct. 


LEMMA II. 


In any equation, consisting of rational quantities and ir- 
rational quantities, the rational quantities on each side are 
equal, as also are the wrrational quantities. 


Suppose we have the equation 
a+ vba vy. (1) 
Then if a is not equal to z, let us have a= a + m, this 
value of a substituted in (1), gives 
tctmt vyb=a+ vy, (2) 
or +m+t J/b= vy. (3) 
Equation (3) shows that the square root of y is partly 
rational and partly irrational, which is impossible (Lemma 
1). Therefore it is absurb to suppose that x differs in value 
from a, hence r= a. Consequently yb = Vy. So that 
the above lemma is correct. 


LEMMA III. 


If Va+ vb =2+ vy, then will Va — vb =r—vy. 
If we square both the members of the equation. 
Veron eee, aD 
we find 
a+ Jb = 2+ Qyy + y. (2) 
Equating the rational, as well as the irrational parts of 
(2), (Lemma IT), we have 


a= 24+ y, (3) 
fb == 2r/y. (4) 
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Subtracting (4) from (3), we have 


a— Jobo = 2? — 22 Vy+y. (5) 
Extracting the square root of both members of (5), we get 
Ve— Jb oy. (6) 


So that if (1) is true, then also will (6) be true, which es- 
tablishes the above lemma. 


(117.) We are now prepared to proceed to the extraction 
of a binomial surd. ? 


Assume 
Va+vb=a+vy. (1) 
Then, (Lemma ITI) 
Va—Vb =2—vVy. (2) 
Equations (1) and (2), when squared, become 
a+ Vb=2+ 2vy+y. (3) 
a—J/b=2?— 2rVy+y. (4) 


Taking the sum of (3) and (4), and dividing the result by 2, 
we obtain 
a=2+ y. (5) 


If we multiply together equations (1) and (2), we get 


Va? —b—=—z?— y. (6) 
Adding (5) and (6), and dividing by 2, we have 
oye 
atva—b — 77, (7) 
2 
Subtracting (6) from (5), and dividing by 2, we find _ eons am 
a—./a? — b) yf ene 
as Vaal y. (8) | 


Extracting the square root of both members of (7) and (8), 
we get 
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ex jetverty (9) 
2 

LS eae Le 0 
VY fos ; (10) 


Taking the sum of (9) and (10), we have 


DeMille 5 eee ee, | 
steve} etVeat 2 atti) 
2 2 
Subtracting (10) from (9), we get 


ae a ee 
syn} VE = hae =, (12) 
2 2 


For the left-hand members of (11) and (12), substitute their 
values given by (1) and (2), and we then have 


. Eerste {Aste 
Yap vim} 40S) vt ate ca . (A) 
my 2 


ANSE Fy 4 
Ve Tim\ 9 VE 1} eee .(B) 


By using the double sign +, we may combine in one for- 
mula, both (A) and (B). 


ANTS 2 
Vax yh—\2 Veh, fee (C) 
= 


(118.) We will now show the use of formulas (A) and 
(B) by the following 
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EXAMPLES. 


1. What is the square root of 7 —2,y10? 

Reducing the factor 2, to the form of the square root 
(Art. 109), and then introducing it under the radical sign, 
we have 7—2,/10=—7 — /40, which, when compared 
with the general form a —/b, givesa = 7; b = 40, these 
values of a and 8, substituted in (B), give 


reve pi 1 Be Gok 1 
atve—b)" §7+v49— 40)" (743 he 
2 2 2 ; 
= )3 ee he 2 
a—vVu?—} Tad MAO on AO) Ge 
pi 2. Sa Se ee Sa) 4S eed ee == ears yi 
2 eee Vaal ® 
Therefore, we have © 
VP ONIN == 3 172: 


2. What is the square root of 6 +20? 
[n this example we have a = 6; b = 20, which substi- 
tuted in formula (A), gives 


‘ ES 1 Nees tae ¢ a 4 
a +Va%—b)” (6+4Vv36— 20)" (644) __, 
SS ge! GE hae 
ees tng peed 
a—Va—~b)__ (6 —Vv36 — 20 (4) 
Se 
Therefore, 


V6 +720 =V75 + 1. 


3. What is the square root of 2(r +1) +4yr? 
Ans. /2r7 +,/2. 
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4. What is the square root of 6 —2y5? 


Ans. /5 — 1. 
5, What is the square root of 7 + 4/3? 
| Ans. 2+Y3. 


TO FIND MULTIPLIERS WHICH WILL CAUSE SURDS TO 
BECOME RATIONAL. 


CASE I. 


~ (119.) When the surd consists of but one term, we can 
proceed as follows : | 


1 m—\ 
Suppose the given surd is 2”, if we multiply this by z™ , 
aS m—\ 
by rule under Art. 114, we shall have zx” Xz m =a, a ra- 


tional quantity. 
Hence, to cause a monomial surd to become rational by 
multiplication, we have this 


RULE. 


Multiply the surd by the same quantity, having such an 
exponent, as when added to the exponent of the given surd, 
shall make a unit. 

EXAMPLES. 


Subs 
1. How can the surd z* be made rational by multiplica- 
tion. 


In this example, 3 added to the exponent 4, gives 1, 


2 
therefore we must multiply by x*, performing the operation, 
we have 


FIN 3 
Per = 2. 
3 
2. Multiply z° so that it shall become rational. 


Su5, 
Ans. 2°X27°=z. 
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3. Multiply x-t so that it shall become rational. 


4 41 
Ans. a7? Xa27 =a. 


CASE II. 


(120.) When the surd consists of two terms, or ig a bino- 
mial surd. 

Suppose it is required to multiply Ya + V0) so as to pro- 
duce a rational product ; we know from Art. 35, Theorem 
III, that 

(Va+vb)x(va—vb)=a—b. 

Hence, to cause a binomial surd to become rational by 

multiplication, we have this 


RULE. 


Change the sign which connects the two terms of the bi- 
nomial surd, from + to —, or from — to +, and this re- 
sult, multiplied by the binomial surd, will give a rational 
product. 


EXAMPLES. 
1. Multiply v3— 2 so as to obtain a rational product. 
Bi Reet /2) x Cred eB ea 
2. Multiply 4+ 5 so that the result shall be rational. 
Ans. (4+./5) xX (4—v5)=11. 
3. How canVa+b — Va—b be made rational by mul- 
tiplication ? 
Ans. (Va+b — Va—b)X(Vapb+ Va—b)= 2b. 
4. How can /7—1 become rational by multiplication ? 
Ans. (/7—1)XK(v7+1)=6. 
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(121.) If the surd consist of three or more terms of the 
square root, connected by the signs plus and minus, it can 
be made rational, by first multiplying it by itself after chang- 
ing one or more of the connecting signs. 


EXAMPLES. 

1. Ifit is required to make V5 —./3-+ v2 rational by 
multiplication, we should first multiply by Y5+ /3-+ v2, 
by which means we obtain 

Jo— V3+ V2 
V5+ v3+ V2 


Mea lp ray pe pba nag 


+V15+ 10 —v6+42 
5 HO ees +2=2v10+4 


Again, multiplying 2,10 +4 by 2v 10 —4, we get 
(210 + 4) x (210 — 4) = 24. 
2. Multiply 2 +3 —y2 so that it shall become ra 
tional. 
FIRST OPERATION. 
2+ V/3— v2 
PAR ee eA Varn pac 


44+2/3—2yv2+4+3—v6 
*+2V3+2V2 Ay Oe 


4443 aig —2=4y73 45. 
SECOND OPERATION. 
A/3 426 
4/325 
48 +203 
— 203 —25 


Cg EE PR Oe a 


48 — 25 = 23. 
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' 3. Multiply v5 + y2—v3 + 1 so that its product shall 
be rational. 


' FIRST OPERATION. 
Yo+ Y2— v3+ 1 
Jb— yv2+ v3+4 1 


ee ee 


5+ /10—vV1b'+ ' ¥5 + V6— V2 V3 
—2—J10 +715 + v5.+- Vv6+V72—v3 


1 ato a/D eae G, 
SECOND OPERATION. 
1+2y5+2v6 
1—2 75 +26 


ee a eet 


14275 + 2v6—4 30 
— 20 —2y5 +276 +430 
24 


i a SES LS FT NTT 


THIRD OPERATION. 
5+ 4v6 
—5+ 4v6 


(Seer a ene ee ee ees 


— 25 — 20v6 
96 + 20v6 


71. 
(122.) To reduce fractions, having polynomial surds for 
a numerator or denominator or both, so that either the nu- 
merator or denominator may be free from radicals. 
Suppose we wish to transform the fraction 
lin 
V3 +v2+1? 
into an equivalent fraction, having a rational denominator. 
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It is evident that this transformation can be effected, pro- 
vided we multiply both numerator and denominator by such 
a quantity as will cause the denominator to become free of 
radicals, so that the operation is reduced to the finding a mul- 
tiplier which will make v3 + /2 + 1 rational. 


We will first multiply by —y3+y2 +1. 


OPERATION. 


V3 +v2+1 
—Y34+v2+1 


eS SS re ED 


— 3—/76--y3+ v2 
Bo eis ie 
+ 1 
2/2, 
Hence, if we multiply both numerator and denominator of 
1 pong 1+ y2—y3 
Fees DY Lit wil ae. 
37a y—vV3+ V72+1 it will become OWE 
Again, Lene both numerator and denominator of 
1+ y2— J/2—J/6 +2 
272 a The 
denominator is now rational. 


wo, /2, we finally have ——— 


(123.) Hence, to transform a fraction, having surds in its 
numerator or denominator or both, into an equivalent frac- 
tion, in which the numerator or denominator may be free of 
surds, we have this 


RULE. 


Multiply the numerator and denominator by such a quan- 
tity as will cause the numerator or denominator, as the re- 
» quired case may be, to become rational. 
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EXAMPLES. 


5 : Ht j ne 
1. Reduce — to a fraction having a rational nu- 
merator. 


Multiplying both numerator and denominator by 5 —v3, 
we have 


in wa Argel (6 +3) von a2 11 
4 4(5 —13) TU OQs: coat 10-—-2 10-2073) 
2° Reduce. ——_-___— GU Mh to a fraction having a ration- 
Vb +312 


al denominator. 

Multiplying both numerator and denominator by 
J/5+/3 —/2, we get 

5 +715 —y10 + 2y5 + 2Y3—2V2 
6 + 2/15 

Again, multiplying both numerator and denominator of 
this last fraction, by 6 — 2./15, it becomes 

4,730 —4/15 —6y10 +10 V6 —8y/3 — bho le 

— 24 

or changing the signs of both numerator and denominator, 


it becomes, after striking out the factor 2 from each, 


6V2+4v3—5v6+3y10 + 2715 — 230 
12 


71 aee 
1+/y2 
a rational denominator. 


ie 14 ze aR v5, 


3. Reduce to an equivalent fraction having 
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4, Reduce SS to an equivalent fraction 


having a rational denominator. 


Ans err ata aac “thd 
4 
5. Reduce it Bi first to a fraction having a ration- 
vb +var 


al denominator, and then to a fraction having a rational | 
numerator. 


vVatyvr  JSab—VJar+VJ/br—e 
5, TE Ng b—z ; 


VO-SrL _ a— x : 
Hd eee Ms a ied aegis + /br — L 
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IMAGINARY QUANTITIES. 


(124.) We have already shown, that (see Note to the 
Rule under Art. 96,) an even root of anegative quantity is 
impossible. Such expressions are called imaginary. 


V— a, 
V—a 
are all imaginary quantities. 
V— a, 
Ina a, 


Surd quantities, though their values can not be accurately 
found, can, nevertheless be approximately obtained ; but 
imaginary quantities can not have their values expressed by 
any means, either accurately or approximately. They must, 
therefore, be regarded merely as symbolical expressions. 

(125.) We will confine ourselves to the imaginary ex- 
pressions arising from taking the square root of a negative 
quantity. 

The general form of imaginaries of this kind, is 

V-—a=Vax— TH 4/ ax vite 
substituting b for Vay we have 
¥aearsib V1, 


so that all imaginary quantities arising from extracting the 
square root of a minus quantity are of the form 


Basen 
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(126.) If we put ~— 1 =, we shall always have | 


c= — I], 
c= —V— ], 
eam ht 

c= VV) 

And in general, 

uthy kena be 
cim +1 V/_ J, 
cim +2 


cim + 8 —_V— ], 

m being any. positive integer whatever. 

(127.) From which we easily deduce the following prin- 
ciples. 
-(4V—a)x(+¥—a) = — ya — a. 
» Gr a) X( V0) Se 
- (tv¥— a) xX (—V¥— «) = 4 vere + a, 
.(+V¥=a)x(+vV—)) = —vab. 
«(—V—a)x (Vb) = Sab. 
» (+V—a)x(—V— 3b) = + vab. 

The above is in accordance with the usual rules for the 
multiplication of algebraic quantities, and must be consid- 


ered asa definition of this symbol, and of the method of 
using it, and not as a demonstration of its properties. 


oo FF WLW WHO — 


(128.) The student must not infer from what has been 
said, that imaginary quantities are useless. So far from. 
being useless, they have lent their aid in the solution of 
questions, which required the most refined and delicate 
analysis. 


(129.) We will now, in order to become more familiar with 
the operations of imaginaries, perform some examples in 


- 


IMAGINARY QUANTITIES. 161 


‘ MULTIPLICATION OF IMAGINARIES. 
1. Multiply 4v—]4 v—9 by 2. WES 3 ARE: 
OPERATION. 
A Vie Lele el, 
Osh epi Na 


———— 


—8—2y2+4y3+V6. 
2. Multiply 4 + V—3 by 2—v—2. 
OPERATION. 
A teeaey ES 
Oia Wald 


8+2V—3—4V—24 vi. 
3. Multiply 3 —V— 1 by 4 +V—1. 


OPERATION. 
3— v—l1 
4+ Vv—] 
12—4V—1] 

ER Fe oe ee ae | 


12— V¥—1+1=—13—V—1}. 
4. Multiply | —1V—3 into itself. 


OPERATION. 


—iv—3 


) oS) Lo 


to]— 


<< 
2 


| 
| 


a 4 I OX! 
| 
loo 


>| 


>) -)— 


si pha’ 


ro | 


162 IMAGINARY QUANTITIES. 


(130.) We will now perform some examples in 
DIVISION OF IMAGINARY QUANTITIES. 


1, Divide 4 V¥—— 2 by 2 Vy 


OPERATION. 


A ee ALLE 
. non a 
Muitiplying numerator and denominator by 2-+V a a 
becomes 


Sc oboaiegaig pte Wi! 


6 
In the same way we find 
1+v—1 sie 
2. pane at = /—]. 
jie ys 
Pi giblic 
2V—4 
3—V—1 can 
4 ae = r—-7V—1 
4t 2v—1] 


(131.) We will also add a couple of examples of the ex- 
traction of the square root of imaginary binomial surds. 

1. Extract the square root of 3-4-2V—1. 

Comparing this expression with the general formula (A) 
Art. 117, we have a==3; 6——4: hence, 


Therefore, 
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. 3 
\/s+2v—1 ae a aed teas Bene 


2. Extract the square root of 3 —2V— 1. 


All the difference between this example and the last, is 
in the sign which connects the two terms, so that we need 
only change the sign which connects the two terms of the 
answer to the last, in order to obtain the answer of this. 
(Compare formulas (A) and (B), Art. 117.) 

Hence, 


(3-21 welts Pak yh y el 
ey eee ae BROTICR hia 


If we add the unswers of these two questions, we shall 
have 


eS, Sue anna nae | } 
Vit eva iy/3 avai a2) BES 


~— wi OARMe 3). 
In the same way we find 


) A/S ad, 
eh ke A aan ges es a 
\/ +3V—j[= BVI 4tV—1 


(132.) Before closing this chapter, we will show the in- 
0. 70 
AO 0 

We know from the nature of multiplication, that 0 mul- 
tiplied by a finite quantity, that is, 0 repeated a finite num- 
ber of times, must still remain equal 0, hence we have this 
condition 


ferpretation of the following symbols 


Ox. , (1) 
Dividing both members of (1) by 4, we find 


0 
=. (2) 
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Bast Uae : 
Therefore the symbol 4 will always be equal to 0, as 
long as -7 is a finite quantity. 


(133°) Since the quotient arising from dividing one 
number by another becomes greater in proportion as the 
divisor is diminished, it follows that when the divisor be- 
comes less than an; assignable quantity, then the quotient 
will exceed any assignable quantity. Hence, it is usual for 


mathematicians to say, that 98 the representation of an 


infinite quantity. The symbol employed to represent 2/fi- 
nity Is QO, so that we have 


A . 
== (XY): 3 
ere, (3) 
(134.) Dividing both members of (1) by 0, we find 
0 ; 
ait 4 
A=° (4) 


Os 
This being true for all values of 4 shows that 7 is the 


symbol of an indeterminate quantity. 


To illustrate this last symbol, we will take severai exam- 


ples. 
a oro |e 
1. What isthe value of the fraction 7 eae when z—=a ? 
t—a 
Substituting a for x, our fraction will become 


<n ‘ip Kam a = an indeterminate quantity. 
be—ab ab—ab 0 
If, before substituting a for x, we divide both numerator 
and denominator of the given fraction by «—a, (Art. 59;) 
we find 
e—a? 2 wa a 
bee nab  \a.-bie 
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Now, substituting a for x, in this reduced form, we find 


rta a+ta_ 2a 
bo) heen oe 


eles Ba Se x? — a? | 
Therefore, 38 the true value of 5? when r= a. 
—a 


ba 
* - 


2__ ax 


2. What is the value of = 2 ——, when x=a? 
oe Se ++ a? 
Writing a for x, we find f 
x? — ax a”? —a2 0 


e—%rta @—2a+a 0 
If we reduce this fraction by dividing both numerator and 
denominator by z— a, we find 


x? — ax x 
Iara? Ze. 


Now, writing a for z, in the reduced form, we find 


= —— _ == — = wv. ( Art. 133.) 


v-—dax? +3a*2—a? 
bx — ab 


When a is substituted for z, we have 


xo? —3axr*+307%2— a? __ a®—3a5+30—a*? 0 


bx — ab ta ab —ab E> 


3. Whatis the the value of , when z=a? 


Reducing by dividing numerator and denominator by z —a, 
we find 
oars 3ar°+3a22 —a® =x? —2ar+a? 
bx — ab: b 
Writing a for z, we have 
g?—2ar+a?_  a’—2a?+a? 0 


came VE eae US o Art. 132. 
; Re ) 


/ 
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(135.) From the above, we conclude that whenever an 
oe, 0 
algebraic fraction is reduced to the form 9 there exists a 


factor common to both numerator and denominator, which 
factor becomes zero for the particular value of the unknown 
quantity made use of. In the foregoing examples a was 
very little difficulty in discovering this factor. 

It is obvious that examples of this kind may be chosen 
where it would be more difficult to find this factor. 

In the fraction, 

V1(a@?-+ x) — x 


a—x E 
if x= a, we shall have for its value : In this case we do 


not readily discover the factor required ; but if we multiply 


the numerator and denominator each by Vi(a? + 2) +a, 


it will become 
(a? — 2°) 


(a—2)(V (a? + 2*)+2) 

We now discover that the factor sought isa—z. Divi- 
ding numerator and denominator each by a — z, it becomes 
2(a-- 2) 

Viete)te 
Now, when z = a, this last expression will become =}. 
Hence, we conclude that indeterminate expressions of the 
above kind, when properly reduced, will take one of the 


following forms. 


=a finite quantity. 


0 = no value. - 


C0 = an infinite quantity. 


olS Blo BI® 
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CHAPTER V. 


QUADRATIC EQUATIONS. 


(136.) We have already (Art. 66), defined a quadratic 
equation, to be an equation in which the unknown quantity 
does not exceed the second degree. 

The most general form of a quadratic equation of one 
unknown quantity, is 


ax?t br—c. (1) 
Dividing all the terms of (1) by a, (Axiome IV,) we find 
b c 
es cartels 
suns tae Shiai? (2) 


. b c 
where, if we assume 4 = -, and B=-, we shall have 
a a ‘ 


vt Ax =B (3) 
Equation (3) is as general a form for quadratics as equa- 
tion (1). | 
In (3), 4 and B can have any values either positive or 
negative. 
(137.) When 4 = 0, equation (3) will become 
x= B, (4) 
which is called an incomplete quadratic equation, since one 
of the terms in the general forms (1) and (3) is wanting. 
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(138.) When B= 0, equation (3) will becom 


z* + Ax = 0, ' 
which divided by z is reduced to 
z+ A=—0, 


which is no longer a quadratic equation, but a simple equa- 
tion. 


(139.) If A= 0 and B= 0 at the same time, equation 
(3) will become 
Dace. | 


which can only be satisfied by taking x= 0. 


INCOMPLETE QUADRATIC EQUATIONS. 


(140.) We have just seen that the general form of an 
incomplete quadratic equation is 
wrens (1) 
If we extract the square root of both members of this 
equation, we shall (Art. 96,) have 
| C= - V/ B. | (a) 
Equation (a) may be regarded as a general solution of 


incomplete quadratic equations. 


(141.) To find the value of the unknown, when the 
equation which involves it, leads to an incomplete quadratic 
equation, we have this 


RULE. 


I. Clear the equation of fractions by the same rule as for 
sumple equations. (Art. 70.) 


II. Then transpose and unite the like terms, af necessary, 
observing the rule under Art. '73, and we shall thus obtain, 
after dwiding by the coefficient of x°, an equation of the 
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form of #°=B. Extracting the square root of both mem- 
bers, we shall find x= + VB. 


EXAMPLES. 


2 
1. Given ae + 7=9, to find z. 


This, when cleared of fractions, by multiplying by 19, 
becomes 
z+ 2+ 133= 171, 
transposing and uniting terms, we find z?= 36. If we 
compare this with our general form, we shall see that 
B= 36. Extracting the square root, we have r= + 6, 
or as it may be better expressed, « = 6 or r= —6. 


1. 346 

Tae 1 9 686 
This cleared of fractions, becomes 

147 + 3432?= 34627, 


2. Given to find zx. 


transposing and uniting terrhs 3x°= 147, 
‘ dividing by 3 oo oO, 
extracting the square root, we find 7 = +7. 
252" 


3. Given 2?— an 44, to find z. 
Ans. c= + 12. 
2 
4. Given 8+ 52% ct 4a°-+ 28, to find a. 
| Ans. c=+5. 
by ae 
5. Given 2+ a —T= at 13, to find x. 


Ans. c+ 9. 


(142.) We must be careful to interpret the double sign 
+, correctly, the meaning of which is, that the quantity 
22 
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before which it is placed may be either plus, or it may be 
minus. It does not mean that the quantity can be both 
plus and minus at the same time. 


(143.) If an equation involving one unknown quantity 
can be reduced to the form 2”=—VV, the value of x can be 
found by simply extracting the nth root of both members, 
thus, 

(144.) Where it must be observed (Art. 96.) that when 
nm is an even number, the value of zx will be either plus or 
minus for all positive values of JV, but for negative values 
of NW the value of x will be impossible. When isan odd 
number, the value of x will have the same sign as WV has. 


(145.) If the equation can be reduced to the form rN a 
then z can be found by raising both members to the mth 
power, thus : Daa. 

(146.) Where z will be positive for all values of JV, pro- 
vided m is an even number, but when m is an odd number 
then x will have the same sign as JV. 


(147.) Finally, when the equation can be reduced to the 


form nm 
a” ane dV 


We must first involve both members to the mth power, 
and then extract the nth root, or else we may first extract 


the nth root, and then involve to the mth power. (Art. 98.) 
Thus, 


m 
c= JVn. 
EXAMPLES. 
Jz+ 28  vzr-+ 38 


ti 4 imp) 6? 
This, when cleared of fractions, becomes 


1. Given to find z. 
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transposing and uniting terms, we have 


8/2716; 
dividing by 8, NED res 
raising to the second power, titer. 

| ae 2a 
2. Given Ya+Va+te= Verte. res , to find x. 


This equation, when cleared of the fractions, by multiply 
ing by V a + 2, becomes 
Var +e2+atr=2a, 
Vv ax + x? —=a—Zd, 
squaring both members, 
ax pi ce Aa MR 


Bax =a" 
aye 
indi 


3. Given 3 + oo 7, to find z. ° 
Ans. x==+8. 
4. Given (y”— b) hat dyth d, to find y. | 
1 

Ans. y= {(a—d)?+b}». 
5. Given Vx— 32 = 16 — v2, to find a. 
| | ANS) SG). 
: ee to find a. 
(a) 


6..Given (z ne = 


Ans. ©==- (2a? + 2ab + 0°)”. 


Jz+Vz—a_ ac? 


, to find z. 
a 


a(1--c)* 


Ans. x= Toe 
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Or uae pe crammaere Chk: z 
8. G Vv dots! 9/07 cee oD offi: fi 
iven Vet /z L—/2 BV tLe ,tofinds 
25 
A e —_ —-.. 
ns. ©—=T 
9. Given — : wand’, to find z 
Lie Vee ps Ba ye! 
1 
A w ices —, 
ns. & 5 


COMPLETE QUADRATIC EQUATIONS. 
- (148.) We have already seen, that 
ax’+br=c, (A) 
is the most general form of a quadratic equation, where 
a =the coefficient of the first term ; 
b =the coefficient of the second term ; 
c = the term independent of z. 


If we multiply the general quadratic equation (A), by 4a, 
it will become 


4a°x? + 4abr = 4ac. (1) 
Adding b? to both members of (1), it becomes 
da*x? + 4abx + b? = b? + 4ac. (2) 


The left-hand member of this equation is a complete 
square, equal to (2ax-++b)?._ The process by which wé so 
transform an equation as to cause one of its members to be- 
come a complete square, is called Completing the Square. 
This may be effected by the following 


RULE. 


Let the quadratic equation be reduced to this form, 
“ ax2t+be=c. Then multiply each member by four times 
the coefficient of the first term, after which add to each 
member the square of the coefficient of the second term. 
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EXAMPLES. 


1. Complete the square of the equation z*-+ 37 = 4. 
Multiplying each member by 4, we have 
4a? 122 — 16. 
Adding the square of 3 = 9, to each member, we find 
da? + 122 -L 9 — 25. 
The left hand member is now a complete square, equal 
to (2x + 3)’, so also is the right hand member. 
2. Complete the square of 18a°—~ 3r— 1. 


Multiplying each member by 4x 18 = 72, we have 
129677 2167: — 72. 


Adding 3°= 9, to each member we finally have 
129622— 2162+9=81, 
each member of which is a complete square. 


3. Complete the square of 6z2— Tz = — 2. 
Ans. 1447°— 1682 + 49 = 1. 


4. Complete the square of 10z?— 99x = 10. 
Ans. 400z?— 3960z + 9801 = 10201. 


Having completed the square of a quadratic equa 
tion, if we extract the square root of each member, the result 
will be a simple equation, but as the square root of a quantity 
may be either positive or negative, it follows that our result 
_will be equivalent to two distinct simple equations. Thus, 
returning to our general equation, az’-+ bx = c, which, 
when its square was completed, became 4a7x?-+ 4abr + b*—= 
b°+- duc, we have, by extracting the square root of each 
member, 


2ar + b= + Vb%+14ac. 


If we make use of the + sign, we have 


2ax + b= Vb?+ 4ac. 
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If we use the — sign, we have 
Qar + b =—V 7+ dac. 3 

Hence, a quadratic equation must, in general, yield two 
distinct values for the unknown quantity. The above results 
give at once 
_ —b+V PR dace 
error ae 
_ —b—V b+ 4ac 

Uniting these values by the aid of the ambiguous sign 3 , 
which is read plus or minus, not plus and minus, we have 

: 2 
ae a 2 b?+ 4ac (B) 
a 

(149.) This may be regarded as a general solution of all 
quadratic equations, and it is obvious that we may derive 
from it a general rule which will apply to all quadratic 
equations, so as not to be under the necessity of actually 
going through with all the preliminary steps of completing 
the square. The following is such a 


or, 


RULE. 


Having reduced the equation to the general form az?+- 
bx = c, we can find x, by taking the coefficient of the second 
term with its sign changed, plus or minus the square root 
of the square of the coefficient of the second term increased 
by four times the coefficient of the first term into the term 
independent of x, and the whole divided by twice the coeffi- 
crent of the first term. 


EXAMPLES. 


1. Given 42 — Sa! oe 46, to find the values of zx. 
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This, when cleared of fractions, becomes 
4o°— 36 +2 —=46z. 


Transposing and uniting terms, we have 


4o°?— 457 = 36, 
This compared with the general form 
| ax?+t- bac. 
gives .a@—=—4; b=-—45 3. c= 36. 


The square of the coefficient of the second term 
= (— 45)*= 2025. 

Four times the, coefficient of the first term into the term 

independent of z, 
=4X4x 36 = 576. 

Therefore, taking the square root of the square of the 
coefficient of the second term increased by four times the 
coefficient of the first term in.o the term independent of 
xr, we get 

+ V2025 576 = +¥2601 = +51. 

This added to the coefficient of the second term with the 

sign changed, gives 
45 + 51, 
which must be divided by twice the coefficient of the first 


term. Hence, 
45 +51 


8 
If we take the upper sign, we get 


If we take the lower sign, we find 
| 45—51  — 8 


age uk Feeds 


Therefore, to 12, or <i 


Hither of which values of 2, will verify the equation’ 
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32 — 4 —2 


2. Given re 9 —“, to find the values of z. 


This, when reduced to the general form, becomes 
z— 182 = — 72. 
Squaring 18, we get 
| (18)*= 324. 
Four times the first coefficient multiplied into — 72, gives 
4X —72 = — 288, 
which added to 324, gives 36, the square root of which is 
m aaa 


Therefore, ee 45 6 = 12 or 6, 
ABS oh J 7722s 
3. Given V3r2—5 = a, to find the values of z. 


Squaring both members, we have 
; | 
gukiR __ Te +362 __ Te 36 
This, cleared of fractions, becomes 
322— 5r = Tx-+- 36. 


Transposing and uniting terms, we have 


3x2? — 127 = 36. 
This divided by 3, gives 
x?—42 = 12. 
(4s . 
Therefore, poe AAS ge 4 6, or—2. 
: 2 2 
3 > . 
to find the values of z. 


4. Gi ———_|_____ — 
“ae a gt 4x 82’ 


This, by reduction, becomes 
92?— Tz—= 116. 
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V/R21LAXOXIIG 
Therefore, ge ee a, or—3i. 


2+. 12 
ea +5 =40, to find z. 


5. Given 


This reduced, becomes 
x? — Tx —=— 12. 
TaVP14xX—12 741 


Therefore, z= : Thera 4, or 3. 


(150.) An equation of the form 
ar” + ba" —=Cc, (A) 
can be solved by the above rule, which indeed will agree 
with the form under consideration in the particular case of 
ee 
If, in the above equation, we write y for x”, and conse- 
quently y? for 2°, it will become 
ay? + by=c, 
which is precisely of the form of (A), Art. 148. Conse- 
quently, 
_ —b + Vi? 4ac 
2a 
Re-substituting 2" for y, we have 
—b+Vb?+ 4ac 
2a | 
see (B) 
2a 


i 


And, 2} 
This value of z, must hold for all values of the constants 


n, a, b, and c, whether positive or negative, integral or 
fractional. 


23 
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EXAMPLES. 

1. Given z+-++ ax?=b, to find z. - 

This becomes y? + ay =), when for x? we write y. 
ao 


“YS 5) , 


hence, 


ans 
sey sete 


2. Given 3x2" — 22” =8, to find z. 


3. Given 2(1 + 2—2*)—VI-pa— a= —4, to find 


L. 
If for 1 -+- 2 — 2, we put y’, our equation will become 


i 
2y°— y= — 9? 
or 18y’— 9y = — 1, 
iy a oe 
2 ake O Ohmi. a6? 
hence Jie > or ss 


Re-substituting 1-+-x—2*, for y?, we have, when we 
take the first value of y’, ) 


1 . 
1+2—27= 9° 
9x2°— 9x = 8, 
9 3 Ae 1a 
7 19D +ev4l, or 37 get 
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When we take the other value of y?, we have 


| 1 
st tie node eos 
| +r2—Zz 36) 
or 362°— 36x — 35, 


36 4- 24/11 ] a) j ] 
es 3 aha i A SES Pend MO we | oe af |], 
79 gbaY 9 TS gvil 


Collecting these four values of x, we find 


r= 41+ 4V4)l, 
g=7+7Vv11, 
r===¥—ivl1l. 


rf 
he fe Ae LN hs x? 
4. Given (2?—-] -+-ja®---—] =~, to find the va- 
Hg Ci a 


lues of x. 7 
This equation is easily put mes this form 


LPR s 2 HS i pA ee a 
P Vor "pees awh J 7i— a4, 
zt x 
This squared, becomes 
aera Je a® 
a*— —_ = bape 2Qax V x4 a* 4. a7 — 
x 


By transposing, we have 
x'—a*— 2arV c'— att a?x*@— 0, 


eters the square root, we find 


‘or Vz'— at= az. 
Squaring, we find 
r'—a*= a*2? 
or x*§—a?r*— a’, 
| 2.4 42 
.» @ta?/5 
Pee 
Hence, anes ai 


Consequently, 
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1 
Lick ay 
: 2 
(151.) We have seen that the general form of a quadra- 

tic equation, az*+- br = c, gave, for the value of the un- 
known, the following expression : 

bb AV dP 4ac 

ms 2a i 
When a = 1, the equation az? bz = c, becomes 


x br = c. (C) 
And the above expression for the unknown, will become 
__—bivie+4ce. ob ( 

BE ag eee (ate) seat DD 
Now, since all quadratic equations may be made to assume 
the form of (C), by dividing all the terms by the coefficient 
of x, it follows that formula (D) must, when properly 
translated into common language, give a general rule for the 
solution of all quadratic equations. The following is the 


z= tal 


RULE. 


Having reduced the equation to the form x? +- br =c, we 
can find x by taking half the coefficient of the second term, 
with its sign changed; plus or minus the square root of the 
square of the half of the coefficient of the second term in- 
creased by the term independent of x. | 


EXAMPLES. 


1. Given 2? — 10z = — 24, to find z. 


In this example, half the coefficient of the second term is 
5, which squared and added to — 24, the term independent 
of z,is1. Extracting the square root of 1, we have +1. 


Therefore, == 0 +: 1 = 6, or 4, 
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rk Giver to find z. 


z vi 
E60 Bn 8 
This cleared of fractions, becomes 

32? —5x = Tr + 420. 
Transposing and uniting terms, we have 
dx? — 127 = 420. 
Dividing by 3, we have 
xz*—4x = 140, 
.°. 22+ 12=— 14, or — 10. 


eateMal <n be 20 MUDE 
== —, to find 2. 
Sa Bee ab 


3. Given 
| Ans. ¢ = 3, or — 15. 
4. Given 32° + 4227? = 3321, to find z. 
Ans. 3, or (241% 
(152.) Equations CONTAINING TWO OR MORE UNKNOWN 


QUANTITIES, WHICH INVOLVE IN THEIR SOLUTION 
QUADRATIC EQUATIONS. 


ry = 125x-++ 300y 


1. Given y?— 2? = 90000. 


, to find x and y. 


From the first of these equations, we find 


Substituting this value of x in the second equation, it be 
comes 
300y Yi 
2. ¢ 4 > == 90000. 
: y —125 
Which, when expanded, is 
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a 2) gin! Q000QY  cameiaients aoane) 


Y~ WP — 250y - 15625 
This, cleared of fractions, and terms united, becomes 
y' —250y* — 164375y? + 22500000y = 1406250000. 
This may be written as follows 
(4? — 125y)? — 180000(y? — 125y) = 1406250000. 
Solving by rule for quadratics, considering y*— 125y as 
the unknown quantity, we have 


y? — 125y = 90000 + 97500. 
Hence, 
y? — 125y = 187500, or y?— 125y=— — 7500. 
The first of these gives 
= Peet =500, or — 376. 


The second gives 
__ 125 +25V—23 
= - ; 
Both of which values are imaginary. 


Having found y, we can substitute it in the equation 


_ 300y 
oy — 198? 
and thus obtain the values of z. 
y—ft=a (1) 
or ¢ 
2. Given ; iyo ogaegat (2) ¢ ° to find x and y. 
From (2), we get 
ay? 
2 — a (3) 


which substituted in (1), we have 


“ a*y® , 
a ss 
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Clearing (4) of fractions, it may then be put under the 
form | 
(y° — cy?)?— 2a (y®—cy?)=a%e?, (5) 
Solving this by quadratics, considering y® — cy? as the un- 
known quantity, we have 

y' —cy= a? + aVa?-t C2, (6) 
Again, solving (6) by quadratics, considering y? as the un- 
known, we have 


‘ ves q\ 1 
poh (ee avefet sy (7) 


Extracting the cube root of (7), it becomes 


J 
=} ste eevet Srl | 4 (8) 
The value of y, (8), or better the value of y’, (7), when 
substituted in (3), will give a. 


vutetytz—= 66 (1) 
vw—x—y—z= 207 (2) 
3. Givend wr—v—y— z=, —9 (3) 
ry —v—w—z—=—19 (4) 
YZ—v—w—z= 38 (5) 


vw o+w=263,  (6)=(1)+(2) 
we-fpwfe= 47, (N=Q)+(3) 
zy tety= 37, (8)=(1)-+(4) 
yetytz= %.  (9)=(0)4(5) 
By adding a unit to both members of equations (6), (7), 
(8), (9), they may be put under the following forms : 
(v +:1)(w + 1)=264, (10) 
(w+ 1)(@+1)= 48, (11) 
(t+ 1)(y+1)= 38, (12) 
(yt 1(z-+1)= 9%. (13) 


, to find v, w, 
x, y, and z. 
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If we add 5 to both members of (1) it may be written 
as follows : 
(v1) (we 1) $1)-H(eH1)=61. (14) 
We shall now use equations (10), (11), (12), (13) and 
(14), which are symmetrical instead of the original equa- 
tions. 
264 : 


rfl ST 0+1); (16)=(1)+ (+1) 


POs Gr wnets (17)=(12)+(« + 1) 


yi =2@+1). (18)=(13)+ +1) 


Substituting these values of w-+-1, z+1, y+1, z+], 
in (14), we have 


209 
CH) PSST ROHM tet yOH)=61. (19) 
This reduces to this jae 
473 
e+D+ 55 = 61. (20) 


Clearing of Saito we have 
18 (v + 1)? — 671 (v +1) = — 5208. (21) 
This quadratic solved, gives 
v+1=11, or 26,, 
These two values of v1, being substituted in (15) 


(16), (17), (18), will give two sets of values for w + 1 
z+1,y+1,2-+1. These values when found are, 


» +1=11, or 26,5, 
w-- 1] == 24; 1075. 
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z+t+1l1= 2, or 4. 
y +1=19, or 742. 
z+1= 5, or 11}. 


Consequently, 
Dee 0, 0 == 2055. 
(== 23, oY prs 9.. 
Uf (fama 1, Ole 8 byes, ie 
y= 18, y= Off. 
Sam, z= 1027, 
Ns 


4. Given x*"-— 227°"-+-x"— 6, to find z. 
This is readily put under this form 


(a2 a”) 2 Ca x”) a ey (1) 
If we make y= 2*"—z", equation (1) will become 
y—y = 6, (2) 
7. af ae re. (3) 
Re-substituting for y, we lave 
rn. 7” — 3, (4) 
eae ee ey} 


Now, in (4) and (5) substituting 2 for x”, and we have 


nz 8, ©) 
or 2°— z= — 2. (7) 
From (6), we have 
From (7), we find < 
z=t+ iv—7, (9) J 
Re-substituting x” for z, we find 
wet }V13, (10) 
w= tt 1V-—7, raat 


Taking the nth roots of (10) and (11), we find 
Pe Wicd SE 4 
en ‘3 ii 13)2, 
Ans. As 
tee iE a eae) 


24 


ed} i 
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5. Given Po vee (1) ; , to find z and y. 


ey 0 (2) 
Squaring (1), we have - 
z?+2ry + y’=a’*. (3) 
Subtracting (2) from (3), we get 
Qry = a? — b. (4) 
Subtracting (4) from (2), we find 
x*— 2Qry + y? = 2b — a’. (5) 
Extracting the square root of (5), we get 
e—y= + Vip ae, (6) 
Taking half the sum of (1) and (6), we get 
1p NG ype = 
ra CE ab ay (7) 
Subtracting (7) from (1), we find 
y= ; Joho @ (8) 
c+y=a (1) 
5, Given , to find z and y. 


x8 a? = (2) 
We will indicate our operations upon the successive equa 
tions, by the method explained under Art. 80. 


--327y+3ry-+y = a. (a( 1 
ary(z+y) =v — 6. (4)=(3)—(2) 
a “= - — 6)=(4)+() 
y=" (6)=(6)43 
P+2ry+y = a. (7)=(1)7 
sapeea aa Ab (8)= (6)x4 


QUADRATIC EQUATIONS. 187 


Poyty=——",  (9)=(7)—(8) 


4b— a3)? 
a 1\4b—a3)2 __(1)+(10) 
om§5) 3a 3 eer 
q Sy Vape— a2, ) 4 _ (1)—(10) 
$75} ; er ae 
7. Gi Re . find d 
iven sees (2) , to find zand y. 


4 4o%y +624 t4eyty$—at, — (3)=(1)! 
Ary (x? +y7)+62*y? = at— b. (4)=(3)—(2) 


P4+2eyty—a,  — (5)=(1)? 
Transposing 2zy of (5)we get 
xv? +7? = a? — Qzy. (6) 


Substituting this value of z?-+ 7? in (4), we get 
4xy(a? — 2ry)+6z7y? = at — b. (7) 


This becomes, by putting z for zy, and transposing, 


222 — 4a*?z = b — a’, (8) 
7 
ee to (9) 
eee 2 
Hence, : 
4 
ray itt aS. (10) 


Ary = 4a? Lay eee (11)=(10) x4 
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r— ry + y?=— 3a? ay ae . (12)=(5)—(11) 
e—y= 4 ! 80! 4y/h Pa! | “ (13)=v(12) 
P4 
a fp Ce ap ; 
ga. )— 8a 4, fb tal, _ (1)+(13) 


yadrh} tee ay/TES ‘ (15)= (lie fiat 


Pog k yn op (2) , to find x, and y. 


Pt ype s (3)=(2)-+2y 
Suey ps __(3)-H(1) 

fg Say b 3 (4 = 
pi eal oe tal 


xy? — Peay i (6)=(4) x (5) 
This readily gives, | 
4x'y* + a’x*y? = b. (7) 
Consequently, 


\ 


det ae 1) 
\ 8 


This value of xy, introduced into (4) and (5), we obtain 


/ 2 ‘1 ea ae | 
Corse P| nee ||? |e 
! ope ieesics) 15 | : 


to|— 


ry + 


(8) 


x 
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z 
esx =} + 5 Cmca ck cae eae (10) 
—a?+Vat-+16b 2 


Dn /3 Be, 0- 2 
9. Given ; pikes, vee ag ‘s , to find and y. 
gly® +. Qry8 +. xy! = 18225 (Oost a)? 
27 ene le (4)==(3)—(2) 
x*y8 — 6561 (5\=(4)-+2 
Py == se bO) ees sto) 
py = 427 (7)=(6) 
oy oe (8)=(1)+(7) 
Qry = + 6 (oat Oy Xe 
o— 2ry+-y? = F 1 (10)=(8)— (9) 
a —y= + V—1 or +1 (11)= (10) 
x? -.Qry + y?= +11 (12)=(8)+(9) 
cty=+vV11 or+V—l1 (13)==4/(12) 
r= 1 Y11+ V—I)or (- Y—1141) ajay 
y(t VII y—1) or (+ V—11F 1) as) 


: e—Biter==3 1} 
10. Given UE ee ars ae i , to find x and y. 
Subtracting (1) from (2), we find 
| yr + yor — yo = 3. (3) 
Dividing (3) by (1), we get 
y=. (4) 
This value of y substituted in (1), gives 
is F 


2y'— Say? 1622 
=90ry+-60(2—y")—720(y—1) (1) 
(yo dy +4) eS cs 12 (2) 
5 x 


11. Given 


to find z and y. 
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Multiplying (2) by 52(y? + 4y +4), it becomes 
ryt — 8x7y? 4-162? (3) 
—=15zy’+60ry+60z—60y" 510, —240 
Subtracting (1) from (3), we have 


0= 1dzy? — 30zxry + 480y — 960. (4) 
Dividing (4) by 15zy +- 480, it becomes 
0O=y—2, (5) 
‘y= 2 (6) 
This value of y substituted in (2), gives 
Cad. (7) 
vy +z==5 (1) 
12. Given ryz + 2?== 15 (2) , to find x, y 
ry? +a?y—2r-+-22=8 (3) and z. 


Dividing (2) by (1), we find 
20. (4) 
Substituting this value of z in (1) and (8) and they be- 
come 


Hn Pmt (5) 
ny(aty) = 2 + 2x, (6) 
Dividing (6) by (6), we find 
e+y=1-+z2, ©. 
as Naa hs (8) 
Dividing (5) by (8), we get 
Leste, (3) 


e(y+-z)—=a"> (1) 

13. Given 2 y(a+z)=b (2) >, to find z, y, and z. 
axr+y)=c (3) 

Before proceeding to the solution of these equations, we 

will remark, that they are symmetrical, and consequently 
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all the derived equations will either contain all the letters 
similarly combined, or else they will appear in systems of 
three equations each, which can be deduced from each other 
by simply permuting. 

If we take the sum of (1), (2), and (3), after ea 
ing them, we shall have 

Doe oe Bee eee (4) 

In this equation all the letters enter symmetrically ; 
therefore it will not give rise to any new equation by per- 
mutation. 

If we subtract twice (3) from (4), we get 


Qry = a+b —c. (5) 

By permutation, we derive from (5) these two equations; 
z=b+c—a., (6) 
Qzea==c+a—b. (7) 


Equations (5), (6), and (7) readily give 
a+-b—c 


__b+tc—a 
ne Eee (9) 


2 oe (10) 
Taking the continued product of (8), (9) and (10), we 
at+b—c 


have 
aty?z? — ! - ard x ts . (11) 


This equation containing all the letters symmetrically com- 
bined, can give no new condition by permutation. 
Dividing (11) by the square of (9), we have 
(ab—c)(c-+a—b) 
ee ae nt 12 
2(b-+-c—a) oe 


x 


= 
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By permuting, we derive from (12) these two equations : 


__ (6+e— a)(a+b— jam bain 
2(ct+a—b) besa 
2 (Cat oO Oe ere) | 
Qatb—c) — (14) 


Taking the square roots of (12), (13), and (14), we find 


a-+b—c)(c+a—b) ) 3 


2(b-++-c—a) 

_ ) (bte—a)la+b—c) {3 
a—b)(b+c—a) ) 2 

ra) ‘sigan 


This question is a good illustration of the beautiful method 
of deriving one quantity from another, of a similar nature, 
by simply permutating. 


14. Given, the two equations 
(2 —-z!’) (1-+-a' a!’ +-2!* gl tag! 24! AES )--a'a nt __ 
zx fh Co ey tae! a!) ( BA orp yap, “112 a 

==, 
to find z' and x". 

If, in these CAMPERS we make successively the substitu- 
tions g! s!' = y’', oe oe, eee tes yy" 2, yy! z!; 
giete gl ap!, ziz'' == w'l, we shall finally have 

w'—+- w'' — a 


We 0. 
The quantities sought, x’, x’, will be determined by means 


of these four quadratic equations: 


w—aw +b =0. 
z—w'z--w!'= 0, 
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yr —a'y +20. 

x?— y's +y!=0. 
The first of these equations determines w! and w!’; the se- 
cond z' and 2'’; the third y’ and y’’; and, finally, the 


fourth xz’ and z!’. We thus successively obtain 
fait elev roar: GEV PEA 
1 = aL cade VOR eas 2 3 


‘ w+ V7 wi2— Aw"! 1 w+ V qw!2—dw!! 
2 j 2 j 


z! eye eae 4z!! af ae Ja! 4z!! 
Se Ov hae eae 


ne y! Vy Ay" pps V y?— Ay" 
i AMA OTE Rg Tn em Te 
and there are, consequently, for x’, as well as for x!’, six- 
teen different values. If we had solved the first two equa: 
tions by the common method, we should, after a laborious 
elimination, have obtained an equation of the 16th degree. 
If a = 371, and b = 13530, then will one set of values 
beers and e' =23: 
i P+ryt+y=e, . (1) 
15. Given ¢ y+ yz + =, (2)' 2 toind a. y, 2. 
2+ ze+ r= c’, (3) 
2(0fy?-+2)-H(ay+-ys-+22) 
eye, }O=O+E+@) 
A(x? y?+-2?)?+4(2?4-4?+4-27)(zy+yz+zz) (5)—=(4)2 
+ (xy--yzza)*=(a? + b?-+c?)?. mm 


x 


yp 8yz + 24 + 2y8z 1 2284 — BA, (7)=(2)° 
Af Bota? boty Date f Oats = ct 3) 


4fx?--y?+2*)?-4(2*+-4?-+-2?) (aytyz at) (9)==2(6) 
—2(2y+yz-+20P=2(a+pbt+c!). § +2(7)+2(8): 
25 
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S(zy-pyz+2n)? 
10)=(5) —(9 
—=(a?+-b? +¢?)?— 2(a*-+-b*+e . : ) ( ) ( ) 
or, which is the same thing, 


(xy-tys-fea a2 (wb? B22 Loa) —2(at-+b44e). (11) 


(xy-ty2—-2n = fee 
+2 (7b? 2(Fb Pete) —i( a+ tek. (12)=V(11). 
6 (cy + yz + 22)= 6k. (13)=(12) x 6 


Ce ee ea, ot Oe 
A(x-ty-+-= )P=2(e--b"--c*) 6k. (15)=(14)-+-(13) 
MORE es ee (16)=Vv (15) 


matt sme = ain. (18)=(17)—(2) x 2 
iw —b?+-c?+k 

42 ee mere. 

Having found the value of z, we may find the values of y 


(19)—=(18) (16) 


and z, by simply permuting the letters in the above expres- 
sion, (19). Since the expression for k is symmetrical, it 
must remain constantly the same. Consequently the deno- 
minator of the expression for x, (19), will not, during this 
permutation, change its value. 


In this way we find 


aol 3m 
Pee V2(a@+b+c2)+6k 
fee 
: c—a*?+bh?+k 21) 


~ Eva be) fo 
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‘z pue ‘A ‘x IOJ SaN]wA JO Sjas AMO aie asay} yey} MOYS suOIssaIdxa asayy, 


(9 FQ Py) t = (2-9 + 2e9 + -90)2 AOF (,9 +g + EN oT 


—2 
(2 + 19 + P)T — (ee) + 909 + Ww )EAF Q + YO — 29 
Go+tiq+ »)i— (yp (50729 + 299 + P)EAIF (9+ 24+, 3 N 
ee =f 
(,9 ++ (9 +b 59 ey?) — (6059 + 29 209 + 29 DYE AT 20 + 59 — 9 
(9 19 +t — (29.9 +2929 + 20) 8 OF (9 tea +. AT 
ea aa eee i 


Go +4940)? — (we +29, 29+ Ge?) EA sae 69 — 2 


‘oARY [[eys am Sy JO anjea ay} alOysat OM JT 
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We have chosen this example, partly from its being one 
rather difficult of solution by the ordinary methods, and 
partly because it affords an excellent opportunity for exem- 
plifying the beauty of symmetrical equations. Equations 
(1), (2), and (3), which are given, are not only symmetrical, 
but they are also homogeneous. Consequently all our de- 
rived equations will be homogeneous, and will either con- 
tain all the different letters similarly involved, as in (4), (5), 
(9), (10), (11), (12), (13), (14), (15), (16), (17), and (18), 
or else there will be a system of three equations which can 
be deduced from each other simply by permutating the let- 
ters, as is the case with the given equations (1), (2), and 
(3), also equations (6), (7), and (8). Equations (19), 
(20), and (21), are also of this nature. This perfect sym- 
metry of expressions, must in a great measure serve asa 
check upon our work, preventing errors which otherwise 
could not be so readily detected. 


(153.) QuESTIONS WHICH REQUIRE FOR THEIR SOLUTION A 
KNOWLEDGE OF QUADRATIC EQUATIONS. 


1. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest, in such a man- 
ner that the incomes from them were equal. If she had 
put out the first portion at the same rate as the second, 
she would have drawn for this part 360 dollars interest ; 
and if she had placed the second out at the same rate as 
the first, she would have drawn for it 490 dollars interest. 
What were the two rates of interest ? 


Let «=the rate per cent. of the first part. 
Let y= the rate per cent. of the second part. 


Now, since the incomes from the two parts were equal, 
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they must have been to each other reciprocally as z to y. 
Hence, if my denote the first part, then will mz denote the 
second part. 
We shall then have 
m (x 4+- y)==13000. 
__ 13000 
pees 
13000y 
ety 
13000z 
zy 
The interest on these parts, at y and x per cent., respec- 
tively, is 


, Consequently, m 


Therefore, == the first part. 


= the second part. 


130y2 13022 
~ and A 
ry t+y 


Hence, by the conditions of the question, we have 


he 360. (1) 


Boe eat) (2) 


Dividing (2) by (1), we get 

rev ag 

p36 (3) 
Extracting the square root of (3), we have 

De |, 
Subtracting (1) from (2), we have 
130 (x2?— y?) 
By 


Dividing both numerator and denominator, of the left-hand 


= 130. (5) 
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member of (5), by +-y, and also dividing both members 
by 130, we get 


r—y=1. | (6) 
Dividing (6) by y, we find 
x 1 : 
eee st 
Subtracting ('7) from (4), we have 
Liga 
{Roms gy | (8) 
Clearing (8)of fractions, we obtain 
6y = Ty — 6. (9) 
Re ie (10) 
Adding (10) and (6), we get 
c=, (11) 


Therefore the per cent. of the first part was 7, and of the 
second part was 6. 


2. A certain capital is out at 4 per cent.; if we multiply _ 
the number of dollars in the capital, by the number of dol- 
lars in the interest for 5 months, we obtain $1170412. 
What is the capital ? Ans. $2650. 


3. There are two numbers, one of which is greater than 
- ‘the other by 8, and whose product is 240. What numbers 
are they ? | Ans. 12 and 20. 


4. The sum of two numbers is =a, their product = b. 
What numbers are they ? 
eae 5 hse aely epe . 
reas = Aol a et 4b) 


5. It is required to find a number such, that if we multi 
ply its third part by its fourth, and to the product add 5 
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times the number required, the sum exceeds the number 200 
by as much as the number sought is less than 280. 


Ans. 48. 


6. A person being asked his age, answered, ‘‘ My mother 
was 20 years old when I was born, and her age multiphed 
by mine, exceeds our united ages by 2500.” What was 
his age 2 Ans. 42. 


7. Determine the fortunes of three persons, A, B, C, from 
the following data: For every $5 which A possesses, B 
has $9, and C $10. Farther, if we multiply A’s money 
(expressed in dollars, and considered merely as a num- 
ber) by B’s, and B’s money by C’s, and add both products 
to the united fortunes of all three, we shall get 8832. 
How much had each ? 

Ans. A $40, B $72, C $80. 


8. A person buys some pieces of cloth, at equal prices, 
for $60. Had he got three more pieces for the same sum, 
each piece would have cost him $1 less. How many pieces 


did he buy ? Ans." 12. 


9. Two travellers, A and B, set out at the same time, 
from two different places, C and D; A, from C to D; and 
B, from Dto C. On the way they met, and it then appears 
that A had already gone 30 miles more than B, and, accord- 
ing to the rate at which they travel, A calculates: that he 
can reach the place D in 4 days, and that B can arrive at 
the place C in 9 days. What is the distance between C 
and D2 | Ans. 150 miles. 


10. The sum of two numbers is 10, and the sum of their 
fifth powers 17050. What are the numbers ? 
Ans. 3 and 7, 
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11. The sum of two numbers is 47, and their product 
546. Required the sum of their squares. 


‘ Ansari, 


12. The sum of two numbers is 20, and their product 
99. Required the sum of their cubes. 
Ans. 2060. 


13. Divide the number «a into two such parts, that the 
sum of their reciprocals may equal 6. What are-the parts 2 


a a> a\i 
seop 
Ans. 2 4 b 

s(5—$} 

2 4. b 


14. Divide ; into two such parts, that the sum of their 
reciprocals may equal 1. What are the parts ? 
3 
Ans. 3 and -. 
ns. 3 and 5 
15. Given the sum of the squares of two numbers =a, 
and the sum of their reciprocals = 0; to determine the num- 
bers. : 
1 z 
Sum of numbers = 5| ab + 2 + 2(ab?+ 1) "| : 


Ans. 1 
Difference “== =| 2 F 2(ab? + 1) | 


< 
2 
e 


16. Find the values of x from the equation 


3x + 25 leah aeeek. 
pretonazoe abit 


Ans. «== —'7, or —63. 
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17. Find the values of x from the equation 


e—4e , 327+11. 
pain 1 areata tps Hy pe 
us staat oF 


ATS.) fics +y/—1. 


18. A and B can together perform a piece of work in 


two days, and it would take A, alone, three days longer to 
perform it than it would B alone. In what time can A and 
B respectively perform it ? 
A would require 6 days. 
Ans. } 3 %; 3 n 


19. A, B, and C agree to contribute $730 towards build- 
ing a school-house, which is to be at the distance of 2 miles 
from A, and £ of a mile further from C than from B. They 
agree that their shares shall be reciprocally proportional to 
their distances from the school-house. When it was found 
that A paid $98 more than B paid. What was B’s distance 
from the school-house ? Ans. 27 miles. 


20. I have a certain number in my thoughts ; this I mul- 
tiply by 23, add 7 to the product, multiply this sum by 8 
times the number ; I then divide by 14, and from the quo- 
tient subtract four times the number, and thus obtain 2352. 
What number is it ? Ans. 42. 


21. Find two numbers such, that their sum and product 
together may be = 34, and the sum of their squares exceed 
the sum of the numbers themselves by 42.. What are the 
numbers ? 


4 and 6; or, 
ns. 


1(—11+V—59), 1(—11—V—59). 


22. It is required to find a number, consisting of three 
digits, such, that the sum of the squares of the digits, with- 
out considering their position, may be 104; but the 

6 


! 
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square of the middle digit exceeds twice the product of the 
other two by 4; further, if 594 be subtracted from the num- 
ber sought, the three digits become inverted. What num- 
per is it ? Ans. 862. 


23. Find two numbers such, that their sum, their pro- 
duct, and the difference of their squares may be equal. 
‘Ans, 2--1V5,1+1V5, 
24. What two numbers are they, whose sum is 3, and 
the sum of whose fourth powers is 17 2 
2 and 1; or, 
4(3 +V— 55), and 4(3 —V—55). ° 
25. What two numbers are they, whose product is 3, and 
the sum of whose fourth powers is 82 ? 


+ 1, and +3; or, 


Ans. . 


Ans.’ call a 
! +V— 1, and =-V—49. 
26. A and B can together perform a piece of work in 3 
days, and it would take B alone to do it 8 days longer than 
it would take A. How many days would A alone require 
to perform it? | Ans. 4 days. 


PROPERTIES OF THE ROOTS OF QUADRATIC EQUATIONS. 


(154.) We have seen that all quadratic equations can be 
reduced to this general form. 


a? + az=b. (1) 


This, when solved, gives 


ve te a? 
t=—5 tae | os (2) 


Therefore the two values of x are 
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a a> 
pH (3) 

a a> 
Toast A Gorai as (4) 


2 2 
(155.) Now, since 7-(5) is always positive for all 
real values of a, it follows that the sign of the expression 


ire b, depends upon the value of 6. 
(156.) When bis positive, or when bis negative and less than 
2 2 = 
oe then will 7 + b be positive, and consequently Ve 


will be read. 
(157.) When b is negative, and numerically greater than 


a® a a 
7h then Z -+-b will be negative, and consequently Van +b 


will be imaginary. 
: Nlcey (ea espn 
a® 
When vi +b ws real. 
1. If a is positive, and ; is numerically greater than 
iam, 
ve -+ 6, then will both values of z be real and negative 


. . ° . . a e 
2. When a is either positive or negative, and Be nume 


ically less than Was +}, then will both values of z be 


real, the one positwe and the other negative. 
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3. When a is negative and 5 38 numerically greater than 


2 
J 3 ++ b, then both values of x will be real and positive. 


CASE II. 


PC rey 
When / a + b ts imaginary. 


In this case both values of x are imaginary for all values 
of a. 


(158.) When 6 is negative, and numerically equal to 


a* uf 
7 then both values of x become = re 


(159.) If we add together the two values of z, we 
have 


a a? a a* 
las gyi 6)+(—$—/ + b)——a. 
If we multiply them, we find 
a a / a ° 
S+V 5+) x (-S-V'¢ +i}=—b 
From which we see, — | 
That the sum of the roots of the quadratic equation x?-+-ax 
== b is equal to — a. 
And the product of the roots 1s equal to — b. 
Hence the roots of the equation. 
x? — (7, + 72) =—7"2, 
are 7, and 79. 
(160.) We can also deduce these properties as follows - 
If, in the equation x? -++- ax = b, we suppose the two roots 
of x to be 7; and 2, we shall have 
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72+ ar, = b. (1) 
r2+ arg—=bd. (2) 
Subtracting (1) from (2), we find 
r2 —r? + a(re— ry) = 0. (3) 
Dividing (3) by 72—71, it becomes. 
re-+ripa=0; (4) 


os ra r= — a. (5) 
Multiplying (4) by ri, we get 


refi +r? + ar,=0. (6) 
Subtracting (1) from (6), we get 
2°, b. (7) 


Equations (5) and (7) correspond with the properties just 
found, Art. 159. 

(161.) We have seen that every quadratic equation, when 
solved, gives two values for the unknown quantity. These 
values will both satisfy the algebraic conditions, and some- 
times they will both satisfy the particular conditions of the 
problem, but in most cases but one value of the unknown is 
applicable to the problem ; and the value to be used must 
be determined from the nature of the question. 


We will illustrate this principle by the solution of some 
particular questions, 


1. Find a number such that its square being subtracted 
from five times the number, shall give 6 for remainder. 


Let z= the number sought. 


Then, by the conditions of the questions, we have 


5a —a? —6. (1) 
Changing all the signs of (1), it becomes 
x? —5zrc—— 6. (2) 


which, when solved by the rule for quadratics, gives 
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Taking the first value of z == 3, we find its square to be 9. 

Five times this value of z, is 5X3 = 15. 

And 15 —9=6;; therefore the number 3 satisfies th: 
question. 

The number 2 will satisfy it equally well, since its squar: 
= 4, which, subtracted from five times 2 = 10, gives fo 
remainder 6. 

2. Find a number such that when added to 6, and th 
sum multiplied by the number, the product will equal the 
number diminished by 6. 

Let x =the number sought ; then, by the conditions of 


~~ 


the question, we have | 
(c+ 6)zr=2—6. (1) 

Expanding and collecting terms, we find 
x? + 52—= —6. (2) 
This solved gives 
| —5-+1 

2 
Here, as in the last question, we find that both values of 
x will satisfy our question. 


x=. = — 3, or —2. 


If we take the first value, « = — 3, we find that the num: 
ber —3 added to 6 gives 3, which multiplied by — 3 gives 
---9; and this is the same as —3 diminished by 6. 

If we take the second value, z= — 2, we Ne that the 
number — 2 added to 6 gives 4, which multiplied by — 2 
gives —8; and this is the same as — 2 diminished by 6. 


3. Find a number which subtracted from its square, shall 
give 6 for remainder. 


Let x= the number, then we have 
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x? — x= 6. (1) 
This gives 
5 


eRe, als or —2. 


If we take 3 for the number, its square is 9, from which 
subtracting 3, we.have 6. 

Again, taking — 2 for the number, its square is 4, from 
which subtracting — 2, we have 6. 

So that both values of 2 satisfy the conditions of the’ wine 
tion. 


4. A and B travel from the same place, and in the same 
direction. The first day A travels but 1 mile, the second 
day he goes 3 miles, the third’ day 5 miles, and so on in 
arithmetical progression. After A has been gone 8 days, 
B follows, travelling uniformly at the rate of 36 miles each 
day. How many days after B starts will they be to- 
gether ? 

Let x = the number of days sought. . 

Then wie 8 = the number of days w hich A travelled, 
\ (@+8) = distance travelled by A. 
“86r= e B. 
Hence 
(x + 8)? = 36z. 
This, solved by the usual method of quadratics, gives 
Gas or Doe 1G. 
From which we learn that they were twice together. First 


B overtakes A at’ ‘the end of 4 days, and then in 12 days 
more A overtakes B. 


In this case both answers are applicable. 


5. By selling a watch for $24, I lose as much per cent 
as the watch cost me. ‘What was the cost of the watch ? 
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Let x =the number of dollars the watch cost. 
Then will 2 — 24 = the loss incurred by the sale. 
The loss per cent. will be 


(x — 24)100 
Therefore, by the question, we have this equation : 
100(%—24) __ 
ae ae 
This gives a = 40, or r==.60. 


In this case, also, both answers are applicable. 


6. There is a number consisting of two digits, of which 
the right-hand digit is 3 greater than the left-hand digit, 
and the number veelfet is equal to the square of the right- 
hand digit. What is the number ? 

Ans. 25, or 36. 


7. A number consists of two digits, of which the right- 
hand digit is double the left-hand digit. The number ex- 
ceeds the square of the right-hand digit by 8. What is the 
number ? Ans. 12, or 24. 


8. A and B speaking of their ages, A said he was 15 = 
years older than B, and that the square of his age was equal 
to 64 times B’s age. What were their ages ? 

Ai=== 40 and B = 25 ;: or 
r 4 ’ ) 
 UA=24 and B=: 9. 


9. By the law of universal attraction we know, that the 
attraction of different bodies, at different distances, varies di- 
rectly as their masses and inversely as the squares of thei 
distances from the attracted point. 


The above law being admitted, it is required to find a 
point in the right line which joins the centres of the two 
spherical bodies, whose masses are m, and mz, such that _ 
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(his point will be attracted with equal force by each of the 
bodies. 


1) ae " eet l l l 
/ 


pe Mm, Pp P Mg Pi 


Let mi: and my be the position of the bodies. 

Let the distance between the centres of the two bodies m 
and mmo== d. 

Also, let p denote the point sought. 

Put x =:m,p =the distance from the body m, to the 
point sought, measured from mm, towards the right. 

Then d — x= mop =the distance from the body mg to 
the point, measured from mg towards the left. 

Now, having reference to the above law, we know that 
the attractions of the two bodies upon the point p will be to 
each other as the expressions 


M1 ms 


a? (d—2zy 
But, by the questions, these forces of attraction are equal ; 
therefore we have this condition : 


WT Pah, Ms 


Bo day ) 
Extracting the square root of both members of (1), we 
have 
Vm tyme 
Pe cine. pcs (2) 


This reduced, by rules for simple equations, gives 


VALET 
mp = ££ = ——_____ x d. 3 
1? 7 era eaal ( ) 
Hence, 
map = 4d —o = = (4) 


J/m + /mMe 
ar 
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If we use the upper signs, we get 


Sm, 
mp = —xXd 
s Vimy - Vm ) 
V Me 
mop = ——-— — d 
JM, + YM 


By taking the lower signs, we have 


JM, 
een VET ? 


/ Me 
ep Hs ee, 
ee ee ( 


(A) 


(B) 


We will now interpret these expressions for different nu- 


merical values of d, m4, ms, and, in order that the following 


reasoning may be rigidly correct, it is necessary to suppose 
all the matter of the bodies m; and ms to be concentrated 


at the centres of the bodies. 


CASE I. 
When d= a finite quantity. 
Jind m, > Ma. 
In this case, we evidently have 
vm 
Vm, + / me 
J/ Me 
Vm + VmMe 


>2 and <1 


Consequently, the first set of values, denoted by (A), give 


mip —=a positive quantity which is <d, but of 


Mop =a positive quantity which is 
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These values give for the point sought, a ESHER between 
mm, and mg, but nearer mg than my. 


Again, 
pots Sil Dac 
VM1—J/ Me 
pee ines Oi ee negative quantity. 
JM, —f/ M2 


>. 


erefore, the second set of values, denoted by (B), give 
yp == a positive quantity which is >d. 
mop =a negative quantity. 
Now, since the distances from ms, measured towards the 
ieft, are considered as positive, the distances in an opposite 
a 


irection must be regarded as negative 


Hence. these second values give for the point a position 
on the right of me. 


waco Ls 
When d = a finite quantity. 
Jind ma<me. 
In this case 
VM, 


Be Ms eee 
Vm + / Mme 


J/ me 
= Sa Alin > and <i, 
JM, + /me ‘ % 


Consequently the first set of values, denoted by (A), give 


Mip = a positive quantity ia 


eee yt ned 
Mop == a positive quantity >=. 


And the point lies between m, and mzg, nearer my, than 77 
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Again, , 
hy ees a negative quantity. 
J/M— J M2 ‘ 
aS ee a positive quantity > 1. 
JM —=J/M2y 


Therefore these second values give for the point a position 
on the left of 1}. 


This case is obviously the same as Case I., when we in- 
terchange the bodies m; and mz. 


CASE III. 


When d= a finite quantity. 
And m4 = mz. 


In this case, 


Daa ILM Oey 
Jim Ym, * 
VM2 pasts 
Jmit/meg 
Consequently, the first set of values, denoted by (A), give 
mp — 2" 
Megp == 5" 


And the point is equi-distant from m1 and mz. 


Again, 
— tt va =ban infinite quantity. (Art.133. 


Pheer on, ON: =F an infinite quantity. (Art.133- 
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Therefore, the second set of values, denoted by (B), give 
for the point a position at an infinite distance either to the 
right or left. 


CASE IV. 


When d =0. And m2 ma, 
Yn this case, we have 
mip = 90, 
mop = 0, 


for both sets of values ; consequently there is but one point 
which is equally attracted by both bodies, and that, point is 
the common centre of the two bodies. 


Ch Aid He oV 
When d= 0O. And m= Mo. 
The first set of values evidently become 
mip = 0, 
Mop = 0. 


Which shows that the point is in the common centre of the 
two bodies. 


The second set of values give 


mp = ; = an indeterminate quantity. (Art. 134.) 


Map =" = an indeterminate quantity. (Art. 134.) 


So that the point may be any where on the line which joins 
the centres of the bodies. Since the two centres are united, 
every line which passes through this common point may be 
regarded as joining those centres ; consequently every point 
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in space is, in this particular case, equally attracted by each 
body. 

From the above discussion, we see that the analytical ex- 
pressions are faithful to give all the particular cases which 
are possible to arise from giving particular values to the 
constant quantities which enter into the conditions of the 
question.. 


(162.) We will now add a couple examples for the pur- 
pose of illustrating the case in which the roots are imagi- 
nary. | 

1. Find two numbers whose sum is 8, and whose pro- 
duct is 17. 


Let z= one of the numbers, then will 8—x= the 


_ other number. 


The product is (8 — r)z = 8x2 — z?, which, by the con- 
ditions of the question, is 17. 

Therefore, we have this equation of condition, 

a, — 82 —=— 17. (1) 
This, solved by the usual rules for quadratics, gives 
e=4+ VE for one of the numbers, 
and 8 —(4-+-/__j)=(4 FV—1,) for the other num- 
ber. 
Pe fy 
Therefore, the numbers are = a: 
4—V—1, 


both of which are imaginary ; we are therefore authorized 
_ to conclude that it is tmpossible to find two numbers whose 
sum is 8, and product 17. 


We may also satisfy ourselves of this as follows : Since 
the sum of the two numbers is 8, they must average just 4 ;. 
‘hence the greater must exceed 4 just as much as the less. 
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falls short of 4. Therefore any two numbers whose sum is 
8 may be represented by 


4+-2, 
4—zx. 
Taking their product, we have 
(4+ 2)(4—2)=16—2z’. 

Now, since x is positive for all real values of z, it fol- 
lows that the product 16 — z? is always less than 16 ; that 
is, no two real numbers whose sum ts 8, can be found such 
that their product can equal 17. 


If we put the expression for the product, which we have 
just found equal to 17, we shall have 
16 —'2* 17, 
consequently, 2=+V—1. 
And, 4+a2—4+ a eont 
a ___’ ¢ the same values as found by the 
4—x2—4—FV— I, 
first method. 


These values, although they are imaginary, will satisfy 
the algebraic conditions of the question ; that is, their sum is 


444% —1)t4 FV 18, 
and their product is 
(4+-V—1)x(44V—1)=17. 


2. Find two numbers whose sum is 2, and sum of their 
reciprocals 1. 


Denoting the numbers by z and y, we have the following 
relations : 


ry =2, 
Tp: a) 
Lian: Y 


These, solved by the ordinary rules, give 
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ge YT, | 9 

y= 1FV—1. - 
Both these values are imaginary ; consequently the condi- 
tions of the question are absurd. 

We may also show the impossibility of this question as 
follows: The sum being 2 the numbers may be denoted by 

1+2, 
Lierar, 
Taking the sum of their reciprocals, we have 
ee 
oh Lat 
which, when reduced to a common denominator, becomes 
2 
1 — x? 

The denominator of this expression cannot be greater 
than 1; for all real values of x, the expression must ex- 
ceed 2. Therefore, it is impossible to find two numbers 
whose sum shall equal 2, and sum of their reciprocals equal 1, 


(163.) From what has been said, we conclude that when, 
in the course of the solution of an algebraic problem, we 
fall upon imaginary quantities, there must be conditions in 
the problem which are incompatible. | 


Under Art. 128, we remarked that imaginary quantities 
had been advantageously employed as aids in the solution 
of many refined and delicate problems of the higher parts 
of analysis ; here we notice their utility in pointing out the 
impossibility of questions, which otherwise, with only a su 
perficial investigation, might be supposed possible. 
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CHAPTER VI 


RATIO AND PROGRESSION. 


(164.) By Ratio of two quantities we mean their relation. 
When we compare quantities, by seeing how much greater 
one is than another, we obtain arithmetical ratio. Thus: 
the arithmetical ratio of 6 to 4 is 2,since6 exceeds 4 by 2 ; 
in the same way, the arithmetical ratio of 11 to 7 is 4. 


In the relation a—c=—r?, (1) 
r is the arithmetical ratio of a to c. 


The first of the two terms which are compared is called 
the antecedent; the second is called the consequent. Thus, 
referring to (1), we have 

a = antecedent. 
c = consequent. - 
r= ratto. 
From (1), we get by transposition, 
a=c-+r, (2) 
c—=a—r. (3) 

Equation (2) shows, that in an arithmetical ratio the an 

tecedent is equal to the consequent increased by the ratio. 


Equation (3) in like manner shows, that the consequent 
is equal to the antecedent diminished by the ratio. 
28 


a, 
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(165.) When the arithmetical ratio of any two terms is 
the same as the ratio of any other two terms, the four terms 
together form an arithmetical proportion. 

Thus, if a—c=r ; and a/—c'=r, then will 

a—c=a'—Cc', (4) 
which relation is an arithmetical proportion, and is read 
thus : 

ais as much greater than c,as a’ is greater than c'. 

Of the four quantities constituting an arithmetical pro- 
portion, the first and fourth are called the extremes, the 
second and third are called the means. 

The first and second, together, constitute the first coup- 
let; the third and fourth constitute the second couplet. 


From equation (4), we get by transposing, 
atcd=a'+oc | (5) 
which shows, that the sum of the extremes, of an arithmeti 
cal proportion, is equal to the sum of the means. 


If c=a’, then (4) becomes 


a—a’=a'—c'" AB) 
which changes (5) into 
a+ c'= 2a’. (7) 


So that, if three terms constitute an arithmetical pro: 
portion, the sum of the extremes will equal twice the mean. 


(166.) A series of quantities which increase or decrease 
by a constant difference form, an arithmetical progression. 
When the series is increasing, it is called an ascending pro- 
gression; when decreasing it is called a descending progres- 
sion. 


Thus, of the two series 
1S BRS, WI Ke: (8) 
Diy 20, 10510, 11 "7, &e: (9) 
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The first is an ascending progression, whose ratio or com- 
mon difference is 2 ; the second is a descending progression, 
whose common difference is 4. 


(167.) If a=the first term of an ascending arithmeti- 
cal progression, whose common difference = d, the succes- 
sive terms will be 

a == first term, 
a + d= second term, 
a + 2d = third term, 
a + 3d= fourth term, \ (10) 


a+ (n—1)d = nth term. 


If we denote the last or nth term by 7, we shall have 


I=a+ (n—1)d. (11) 
From (11) we readily deduce 
a==/1—(n—1)d, (12) 
l—a 
ae 13 
n—I’ (13) 
n ace if (14) 


When the progression is descending, we must write — d 
for din the above formulas. 

Suppose, in an arithmetical progression, x to be a term 
which is preceded by q terms ; and y to be a term which is 
followed by q terms; then by using (11) we have 

xr—=a- qd, (15) 

Taking the sum of (15) and (16), we get 

z+y=atil. (17) 
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That is, the sum of any two terms equi-distant from the 
extremes is equal to the sum of the extremes, so that the 
terms will average half the sum of the extremes; conse- 
quently, the sum of all the terms equals half the sum of the 
extremes multiplied by the number of terms. 


Representing the sum of n terms by s, we have 


s= 5 ty nN. (18) 
From (18) we easily obtain 
a == ch (19) 
a (20) 
je =a (21) 


Any three of the quantities 
a = the first term, 
d == common difference, 
nm == number of terms, 
/ = last term, 


s== sum of all the terms, 


being given, the remaining two can be found, which must 
give rise to 20 different formulas, as given in the following 
table for An1THMETICAL PRoGRESSION. | 


(168.) We have not deemed it necessary to exhibit the 
particular process of finding each distinct formula of the fol- 
lowing table, since they are all derived from the two fun- 
damental ones, (1) and (7), by the usual operations upon 
equations not exceeding the second degree. It will furnish 
-a good exercise for the student to deduce all these formulss 
by the aid, only, of formulas 1 and 7. 
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i, — — - — - . 
No. Given. ss Formulas. 


“1 la, d, n l==a+(n—1)d 
2 la, d, s [== — 4d + V2ds-+-(a—!d)? 


3 la, n, s| -é 


4 |d, n, s 


BH la, dyn "p= inpaatnead) d| 
—_t+ea (lh a)(U—a) 
| 6 ja, djl rad sk sae + SyrTate 
Leith halt s = in(a+/) 
8 |d, n, / s = !n|2/ —(n—1)d| 


Dla} ny 
10 ja, n, 


11 a, ly s [ones 
Spear See ME 
| 2ni— 2s 
eae 


| 12 eee’ 


13 |a, d, 


ie 


‘oyee 
_ Qi+d radi 7 Os 
(her cog = V. Ned la 
a=I1—(n—1)d 
§ (n—I1)d 


wane 9 


a=1d+V(I41d)— 2ds 
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(169.) From the nature of an arithmetical progression, 
we discover that if we subtract the common difference from 
the last term, we shall obtain the term next to the last ; if 
we subtract from the last term twice the common difference, 
we obtain the second term from the last. Hence the terms 
of an arithmetical progression will be reversed if we inter= 
change the values of a and /, and at the same time change 
the sign of d. Thus, the general form of an arithmetical pro- 
gression 1s 

a, a+d, a+2d,........d—2d, /—d, l. 
Changing a to /, / to a, and changing the sign of d, we 
have 

by b—d, i—2d,...0....4+2d, asd, a, 
which is precisely the same progression as the first, with 
the terms. arranged in a reverse order. The above change 
has, of course, no effect upon the number of terms, nor upon 
the sum of all the terms. 


Therefore, in any of the formulas of the preceding table 
we are at liberty to make the above named changes. Asan 
example, we will take from the table formula 2, which is 

= — 1d +. V2ds4(a— ta)% 

Now, changing / to a, a to/,and changing the sign of d, 
it becomes 

a= 3d + V (143d) —2as, | 
which is formula 19. 


In the same way, formulas 14 and 16 may be deduced 
from each other. Such formulas as may be derived from 
each other by the above changes we shall call correlative 
formulas. It is evident that some of the formulas of the ta- 
ble have no correlative. Thus, formulas 13 and 15 are not 
altered by the above changes. Those formulas which have 
correlative formulas have them referred to in the table, un= 
der column headed Corr. 
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EXAMPLES. 


1. The first term of an arithmetical progression is 7, the 
common difference is 4, and the number of terms is 16. 
What is the last term ? 


To solve this, we take formula 1 from our table, which is 
i=a+(n—1)d. 
Substituting the above given values for a, d, and n, we find 
/=7+ 31(16 —1) = 103. 
2. The first term ofan arithmetical progression is 3, the 


common difference is 1, and the last term is 37, What is 
the number of terms ? 


In this example we take formula 13. 
i—a 


sae 


which in this present case becomes 


Vf Nae 


31-3 
Cee 20; 


3. One hundred stones béing placed on the ground in a 
straight line, at the distance of two yards from each other, 
how far will a person travel who shall bring them one by one 
toa basket, placed at two yards from the first stone ? 


In this examplea == 4; d=4; »= 100; which values 

being substituted in formula 5, give 
s==50{8 +99 x4} == 20200 yards, 
which, divided by 1760, the number of yards in one mile, 
we get 
s = 11 miles, 840 yards. 
4. What is the sum of n terms of the progression 
PA OR eee 2 
Ans. s==n?. 
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5. What is the:sum of n terms of the progression 
1, 2, 3, 4, 5, Se emant 
Ans. $= ae 


GEOMETRICAL RATIO. 


(170.) When we compare quantities by seeing how many 
times greater one is than another, we obtain geometrical 
ratio. ‘Thus the geometrical ratio of 8 to 4 is 2, since 8 is 
2 times as great as 4. Again, the geometrical ratio of 15 
to 3.is 5. 


wa) (1) 


r is the geometrical ratio of a to c. 


i 


In the relation, 


As in arithmetical ratio, 
a = antecedent, 
c = consequent, 
r= ratio, 


From (1), we get by reduction, 


jee a (2) 
een - (3) 


Equation (2) shows, that in a geometrical ratio the ante- 
cedent is equal to the consequent multiplied by the ratio. 


Equation (3) shows, that the consequent is equal to the 
antecedent divided by the ratio. 


(171.) When the geometrical ratio of any two terms is 
the same as the ratio of any other two terms, the four terms 
together form a geometrical proportion. 


! 
ai a 
Thus, if -== 7; and —=r, then will 
¢ C 


: . 4) 
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which relation is a geometrical proportion, and is generally 
written thus : 

CRAMER DCR 6 (5) 
which is read as follows: a is t6 c, asa’ is toc’. 

Of the four quantities which constitute a geometrical pro- 
portion, as in arithmetical proportion, the first and fourth 
are called the extremes, the second and third are called the 
means. 3 


The first and second constitute the first couplet; the third 
and fourth constitute the second couplet. 


From equation (5), or its equivalent (4), we find 

ahs foment og (6) 
which shows, that the product of the extremes of a geome- 
trical proportion, is equal to the product of the means. 


If ca’, then (5) becomes 
ae tt Ct Che (7) 
which changes (6) into 
Be met. j (8) 
so that if the two means which constitute a geometrical pro 
portion be equal, then the product of the extremes will equal 
_the square of the mean. 


(172.) Quantities are said to be in proportion by inver- 
sion, or inversely, when. the consequents are taken as ante- 
cedents, and the antecedents as consequents. 

From (5), or its equivalent (4), which is 

an 
es? (9) 


pac! 


we have, by inverting both terms, 


ei. Cy 
@.9 a! 
Therefore, by Art. 171, 
CusmGatiene’. Signs (10) 
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Which shows, that if four quantities are in proportion they 
will be in proportion by inversion. 

(173.) Quantities are in proportion by alternation, or al- 
ternately, when the antecedents form one of the couplets, 
and the consequents form the other. 


Resuming (4), 


a 


wiih (11) 


Cyc 
Multiplying both terms of (11) by =A it will become 
a 


Cc 
7° 


a —~ 
BEC 
Therefore, by Art.171, 
AOE Only, (12) 

Which shows, that if four quantities are in proportion they 
will be so by alternation. 

(174.) Quantities are in proportion by composition, when 
the sum of the antecedent and consequent is compared either 
with antecedent or consequent. 


Resuming (4), 
i G 
‘6 (13) 


an 
: I 
If to (18) we add the terms of the following equation - =5; 


each of whose members is equal to unity, we have 


a+c _a'+c' 
c Ce 
Therefore, by Art. 171, | 
ac danas’ a! tee! hs) eh (14) 


Which shows, that tf four quantities are in proportion they 
will be so by composition. 
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(175.) Quantities are said to be in proportion by division, 
when the difference of antecedent and consequent is com- 
pared with either antecedent or consequent. 


Are ery 
If we subtract the equation == 5) each member of 
C 


which is equal to 1, from equation (4), we find 


a—c a’—c! 
——— 


C ’ 


Therefore, by Art. 171, we have 


a—c rer : ae! 


hela (15) 
Which shows, that if four quantities are m proportion, they 
will be so by dwvision. 


Equation (4) is 


Cae 
6. eh 
Raising each member to the nth power, we have 
| am” qin 
ange 
Therefore, by Art. 171, we have 
aL CRS ames (16) 


Which shows, that if four quantities are in proportion, like 
powers or roots of these quantities will also be in proportion. 


If we have Baer Gat seen Cs 
mics +: ah ole (17) 

eee ta Chat 

cae &e. 


<A RS on 
Temas, 263% 65, 
GPa wie : 


&c., &c. 
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Therefore, by inversion, Art. 172, we have 


a! c! 
Taos, 
al! cl! 
age 
al"! + RY (18) 
Paar 
oN fe 
We also have = < 


Taking the sum of equations (18), we have 


ata’ta’ta'” + &e. Dae + cl el! + ll! &e. (19) 
a C 
Therefore, by Art. 171, we have 


a-a'+al’—all’+&e..a: sete!’ +c'’+&c.:¢. (20) 


Which shows, that 1f any number of quantities are propor- 
tional, the sum of all the antecedents will be to any one 
antecedent, as the sum of all the consequents is to its corres- 
ponding consequent. 

(176.) If we have 


a? SOW an tone, 


q''s cll: : qi!!. eit, 
then we find 

/ 

asd 

= cae (21) 

GC) o08 

? wy 
a a 
Cc i cll ( ) 


Multiplying together the equations (21) and (22), we 
have 
axa! a’X aq!" | 
exet xen 28) 
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Therefore, by Art. 171, we have 

GX ah orci ro! Kal Sela : (24) 
Which shows, that if there be two sets of proportional quan- 
titres, the products of the corresponding terms will be pro- 
portional. 


(177.) A series of quantities which increase or decrease 
by a constant multiplier forms a geometrical progression. 
When the series is increasing, that 1s, when the constant 
multiplier exceeds a unit, it is called an ascending progres- 
sion; when decreasing, or when the constant multiplier is 
less than a unit, then it is called a descending progression. 

Thus, of the two series, 

TP Oy OST, B15243,9 Ker, (25) 
256, 128, 64, 32, 16, 8, &c. (26) 
the first ig an ascending progression, whose constant multi- 
plier or ratio is 3; the second is a descending progression, 
whose ratio is 1}. 


(178.) If a is the first term of a geometrical progression, 
whose ratio = 1, the successive terms will be 


a= first term, 
ar = second term, 
ar?= third term, 
- av= fourth term, | (27). 


ar’—!= nth term. 


If we denote the last or nth term by /, we shall have 


e711 means (28) 
If we represent the sum of m terms of a geometrical pro- 
gression by s, we shall have . 


s=a+ar + ar+ art....f ar + ar. (29) 


230 GEOMETRICAL PROGRESSION. 


Multiplying all the terms of (29) by the ratio 7, we have 
rs ar + art ar®t art+....- ar + ar”. (30) 
Subtracting (29) from (30), we get 


(r —1)s = a(r7—1). (31) 

7"— ] | 
| esi # Me 4 32) 
Therefore, sa — (32) 


Any three of the quantities 

a = first term, 

= ratio, 

a == number of terms, 

= last term, 

s = sum of all the terms, 
being given, the remaining two can be found, which as in 
arithmetical progression, must give rise to 20 different for- 
mulas, as given in the following table for GromeTricaL 
PROGRESSION. 


No Given red Formulas Cor, 
LAG A htt Ae ae pie 9 
24 a, T, 8, pl Ure At 
1 7 
Sdn net's, U(s—l)""'"— a(s—a)"'= 0 1121 
— })sx7—" | 
4 pat UCiwan PEN 10 
Pi otis 6S ae 
a(r”— 1) 
5 $= 8 
a Me at Ya Say 
__ rl—a 
EUS eek ah sa cet 
S n n 
[r- qn—t 
alee say) Ll, s— — 
os Ae an 
lr —1 
8 T, Ny i Sac (7 ) 5 
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| 
__(r—1)s 
opt It 
a=rl —(r—1)s 
a(s — a)"—'— 1 (s —l)*'= 0 


cate Ler a) cal pe cae 


~ log (s—a)— log (s—/) any 
i! log é— log [tits | : 
ie . ee I 


(179.) All the formulas of the above table are easily 
drawn from the conditions of (28) and (32), which conditions 
correspond with formulas (1) and (5), except the last four 
which involve logarithms ; we will hereafter, under Loga- 
rithms, show how these formulas are obtained. 
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If in a geometrical progression-we change a to & / to a, 
1 ; : ; 
and r to r—'= -, the progression will remain the same as 
| : 


before, taken in a reverse order. These changes being made” 
in the formulas of the preceding table, we shall discover 
that some of the formulas, as in arithmetical progression, 
have correlative formulas. ‘Those having correlative for- 
mulas, have them referred to in the table, under column, 
- headed Cor. 


EXAMPLES. 


1. The first term of a geometrical progression is 5, the 
ratio 4, the number of terms is 9. What is the last term ? 


Formula (1), which is / = ar"—"', gives 
P= 5 Xda S27680, 


2. The first term of a geometrical progression is 4, the 
ratio is 3, the number of terms is 10. What is the sum of 
all the terms ? 
m@—1) , 


Formula (5), which is s = ee ) gives 
31 } 
= — = 118096. 


3. The last term of a geometrical progression is 106423 
the ratio is 3, the number of terms 8. What is the first 
term ? 


Formula (9), which is a= — olves 


(z)" 

(180.) When the progression is descending the ratio is 

less than one, and if we suppose the series extended to an 

infinite number of terms, the last term may be taken 
t= 0, which causes formula 6 to become 
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a 
= . 33 
peace (33) 


Which shows, that the sum of an infinite number of terms 
of a descending geometrical progression 1s equal to its first 
term, duided by one diminished by the ratio. 


EXAMPLES. 


1. What is the sum of the infinite progression 


LHEF E+E + phe. 


In this example a= 1, r= 1}, and (33) becomes 


2. What is the value of 0.33333 &c., or which is the same 
thing, of the infinite series 3;-+ 725 + rfs7t+ &e. ? 


Heresies and (33) gives 


3. What is the value of 0.12121212 &c., or whichis the 
same, of 775 + aroeoo t+ rosttos &e. 2 


In this example a= 735, 7 = 17, and (33) gives 
am 
—— 100 ee ER ee i ae 
nat pa OO SS 
wr uae 


4, What is the sum of the infinite series 


Les chaket atc a te ln 
Ans. 


beloo 
e 


5. What is the sum of the infinite series. 


sas a + &e. ? 
Ans. 


el 
e 


30 
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6. What is ay sum of the series 1 os “+5 +5 + 
&c., to infinity ? 
Ans. 


z—1 
] 


7. What is the sum of the series 1 +- —— a : + Ga Gap) 


+ ——___, + &c., to infinity ? 


(x + 1)° 
Ans. palate 
H by 


8. Suppose the elastic power of a ball, which falls from 
a height of 100 feet, to be such as to cause it to rise 0.9375 
of the height from which it fell; and to continue in this 
way diminishing the height to which it will rise in geomet- 
rical progression, till it comes to rest. How far will it 
have moved ? | 
Ans. 3100 feet. 


HARMONICAL PROPORTION. 


(181.) Three quantities are in harmonical proportion, 
when the first has the same ratio to the third, as the differ- 
ence between the first and second has to the difference 
between the second and third. 


Four quantities are in harmonical proportion, when the 
first has the same ratio to the fourth, as the difference 
between the first and second has ta the difference between 
the third and fourth. 


Thus, if 
a:c::a—b:b—c, (1) 
then will the three quantities a, b, c, be in harmonical pro 
portion. 


ih a:d::a—b:c—d, (2) 


s % 
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then also will the four quantities a, b,c, and d bei in harmo- 
nical proportion. 


Multiplying means and extremes eof (1), we have 


ab— ac =ac — be, (3) 
which by transposition becomes 

ab + be = 2ac. (4) 
In a similar way equation (2) gives 

ac + bd = 2ad. (5) 


Suppose a, b, c, d, e, &c., to be in harmonical progression ; 
then from (4) we have 


be + ab = 2ac, 
cd + be = 2bd, (6) 
de +cd= ce, 


&e. &c. 


Dividing the first of (6) by abc, the second by bcd, and the 
third by cde, &c., we find 


ited 
VES i | (7) 
Led 
Seca S&C 
_ From which we see that : a : a a &c., are in arith- 


metical progression. (Art. 165.) 


Hence, the reciprocals of any number of terms in harmo- 
nical progression are in arithmetical progression ; and con- 
versely the reciprocals of the terms of any arithmetical 
progression must be in harmonical progression. 
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The reciprocals of the arithmetical! series 1, 2, 3, 4,5, 6, 
are 1, 4,141,141, 14,4, whose numerators, when reduced td a 
common denominator, are 60, 30, 20, 15, 12, 10, which by 
the above property must-be in harmonical progression. 


If six musicalstrings of equal tension and thickness, have 
their lengths in proportion to the above numbers, they will, 
when sounded together, produce more perfect harmony than 
could be produced by strings of different lengths; and hence 
we see the propriety of calling this kind of relation, har- 
monical or musical proportion. | 


(182.) If we take the arithmetical mean, the geometrical 
mean, and the harmonical mean, of any two numbers, these 
three means will be in geometrical proportion. 

Let a and b be any two numbers, then will 


1(a + b)= their arithmetical mean, 
/ab= “.. geometrical.“ | 

DDE Nee te, 

a+b 


And we evidently have 


+(a+b): JYab a /ab 


harmonical ‘* . 


_ ab 
Ags 5 

That is, 

The. geometrical mean, between the arithmetical mean 
and the harmonical mean of two quantities, is the same as 
the geometrical mean of the quantities themselves. 
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CHAPTER VIL 


SERLES. 


METHOD OF INDETERMINATE COEFFICIENTS. 


(183.) Suppose we have the following condition : 
Apt Aye + Agr?+-Asae+ &e. (1) 
—=Bo+ Bir -+ Boo?+-Bsv?+. &e. | 
If the above condition is true for all values of 2, we must 
have 


Jl = By, 
Ae Bs (2) 
eB, 


For, since the condition (1) is true for all values of 2, it 
becomes, when z= 0, Ap = By. 

Now, rejecting % from the left-hand member of (1) and 
its equal Bo from its right-hand member, it will become 
Aye + Agr? + Agr? + &c.=Bye+ Boo?+ Bor? &e. (3) 
Dividing through by z, we find 

Ay Age +Ase?+ &e.=B,+Bor+-Byr?+&e. (4) 
When z = 0, equation (4) becomes 4==Bi. 


238 SERIES. 


By a similar process we can show, that 42—= Bo; A3=B3; 
and, in general, 4, = Bn. 

If we transpose all the terms of the right-hand member 
of (1), it will become 

Sly — Bo+-( Ai — Bi)z+(A2 — Be)x* (5) 

(184.) Hence, when we have an equation of the form of 
(5), true for all values of x, it follows, that the coefficients 
of the different powers of x, are respectively equal to 0. 

We will now apply the above principle in the develop- 
ment of some particular 


EXAMPLES. 


1. Required to expand = si =, into an infinite series. 


Assume, 
ue —aUfy-layratAizt al Ages Bb. 
Clearing this of fractions and then transposing, it becomes 
Ay td) +42) +45 
Al— Ao x— Ai oe te + &c. = 0. 
—2) —A — A; 

Now, since the right-hand member is equal to 0, it fol 
lows, by the above principle of indeterminate coeflicients 
that the coefficients of the left-hand member must each 
equal 0; hence we have the following conditions : 


Ay —1=0, (1) 


As a Ape Dra ag Ay — 0, (4) (A) 


Ay— Be a, Aya = sng (n+ 1) 
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From the above we readily find 


Jy = 1, (1) 
A; = 3, (2) 
Ay = 4, (3) 
| As=1, (4) ) 


An = Anat+An», (n+1)/ 
The value of the general coefficient .7,, as given in group 


(B), shows that, any coefficient 1s equal to the sum of the 
two preceding ones. 


Substituting these values, as given by (B), in the assumed 


1+ 2x 


lue of 
value of ———- 


———_., we find 
—zx 


PPP 1p 8e$4e?+ Te? fle! 418054 Be. 
4 65 


]—z— 


2. Required the development of 


x , 
lea by this method. 
Assume 
x 
Sie a == Ap Aye + Aor? + As ++ Ayzt+ &e., 


proceeding as in last example, we find 


Ap+A; +A2 4-13 +Ay 
tA th Ce +b ¢ °4-As ¢ et &o= 0. 
A — IV) Ay OA). Ae 


Equating the coefficients to zero, we have 
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Ao = 0, (1) 
ey airy (3) | 
Ag+ A+ == 0, (4) (B) 
Ay 43+ = 0, (5) 
CTBUN amen oy 2 (n-11) 


Commencing with the first condition, we find 49—0, 
which substituted in (2) gives .4;= 1, these values of 1 
and /2,, substituted in (3), give 42 = — 1, now substituting 
A, and 2 in (4), we find 43 =0, continuing in this way, 
we find 4,—=1; 4;—=—1, and so on; from the general 
condition (n+ 1) we find A,=— An; — Ane, that is, 
any coefficient is equal to the sum of the two preceding co- 
efficients taken with a contrary sign. 


Hence, epee? — 2? +24— 7° + 2? — Ke. 
3. Required the development of V1 — <a by this method. 


Assume, Vi — £ = A+ Art Aor? + A323 -+- &e. 


Squaring both members, we find 


| 2A: AA 
l—z = Ay? +244; ya pty a ae ra | 3 +. &c. 
+A} +2A;Ae 
Equating like coefficients, we have 
Aly = 1, (1) 


2 Ay Ajeet, (2) 
2AyAe+-A? —S 0, (3) (C) 

2AoA3+-2.4; As —= 0, (4) 

QA A4+2A,A3+-A?2 1), (5) 
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The first condition gives 


Ait ee 
This value of. substituted (2), we find 
1 
Aly —_ 9° 
In this way we find, in succession, the following values : 
1 3 3.5 
Ag — — 3 A3=— —— sy 4 = ——__.__ &e. 
SE DAA Kah Gi. G, 1 al ds6 8 A 


These values substituted in our assumed value, give 


ea ener 6. 2 LGR 
‘ The general term of this series is 
» a 2. (2nd et 


2.4.6.8....20 
4. Required the development of —: by this me- 


thod. 
| Ans. 1+32+52°+72?+92'+-112°+ &c. 


1+<2z 


t—z¢— 2" 


Ans. 1+22-+32?-+52°+82'+-132°-+- &c. 


5. Required the development of 


(185) Before closing this subject we will develop athe 


which will be of use hereafter. 


Assume, 
— ; = Ny Ay Ay? ov eee +Any"+ &c. (1) 


Multiplying through by «— y, we obtain 
31 


. 
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xr" —y" = Apr une wage ee + Anz bys + &e. (2) : 


~ 


— Ap —/1; — Ain 4 
Equating like coefficients of y, we get 
wipe ee (1) 
lx — Ay = 0, (2) (A) 
Ax — /1, = 0, (3) 
Ase — Ag = 0, (4) 
and in general, : 
Ant — An = 0. (n+1) 
Equating the coefficients of y", we have 
Anmi— Ami —1. (5) 


From (1), we find 
Alo —= 1 ae 


which substituted in (2), we find 


8 ped sae 
This in turn, substituted in (3), gives 
Aly = Laan 


and in general we have 
Jn pas ar —n—1 
In this general value of 4, write m — 1 for n, and we get 
ne bel — x° — i. 
This value substituted in (5), gives 
Amt —1=—1, or An=0, 
and consequently all the succeeding values of 4, will be © 
reduced to zero. 
These values of Ao; 1,3; 42; 43; &c., substituted in 
(1), give 


eis paar yo sy”, .. py ae) 
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BINOMIAL THEOREM. 


(186.) We have already found by actual multiplication 
(Art. 94), that 

(a+z)'=a-+a, 

(a+z)? = a?+2ar-+-2, (A) 

(a+c) = a3+-3a°r+-3axr?-+2?, 

(a+c)! = at4+-4a%r6a%2?+4az3-+2", , 


Now, the Brnomiau T'sHEoreM teaches us the law by which 
we may write the development of (a-+- 2)” for any values 
of a, x, and m. 


To determine this law, assume 


(ate x) * = Ay -b Aya 4~ Age? + Agr? + &e. (1) 
We have taken the exponent of this binomial! fractional, 
in order to make the development more general. 
The assumed form for the development of (a+ 2)" be- 
ing general, must be true for all values of z. When z—0, 
it becomes a” = /1o, introducing this value of 4 in (1), we 


have 


{a-- ny" — = +. Aye + Agr? ++ Asx? + &e. (2) 


in (2), writing x, for x, and it becomes 


(a a ny" = ore Bien 4 Aor? + Asa 3 -- &c. (3) 
Subtracting (3) from (2), we find 
(a2) —(a-toy)* = (4) 
Ay(a — 21) -+ ea? — x7) + As(a? — xt) + &e. 


If we suppose 


“yom (a-+2)* ; “= (a-t2,)", (6) 
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we readily find 


u” — Uy" = (a oe x)n — (a + xi)n, (6) 
and 
yt U4” —= £ — Tye (7) 


Dividing the left-hand member of (4) by u” —w,”, and 
the right-hand member by its equal z— 2, observing te 
substitute w’”’— wu,” for (a+ 2)n —(a—+ 21)n, as given by 
(6), and it will become 


u™ — u,;™ 

ap 

ane f i (8) 
L—ox x“ue— x? Li 2 

Al") + ay(Z 2) + ‘| 4+&e.) 
L— 2 L— TL, 1 emt He 


Dividing both numerator and denominator of the left- 
hand member of (8) by w — wu , and performing the divisions 
indicated in the right-hand member, and we obtain by the 
aid of equation (B), Art. 185, the following : 


Pte aes oo ey eaten tig ei 
Wt UU mf .-cctctetsuaremeiere § co an 
Ay+- Ae (x + 21) + As(a?-+ xx, 2?) + &e. 


Now, in (9), suppose == 2, and consequently u=w, ° 
and it becomes 


(9) 


j m—| m 
a — = At 2Age + BAsr?-+ 4.Ayx3 + &e. (10) 
nu . 

1 ‘ 
Re-substituting (a+ z)n for win (10), and it will become 
net AA 2 Age + 3/4 4+ &e. (1) 


Multiplying through by a + 2, and we obtain 
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ieee 
Z(a-+2)" 
Aya + 2Aba | om 3.Asa | tz 4 Asa 
ede 4d 2A abe 3A3 


Multiplying both members of (2) by— and it becomes 
n 


(12) 
| e+ &e. 


mu sel gn tigi 1 ga 
—(a-+- #) areas 4. ~ Ae + ~ Agee -t &e. (13) 
Equating the right-hand members of (13), and (12), we 
have 
=a" Aye o Ast? = Aga? &e. 
—J,a-+2Aoa be 3/30 | Sant rh 
“tr tte) 22a) A825 


Now, by the principle of (Art. 182), we must equate the 
coefficients of like powers of x, by which means we have 


(14) 
| xr+&e. 


m m 
Aa = —a", 
nN 


2 Aoa = Ay = “hy 


3.Asa + 2s = =A, 


eeeeeseoeeet# @0GHA# #02 82 @ 8 


eeeseeeeen#eese@eee 


pApa + (p —1) 44 = = Alp. 
One — G—p+ I, : 
pa 


From this general value, we readily deduce the following : 
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A= a a® 
n 
a(— 1] m_» 
ieee nr a 5 
2 
el | ied 
n\ 2 n ‘a 
As= 33 inten 
The general value being 
pad 1 ea 
—{——1 ]{( -—2 ]| -—3]....f— —p+1} m 
As A oo. NTI Le emer ena 
P en eee (p—1)-p 


These values of 41; 2; 43; &c., substituted in (2), 


we have ay 


es i a ed n Heh hth ip 
(ate)n =a Brat he to plement i &e. 
If n=1, this value of (A) becomes 


m(m—1) 


(a + 20" ma" .a""2+ &e. (B) 


If m= 1, then (A) becomes 


1/1 
-—-— 1 
1 1_s -(: 


Lae nis 1 
(a +2)»=a n -+ IS cal x + 9 "qn x? + &e. (C) 


The coefficient of the (p+1)th term as given by (15), 


becomes when n = 1, 


an(m—1)(m—2)(m—8) ..lm—p+2)(m—P+1) 46) 
ZBAccccccnccoescses(p—I1).p °° * 


, 
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(187.) The numerator of this coefficient being formed 
of factors decreasing regularly by one, it follows that when 
p=m-+1 it will vanish, and then the series must termi- 
nate ; so that the number of terms of the expansion (B) 


will be m-++ 1. But when — is fractional, or a negative 
n 


integer, the number of terms of the expansion must be - 
infinite. 


When a or x becomes negative, then those terms of the 
expansion will change signs, which contain odd powers of 
this negative quantity. 


(188.) If in(B), we write a for and z for a, we shall have 
(r-+-a) "= 2” -+-mz"-*a + —__— Les aay) mrt &e. (17) 


Now, since the left-hand members of (B) and (17) are 
evidently equal, their right-hand members must be ; and 
since, when m is a positive integer, the number of terms 
of (B) as well as (17) is equal to m + 1, it follows that the 
terms of the expansion (B) must be homogeneous and sym- 
metrical, and therefore of this form 


(a-+2)"—= 


a™—-man— eA ks ei HO 


qm—2y2 1 oral bt mar”! + gm, (D) 


If in (A) we suppose a= x = 1, we shall find 


a 2( | m9 E) 
" Beant eh e Bi 
(1+1)"=2" =1+= +o" STE apt oo ane ae aa a7 


Therefore, in any expansion of a binomial, whose terms 
are both positive, the sum of the coefficients is equal to the 
same power, or root of 2. 
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(189.) If in (A), we suppose a = 1; r= —1, we shall 


have 
n(@ 1] “(= —1} (" —2) (F) 
m,n\n n\n n 
ay \ ees is ip ie a kp NE BN 3 
(1 1)" =0=1 gt 5 MG ) + &c 
That is, in any expansion of a binomial, one of whose 
terms is negative, the sum of the coefficients is =0; and 
therefore the sum of the positive coefficients must be equal 
to the sum of the negative ones. 


(190.) By inspecting formula (A), we discover that 
the coefficients may be found in succession by the follow- 
ing 


Pes RL bs 
ih bike 


Multiply ‘aaa! coefficient of any term by the exponent of 
the leading quantity in that term, and divide the product by 
the exponent of the following quantity demanssked by one, and 
the result will be the coefficient of the succeeding term. 


APPLICATION OF THE BINOMIAL THEOREM. 


(191.) We will now make an application of this theo- 
rem ; and, first, suppose in the expression (B), of page 246, 
we make successively m= 1, 2, 3, and 4, and the results 
will be precisely the same as those first given on page 243. 
If we make in succession m= 5, 6, and 7, we shall obtain 
the following results : 


(a+x)> =a°+5a4r+-10032?+-100*2?+-5artLo', 
(a--2)° = 
a°-+-6a°r+t-15a42?+-20a?a3+-15 072+ 6axr>+-28, 
(a+2)i= 
as a Tate +21a°x?+-35 0428+ 350324 
~ 21a72°+-Tar'+a7, 
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EXAMPLES. 


1. Required the expansion of (a at)? 
In formula ne make n = 2, and it becomes 


ees pa, Qh rg 


(a--2)? alfa “aceriat z’t+-—..a *x3— &e. 


4 1 ut 
= 1+--a7z7-——. . 
; 3 2.4 


3 
aa? —— , a*x3— &e. 
Te46 
Writing the different powers of a, which have negative 
exponents, in the denominator, by which means their expo- 


nents change signs and become positive (Art. 49), and we 


find 


$ 3 2 bad ° 3.524 
Zeyh a AN ace TR Fg ta RE AES 
fa ae ; ba 24a 24.60" 24.680? © 


2. Required to expand (ae)? 
Bs, n into 3, in (C), and we have 


25 Rae 


‘(ata)’ =a ‘+3 a ta ao ite aae — &e. 


Removing the factor AD and causing the different powers 
of a to pass into the denominators, as in the last example, 
we obtain 


Mg. 3 x 2x Soe 215 8x4 
= gs Sic, alan ane ae A! 
Coe +3, 36a 3.6.90 3.69.19 © ; 


3. Expand (a ++ 2). 
Making n=4 in (C), and it becomes 


ae: | Cir ORE Bee 


4. ee beat. tN 


32 
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Or, 


(a-+2)'=a'} 1+ x 327 3.723 


4a 4.80? ah 4.8.12? oi 
4. Required the expansion of (1+2)*, 


This example will agree with example 1, if we write 1 
fora. Making this change in example 1, we get 


3 Ce ae 323 3.524 
ss 1 ——_—_ e— =e ee 
(Lites Lit 3 galas qiees te 
5. Required the expansion of (1+ 1)? or /2. 
In the last example make z= 1, and it becomes 


¢ Der! Cet ang 3 3.5 
(Lh) aye Let gomnas 4 o.45G: oe oat eae ae 


et 
2 


6. Required the expansion of V1—z or (l1— 2)’. 


In example 4, change z into —z, and we get 


2  24w ce? Ao 24 G8 


This expansion agrees with the one found by indetermi 
nate coefficients. (See Ex. 3, Page 240.) 


7. Expand (a + 2x). 


In (B), make m= — 4, and it becomes 
(a +2) 
= a~*— 4a—®x +: 10a 8° 20 a7? + 35a-Sa*— Ke. 
3 4 
a a, a8 at 
A 


8. Required to expand or (a-+2)-’. 


a+-<2z 
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Making m=— 1 in (B), we find 

(ap x)~" 

= a~"— a~*a + a? — ata + a-°a*— ao ® +L. &e. 


1 zw a2 8° gt. xd 
elt he sme ee 
a a ay POE a a 


9. Required the expansion of 
—z 
In the last example, write.1 for a, and —z for a, and it 
becomes . 


— =1+2+4 2+ 2+ c+ 2+ 2&4 &e. 


av 
10. What is the expansion of (a — b)*? 


Ans a} i: b BOF aba 3.78 whee pen eae i c 
; 4a 4.802 4.8.1203 4.8.12.16a4 


: faa 
11. What is the expansion of (a+ 2) °? 


1 x 6.12 6.1123 6.11.16 
=) hy (abe abeeed Aa mE SO ter! mee Re 
Ba ' 5.10a® 6.10.16a* '5.10.15.20a" 


‘2 
12. What is the expansion of (a*—z)*? 


ee ee eS eee 


13. What is the expansion of (ptqv—1)?2 


If in example 2, we change a into p, and x into VY es HN 
we shall find, by reccollecting that by Art. 126, we have 
(q¥—1P=—@; qV¥V—1)=— g¢v—1; 
(q¥— igs (Q¥—1)'= V¥—1; &e. 
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i 
(p+qv—1) 
ON Snake py ot ed ee 
Psa Pied la 6P q Sap 84 


ee 55 | 
14. What is the expansion of (p—qV—1)* ? 
Changing, in example 2, a into p, and z into — q ends, 
we easily find 
Vora 1)’ 
yk ee yp emp eo geod Ber - 
pe andy epg ene ALN ers vas 
(192.) This theorem may be applied to quantities of more 
than two terms. 


Suppose we wish the expansion of (a+-b-+-c)°. 


Assume , 


d=b-c, 
(abc) =(a+d). 


Now, in (B), make s—d, and m=3, and it will be- 
come 


and 


(a+-d)? = a+ 3a°d-+ 3ad?-+ d3. (1) 
Now, by assumption d= 6-+-c; therefore we have 
d? = b?+-2bc-+-c’, 
and 
d* = b3+-3b?c-+- 3bc?-+-c°. 
These values of d, d? and d’, being substituted in (1), we 
get | 
(a-b-4cy—= 
a? -+-3a?(b-+-c)+-3a(b?-+-2bce-+-c?) +53 +3b2c+-3bc?+-c3 
pate a? +-3a*b+-3a°c+-3ab?+-6abc+3ac? 
au +-b3+-3b2¢-+-3bc2?-+-c3. 
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We might proceed in this way to obtain the expansion of 
algebraic polynomials of any number of terms, but a better 
method will be to deduce a multinomial theorem, which may 
be done as follows : | 


MULTINOMIAL THEOREM. 


(193.) This theorem, as we have just hinted, gives the 
law of the expansion of 


(ao az aga? + age? + &c.) 


or of any other polynomial, having for an exponent any 


m 
n 
r] 


value whatever.~ To determine this law, assume 
m 
(ao-+-ayx + agr?+- &c.)” =/Ap-+- Ne—+- Aga? + &e. (1) 
m « 
When z =0, we havea” =); therefore we have 


(ao ax aga? + &e. ay Ae Ag &c. (2) 


Writing x, for z, we have 


m 


(ap-arxr-bagr?-+&c.)" ag" + Aya + Aox? + &e. (3) 
Subtracting (3) from (2), we find 


(ap +ayr-agr?—- &e.)" (agar basr? + &c.)" (4) 
=A (e— 21) 4+ Ao(z*— £3) +&e. 
If we suppose 
U= (ao-- az + ana?-+- &c.)", 


U; = (ao-+- 0X1 +- agr? +-&c.)", 
we readily find 
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Um — 0" | 
= (ap--ayr--aze? + &c.)"—(apaya, fact? &e.)", 
Ur — U," = a,(4 — 21) 4+-o( 2? — x?) + &e. 
Hence (4) becomes 
rede it feu (6) 
Ji (x — 21) +-Ag(x* — £2) 4-As(28 — £3)4+ &e. 


Dividing the left-hand member of (5) by U"— U%, and 
its right-hand member by its equal 


ay(x — 24) +-de(xz?— 2?) + &e., 
we get 
U™—U," _ 
a as : (6) 
A(x — x1) + A(x*— 2?) As(a?— v3) + &e. : 
a(x — xy) -+ ag (x?— x?) + as(ve— x3)+ &e. 
If we divide both numerator and denominator of the 


left-hand member of (6) by U—JU;,, it will become |see 
formula (B), Art. 185], 
Umi UU (7) 
PIL... 0 


If we divide both numerator and denominator of the 
right-hand member of (6) by z— =z, it will become 


Art Aalarfes) + Aalatpan pet Be. ogy 
ai a(x+-x,) + ag(a?+-r2,+ 27)-+ Ke. 
The expressions (7) and (8) are equal. Now, when 
2% = 21, the expression (7) becomes 
Ue) ae UM 
nU=) Un? 


which, by re-substituting the value of U, becomes 
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ed 
m (do--a1t-- ax? &e.)” | (9) 
m do--ayx—-agr?+ &e. 
When z= 2, the expression (8) becomes 


Ay -+-2 Aor + 3.Asx? + &c. (10) 
a1 + Qaer + Bugz? + Ke. 


Equating the expressions (9) and (10), and clearing of 
fractions, we have 


~ fat aie Ragan) » (a, + 2agx—+-dagx?—-- Sc) (11) 
(ap-ayx-+-agr? +. &c) : (A; +" 2 Ayr —+- 3.30? &c.) 


Multiplying (1) by, we have 


e|8 


—(do-taye + Ayr? a &c.) = (Mote Aea?-&e.) (12) 


Hence (11) becomes 


“(Mot Aa} Aaa +-&e).( aif Qaox+-3a3z?-+ &c) = (13) 
(aot-air + ag? + &e).( Ai +2 Aer +3.452?-+-&e. ) 


By actual multiplication (13) becomes 


m jm m 
—Aoay +Aya; —r+- Aa, — 2+ Asay 
11 n 2 


2A ao 2d 2 Aody 

3Aa3 3.4103 

4 Ayas 

=A yap +2 Agag z+-3Aga'x?-+- 4A jay 23 —- &e. 
Aya; 2Agay, 33a 
A a3| 2Aea» 


mas +. &e. 
n 


(14) 
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Equating coefficients of like powers of x in (14), we 


have 
Ayao= a” Acak . 
n 
2Asao+-A,a1 = ~ Aya, 2 Ate 
3A3M9 f- 2Aoa1 -+- /Aa9 = 


mA 904 ~+- 2A 419 oe 3A 0@3. 


4.A4a9—+- 3.4304 + 2A2d2+- Aa = 
~ Ast in 2 Aas + BO Aids +4 Mots. 


If for Ao, we use its equal ap”, we shall find from the above 


system of equations 
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These values of Mo, 4), 42, 4s, &c., substituted in (1), 
we have 


m m m™ 
(ao-ba;c--agx?-a37°+-&c.)” Say} — ag” ‘aa-b 


= (me 
i “5 ba dan pay as ia 
(A) 
s(-(0-4) 
n n aaE os 
1 
ee wt &c¢ 


mim o—2 m ~—1 
mm lage ayaa" a3 


EXAMPLES. 


1, What is the cube of 1+-2-+2°+ 23+ 21+ &c.? 

If, in our general expression (A) of the multinomial theo~ 
rem, we make dp= a; = a2 a3 =&c.= 1; andm=3,n=1, 
we shall have 

(1te+e22+2'+2!+&c.)?= 1+32+62?+-1023+ &e. 

2. What is the square root of 1+a+2?+2°+&c.? 

In our general expression (A), we must have m==1,n =2, 
and 1 = dap = QA) 7 ae 


(1-etorfotp he)’ 1+5etom4 at be, 


3. What is the cube root of 1+-r+-2?-+-z?+ &c.? 
In (A), make m=—1,n=3, and 1=ap =a, = a.2—= a3 
= &c., and we get 
(1-+-2-+-2?-+ z+ &c.) P14) ofits aot be. 
33 
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4. What is the cube root of Lp Set ae pie he. 
1 xr 3 
Ans. Iperf +ay0 + &c. 


REVERSION OF SERIES. 


(194.) Suppose we have 
dx doz” +- agx3 +-ayr*t &e.= y. (1) 


The process by which we find z in terms of y, is called 
reverting the series (1), which may be effected by the fol- 
lowing method : 


Assume 
v= Shy +- Asy?-- Asy? +- Asy* + &e. (2) 


Now, we find by actual multiplication, or by means of 
the multinomial theorem, 


2 a2 4" +24; a Has y 44 &e, 


= A2y+3 A? Ayt+ &e. 
gia Attys &c. 
These values of x, 2’, 2°, x*, &c., substituted in (1), we 
have 


Ayajy+ At, 
i ke ay 


yt Asaily*+&e. 
4. 2A;A3ae 

+.A2 ay a9, (3) 
+3? Acas 

+A} a4] 


y+ Asa 
+24) Aoas 


+. a3 


Hence, we have by the method of indeterminate coeffi- 
cients, (Art. 182.) 


a 
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Aas 1; 

Ad; +A? a2 = 0, 

Aa, +2AAra2+A%a3 = 0, 

Aya +-2.A;Agta--A2 a2+315 Aza3+-A ay = 0. 


ee 220 @'aneee' ¢ eee e@e eevee oeeeeetetdeeeeeeee vee e 


] 
A; = —, 
ay 
a 
2 
A g=——, 
ay 
2a? — ay4d3 
As 5 5) 
ay 
5a? — 5ayded3--a? cat 
Aya — = 


7 
ay 


These values of a /lz, As, Ay, &c., substituted in (2), 
we have 


1 a@ | 2a2?—ayag 

ae Onc ary ace mee riet 

ay, a a (A) 
EG 5a3 $—Badetg +43 a 

Ricmats Ge 


So that if (1) is true for all values of zand y, then also 
will (A) be true for ali values of x and y; and such is the 
general relation between two series when one is the rever- 
sion of the other. 


EXAMPLES. 


1. Given the series r+-2?+- 23+ -2*+- &c.= y, to find 
its reversion, that is, to find the value of x in terms of y. 


Comparing this series with the series (1) of this article, 
we see that 
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1 = a= ag= ag Of = KC. 
these values substituted in (A), give 
e=y— YP py—yi+ &e. 
2. Given « — fa? 12°9— Jett &c.=—y to find z. 
In this example we have 
@—=1; a= —1; ag 1; ag=—!t; &e., 
which values substituted in (A), give 
L == hs aa Ke. 
3. Given a es ste a Ba oy tke. =, to find x 


in terms of y. 


In this example we first transpose the 1, by which means 
we have 


Pai osc aU ees getty po, 
or ey need Mk en eg rt ee 
This, compared with (1), we find 


1 i I 
aa 1s Besa foe Moe her Sag? &c. 
These values cause (A) to become 


y"” ( 3 y'4 
r= y’—— rer Grrnbener 


or restoring the value of 4’, 


tee ee a 1 )S oily Sede 
x? x3 Chi > 
4. Given z +> 3 games +- &c.= y, to find z. 


pe & 
ne, 2) os sae ei 


eS ee _— = 
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DIFEERENTIAL METHOD. 


(195.) This method shows how to find any particular 
term of a regular increasing series, or the sum of a certain 
number of terms. 


If we take the regular increasing series 
By Wid s) tg sass ais | BOGs5 (1) 
and subtract each term from the next succeeding one, we 
shall obtain the following series, which we shall call the first 
order of differences : 


dg— 135 4g 425 d4—A35 As— 1; &e. (2) 


Again, subtracting each term of this series from the next 
succeeding term, and we find for the second order of differ- 
ences 


dg — 2Qag+-ay 3 ag — 2a34- 423 as —2ag--a3; &e. (3) 

Subtracting again each term of series (3), of the second 
order of differences, from its next succeeding term, and we 
get a series of third order of differences, as follows : 


d4 — 3a3-+ 3a2— a ; a5 — 3a4-- 33 — A2 5 &c. (4) 


Subtracting once more we find, for the fourth order of 
differences, 
ds — 4a, + 6a3—4a2.+4+a,; &e. (5) 
If we take only the first terms of the series (2), (3), (4), 
(5), and represent them respectively by Di; Dz; Ds; Da; 
&c., we shall have 


D, = a2 — m4, 

fd Benet a3 — 2a + Q15 

D3 = a4 — 8a3 + 38a2 — a1, (6) 
Dy = a5 — 4a4 +603 — 402+, 
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The coefficients of the different terms which constitute 
the right-hand members of equations (6) are the same as the 
coefficients of the different terms of the expansion of the bi- 
nomial (1 — 1)*, whose expanded form is 


n(n—1) n(n—1)(n—2) , n(n—1)(n—2)(n—3) 


Tu t8 Oi 1 Vg MMALE dea. 3 Sa 
Hence, the general equation of (6) is 
Regent yah vais os ee n—2 
ae hk n(n—1)(n—2)(n—3) aly: (7) 
2.3.4 ath: ‘ial 


If the terms of the right-hand members of (6) are taken 
in a reverse order, we shall have 


When n is an even number, 


dag ag 
pe aan it s), ie (A) 
Ni n— ) n— n— 
bi 2.3.4 ee 


When n is an odd number, 


ae, pee caret) Vc 


—a,-+nag— ——— 


a as 
Do B 
Wo lactiitee Byes’ ee (B) 
2 ot ; 
EXAMPLES. 


1. Required the first term of the fourth order of differ 
ences of the series 1, 8, 27, 64, 125, &c. 


In this example we have 


ajo Pos age 3 dg 27 3 -dy== 64 3 agen 12D and ee 
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These values substituted in the formula (A), since 2 is even, 
give 


4.3.2 Aa | 


Dy=1—48-+ =" 97 S82 64+ $2  195—0. 


2. Required the first term of the third order of differences 


of the series 1, 2%, 34, 44, &c. 
Ans. 60. 


3. Required the first term of the fourth order of differ- 


ences of the series 1, 6, 20, 50, 105, &c. 
Ans. 2 


(196.) To find the nth term of the series 


M5 425 435 G45 535 Cre 


we proceed as follows : 


From the first of the ceagus (6) of last rected we 
obtain 
ag = ay “fe D, 3 
this value of a2 substituted in the second of equations (6), 
gives 


2 a, +2D,+ Dp; 


proceéding in this way we have the following : 


a= 4, 

a9 == a1 ~b Di, 

ad3— ay + 2D, +- Da, 

a4—= a, + 3D, + 3D2--Ds, (8) 
a5—=— ay 4 4D, a 6 Ds -}- 4 Ds ae 


Where the coefficients of the terms of the value of a, are 
equal to the coefficients of the terms of the expansion of the 
binomial (1-++-1)"—’, whose expanded form is 
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1-++(a—1) gee a! 4 ce tee ecient f 
(1 ln—2)(0— Bin) |g, 


iB 2.3.4 


Therefore, we have 


at (n—1) Deel, 


ay (C) 
uf eM D3 + &e. 


EXAMPLES. 


1. Required the tenth term of the series 

Dy 4535 8; See: 

ay 48 4, 8, 13, 19: 

Di = 3, 4, 5,46, 
1B aaa Ui Se 
Dy 0550. 
Hence, in this example, 
a4=1; Di=—3; Do=1; Ds=—0; andrn=10, 
which values being substituted in (C), We find 


ayo == 1+-9.3+ s == 64, for the tenth term required. 


2. Required the nth term of the series 2, 6, 12, 20, 30, &c. 
i — 2, 6, 12, 20, 
D, =—4, 6, 8, 
Ds —=2, 2, 
D3 “Ui 
These values substituted in (C), give 
os i 
dn—=2+(n—1). persed 2=n?-+-n=n(n-+1), 
which is the nth term sought. 
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a 


3. What is the nth term of the series 
1, 3, 6, 10, 15, 21, &c.? 
nee a(n + 1) 
Sa ree 


(197.) To find the sum of n terms of the series 
Q13 M2; A33 a4; ds; &e. , 
we opcrate as follows : 
Take the new series 
0; a3 aytdg; a+ar,tas3 aytaetaztas Ke. (10) 
Subtracting each term from its next succeeding term, we 


have 
i> dos da; da} 5; &e. 


which is the same as the original series; hence, the »-++1 
difference of the series (10), is the same as the n difference 
of the proposed series ; therefore, if in the formula (C), we 
change a, into 0, into n+1, D, into ay, Dz into D;, Ds 
into Ds, &c., we shall have 


ae sind eee ie n(n— ea, 
Beti— (11) 
wig a eee a 
+ Ete Ba -———D3+ &e. 
which expresses the n + Ith term of the series (10), but the 
n+ 1th term of the series (10) is the same as the sum of n 
terms of the series 
Gynt 3 30g) + 05 3, 8OC. | 
Putting this sum equal to S,, we shall have for the sum of 
m terms of the above series, the following expression : 


Doha er) i AU aa ee, 


S.= ‘ (D) 
. n(n—1)(n—2)(n—3) 
te 234 erie 
34 
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EXAMPLES. 


1. Required the sum of m terms of the series 
1, (OstO see 


adj =, 3, a5 
Dy= 2,2, 
VAP i a Wh 


These values substituted in (D), give 


S;, =n + n(n — 1) —n , for the sum of m terms sought. 


2. Required the sum of n terms of the series 
Le sib Os0ioa Occ. 
a1, oy Os 10, 


Lt aa 3, 4, 
Das, 1, 
De=); 


These values substituted in (D), give 


S,=n-pa(n— 1) Ce) wee 


3. What is the sum of nm terms of the series 
1, 24, 34, 44, &e.? 
5 4 3 
Fagg eige g  e 
Laies, LOG ase 
4. What is the sum of 7 terms of the series 
1, 25235545105) &c.? 


Ans. n(n-F 1) : 
2 


5. What is the sum of n terms of the series 
Loe iors, OC.? 


Ans. ee . 
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The answer of the fifth example, being the square of the 
answer to the fourth example, it follows that 


{142+34445+...n}2= V4 BLBP+49+5%4 ni’, 


SUMMATION OF INFINITE SERIES. 


(198.) An Infinite Series is a progression of quantities 
continued to an infinite number of terms, usually according 
to some regular law. 


If each term of an infinite series is greater than its prece- 
ding term, the series 1s dwerging. 


In general, when each term is less than its preceding, 
the series is converging, but this is not always the case; 


for instance, the series 1+ + : +5 + &c., which is called 


a harmonic series, is not a converging series, notwithstand- 
ing each term is less than its preceding one ; its sum to in- 
finity is itself infinite. 
Al neutral series is one whose terms are all equal, and 
their signs alternately +- and —, thus, 
a a 


SF 2 Ee ag Reuse teat 


Ain ascending series is one in which the powers of the 
unknown quantities ascend, as 


a-+-be-+t-cx?+- da? + &e 
/l descending series is one in which the powers of the 
unknown quantity descend, as ) 


a-+-br-!+- ca + da + &e., 
OY cal dud 
or dog es 2 4a oa a 
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(199.) If we take the difference between the two fractions 


Uae q Qs) oer 
ca we shall find 4.-— = 
r’ rtp Maas 8 OR Lio VD) 


; hence 


Bearer: eral 


so that any fraction of the form 


ae eee 
is equal to-th the 
rr-+p) tp 


difference between the two fractions 2 and —2— ; hence, it 
r r-+p ; 


follows that if there be any series of fractions of the form 
err the sum of the series will equal By the difference 
rrp) p 

fi q 


of a series of the form = and another of the form —“— ; so 
i r-+-p 


that whenever this difference can be found, the sum of the 
proposed series can be obtained. 
EXAMPLES. 


1. Required the sum of 7 terms of the series | 
1 1 1 1 
ia es aaaas 


In this example g= 1; p=1; andr takes successively 
the values 1, 2, 3,4, &c. 


Hence, we have 


1s nel 1 
ccna aibremRoee +: i 1 ei 7 
efi cl aida 1 \( ga caartl yaaa 

(5 +3 ie tet) 


If n = ©, then the sum 


« = i becomes = 1. . 
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2. Find the sum of n terms of the series 
ees ei ser 
14 ost se tagt & 


in this example po= 1; p= 3.3 and 7 1,2,'3,45.&c, 


Ls len 1 x 
1 Siig Tag it aan eeede n 
3 Mt. cL ] 1 I! hs 
late pa hart ee ae) 


: Ae beak ak 
which becomes, when n is infinite —. 


18 
3. Find the sum of n terms of ta + = aa ah + &c 
ges WET Tas Sis ag as) 


Here we find g=1; p= 2. 


1: 1 1 
i a Oe BR aire 1 ¥ 
2 Lise beans mee, In+1]° 
(Ste te | 
Therefore, 
S ae 1— tee) and 8 Segal S;, represents 
a S\ Ap need |? AG sets 


the sum of n terms, and S., represents the sum of an infi- 
nite number of terms. 


4. Required the sum of the series 
pb ee | 
] Pa :=' Eye & r) 
gee 


This series divided by 2, becomes 
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: + sg tigtpet ke 


and the sum of this has already been found. (See example 
1, of this Art.) Therefore, the sum of the proposed ‘se- 
ries is . 


5. Find the sum of the series of 
M4 3 4. 5 
nA nC RF le 


DS a es n+1 
Spa eat Fan ge er Copel 
ite, (Oui a ntl n-+-1\ 
E aL ad +o) 
this becomes 
n+1 
ae PEN bes es. He) 


If we use the upper sign, the quantity within the paren- 
thesis will 1; if we use the lower sign, then this quantity 
will —0. 

Hence, the above expression will become 
A Oi 55575 (5-353)=5 yea 
37 2Qn4-3 203 2 2n+3} 6 2(2n+3) 
and since p= a we find 

= 1 1 
S,= 73 * [on ) (2n-$3)’ 5 Soo eat 

The upper st has place when n is even, and the lower 

sign when 7 is odd. 


6. R d th f 
equired the sum o ate Schone “s+ a aaa the. 


dats See 


AvisceuS pms sk es : 
4n+-1 
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7. Required the sum of Nias -{. aa — ily + &e 
: 1s hae 4c 3.0 
3 : Bees 1 | 3 
| ih 

200.) Since ———. TR Tk RD Ys SE ad cE ee 

¢ ST aii GRICE HERE 
it follows that 
SBOP ST tet Re laren GE (A) 
r(r+p)(r-+2p) 2p\r(r+p) (r+p)(r+2p | 

EXAMPLES. 


4 5 6 
R fee ee geet eget a Ty te 
8. Required the sum o Aoid a SW Leas 


Comparing these terms with the fraction of the left-hand 
member of (A), we discover that p—=1, and q=—4, 5, 6, 
SCAN qual i. Speck 


4 5 6 n+3 
1.2 a 2.3 ae bara oceee n(n-+1) 
i n+2 n+3 
(53 a 34 7" "n(n-+1) eet) 


4 


1 ] 1 1 Raine 
ratlsstagtigt- 


serra (n-1) (v2) 
Now, by example 1, Art. 199, we know that 


1 ] i! ] n 
rataatsa, ne ay) n(n+1) 2-1’ 


therefore, the series within the parenthesis 


n 1 


n-1 12 
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Therefore, we have 
i pag aah lee Ls n-+3 ot ee 
12 12° n+1 (n+ T(in+2) (n-+1)(n+2)’ 
which, divided by 2p = 2, gives 


Gee erate am ntn—3_ gee 


re 1)(n+-2) 4 
2 3 4 


Bea ENSUE Oot paths tiwotroq © 
] n 1 
ae pits i mes Cre Nt ee 


10. Find the sum greeny ee 


Ane — n(8n-+-7) _ 3 


Sop = =. 
2(n-t+-1) 2(n-+1)(n- ~{- 2)’ nae 
(201.) It is obvious that this method must be applicable 
to series, the denominators of whose terms consist of more 
than three factors ; but our limits will not allow us to pursue 
this subject any further. 


RECURRING SERIES. 
\ 
(202.) A recurring series is one, each of whose terms, 
after a certain number, bears a uniform relation to the 
same number of those which immediately precede it. 


Thus, the series 


1-++ 2x 82?-+ 28a° + 100z'+-3562°+ &e. 
is a recurring one, each of. whose terms, after the first two, 
can be found by multiplying the next preceding one by 
3z, and the second preceding one by 2z*, and taking the 
sum of the products ; thus: 
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82°= 2x X 8x-+-1 x 22”, 
282° 82x? x 3x-+- 22 x 22°, ( 
1002'= 282° X 32-++ 8x? X 22, 
306x°= 100z! x 32+ 282 x 22%, 


ceo eeeeeseeersresteeeeteteeeteeaeeeeeoeese 


(203.) The constant nite ae 22x, taken together, - 
constitute the scale of relation. 
Suppose in general 


Ay + A+ As+ W+As+ &e., 


to be a recurring series depending upon the scale of rela- 


‘ 


tion p, q, then we shall have 


Aah: (1) 
Ay = So, (2) 
As = pAr+ qh, (3) 
Ay = ps qe, (4) 
As = pAy-+- qAs, (5) (A) 
As a pAn—1 a qAn—2. (n) 


If the scale of relation consist of three parts, p, q,7r, we 
shall have 


A, = Ali, (1) 
J1o = Ab, (2) 
Ag = Asay (3) 
Ay = ps qAs+rA, ed) 
As= pA gst rf, (5) (B) 
Ag = pAs+qAs+r As, (6) 


An=p Ani qAn2t-rAya. (7) 
35 
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And in a similar way, the successive terms of a recur- 
ring series, whose scale of relation consists of more than 
three parts, can be found. 


If we take the sum of the group of equations (A), putting 
S,, for the sum of » terms of the series, we shall have 


S,= Ay + Art p( Si —A1— An) +9 (Si, —An1— An) (1) 
This solved for S,, gives 


(p—l) AA 9 Anat (PED An ~ C 
ee ALT aMET ge RUE ETT 1 2S (C) 


By adding the group (B), and reducing as above, we find 


SONIA Re Ray nel a 
# ct q( S n—~/1 haere of i] nu—1 —/ a) me r( S n—/n_9— Ani — An) 


which solved for S,,, vives 


(pg — 1) Alp = 1)4o— 
aa pA ere 1 D 
SY rece) tnt (patra (©) 
ag wo hg a 


(204.) Proceeding in this way, we might find similar 
expressions for S;, when the scale of relation consists of more 
than three parts. 


(205.) If the successive terms of a recurring series are 
decreasing, and the series is carried to an infinite number 
of terms, the last terms may be neglected in formulas (C) 
and (D), as of no appreciable value, therefore, supposing 
n =o in (C) and (D), they become 


a 
os em (F) 


Sipe eer a (F) 


So = 
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EXAMPLES. 


1. What is the sum of the infinite recurring series 
1+-27-+-32? + 427° + 52' + &e.: 
the scale of relation being 
| Sacra ae ma 
In this example 4, —=1; 24222. These values sub- 
stituted in (E), we find 
ede Lye an vy 


eee ae wh se 
ON) Qe — 9? 1 (1) 


2. What is the sum of the infinite recurring series 
1+ 2x + 82? +- 2823 + 100zr* + &c, 
the scale of relation being 
p= 32 ; q=22°4 
We also have in this example 4; ==1; A= 2z, which 
values cause (E) to become 
i—z 


pape a le aN 
0 1 — Wr — 2x? 


3. What is the sum of the infinite recurring series 
l+a2-+ 5277 + pes + &c. ; 
the scale of relation being 
p2r 35 94> 322 2 
1—~zx 


Ans. S; ey ST 
Pag — Ir — 3x? 


4. What is the sum of the infinite recurring series 
1+ c+ 22? + 22° +321 4- 32° + 42°+- 427 + &e.; 
in which the scale of relation is 


pees Ga ees r= —-2" 1 


] 
Ans. Soo ~joe—ete 
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5. What is the sum of the infinite recurring series 
1+42-+ 627+ ll2?-+ 2824+ 632°+ &e. ; 
in which the scale of relation is 
B= Oe ee 378 2 


ATS ary oe ia “ha Bist 

(1+2)? — 32° 
From these examples we see that the sum of an infinite 
number of terms of a converging recurring series, isin the — 
form of a rational fraction. Conversely, all rational frac-_ 
tions, when expanded by actual division, or by the method 
of indeterminate coefficients, as accomplished under Art. 

184, will give a recurring series. 


(206.) When the scale of relation is not given, it may 
be found by means of a few of the first terms of the series, 
thus : 


Resuming our general equation (m) of group (A) Art. 
203, where the scale of relation consists of two parts, p 
and q, we have 


1p oe pA, —1 + Ol a0. (1) 
Writing n-+-1 for n, it becomes 
An41 = pPAn+ qi. (2) 


From these two equations we readily deduce 
A gat ol he Coa Ott 


P a us Rote — AZ| , (3) 
Ligaen ate 40 
CaCI PPS a (4) 
If in (3) and (4) we put n= 3, they will become 
AA — Ase 
Aly — /12 


i AD (6) 
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From (5) and (6), we shall be able to find the scale of 
relation, when it consists of but two parts, by the aid of 
the first four terms of the series. Equations (3) and (4) 
show that the scale may be found by using any four conse- 
cutive terms. 

By a similar process we might, by the aid of the first six 
terms of the series, find the scale of relation when it con- 
sists of three parts. 


(207.) A geometrical series may be also a recurring 
| serves. 


To prove this, we will take the general form of a geo- 
metrical series (178). 


a+ar +ar + aretart+art........ (1) 


Now, in order that this may be a recurring series, having 
p and q for the scale of relation, we must have, (103), 


ar? = par -+- qa, 
ar? = par? + qar, 
art = par’ + qar®, 
ar® = part + gar* 
oe i awe! @ 


eeceonvnee eevee ee see 


ar” = par’! +. gar?—, 


By striking out the factors common to these conditions, we 
see that each becomes 


ot emmt (3) 
which gives 


i! 4, pa 
rg ave’ 49. (4) 
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When these two values of 7 are real, and not equal, 
there will be two geometrical series which will also be re- 
curring, having p and q for the scale of relation. 


We will denote these two values of r, by 7’ andr’. 
And since it is immaterial what value we take for a, the 
first term, we will take a’ for the first term when we use 7’, 
and a!’ when we use 7’. The two series will then become 

a tale’ talr? ta’ r?ta'rtta’ r+... ie (5) 
alte at CA a Te i ok A li aye, 
each of which is a recurring series having p and q for the 
scale of relation. If we take the sum of the correspond- 
ing terms of the two series (5), we shall find 


(oe a’! ) + (a'r! +- a'r At +(a'r Ay 4) -- Pare} (6) 
a (ote alr!) +a Tue 

which is not a geometrical series, but is, nevertheless, a 

recurring series having p and q for the scale of relation. 

In all recurring series whose scale of relation consists of 
two parts, we must, in order to be able to compute the 
successive terms, know the values of the first two terms, 
which we have represented by .4; and Ay. 

Since the values of a’ and a’’, in (6), have not yet been 
fixed, it is evident they may be so taken as to make the 
first two terms of (6) agree with 4, and 42. This is effect- 
ed by making 

; aaa” (7) 
ate’ tar yh — (8) 


These equations immediately give 


oa oa ? (9) 
r 
gh aaneeee (10) 
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The nth term, 2,, of the recurring series (6) is 
aly of qty! in}, 
Hence, if we substitute the values of a’ and a’’, as given 
by (9) and (10), we shall have 
Ag — Ayr"! fy A 


A, —- _ pin ylin—l, (A 
r/ —yzl! vf —rit ) 


(208.) By a-similar train of reasoning, we might show 
that a recurring series whose scale of relation consists of 
. three parts, is the sum of three geometrical recurring series, 
having the same scale of relation. 


EXAMPLES. 


1. The recurring series 1-++ e-+-32?-+-52°+ &c., whose - 
scale of relation is z and 2z?, is the sum of the two follow- 
ing geometrical recurr ing series, each having the same scale 
of relation: 


8 


yen 
30371 3” 45s O45 sat Be 
— 5 +50 Post 5 xz'— &e. 


1+ 2+32°+52'+11 z'+&c. 


2. The recurring series, 1+-7-+-527+- 1325+ &c., whose 
scale of relation is 2z and 32”, is the sum of the two follow- 
ing geometrical recurring series, each having the same scale 
of relation : 


we: eal = wtf &e. 
be we ae) Lhe, : 
9 5th oe: -f- 5 xt — &e. 


1+ 2+52?+ 1323+ 41 2'!+ &c. 
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3. The recurring series, 1+-2-+ 22?-+-32°-++ 6z'q-&c., 
whose scale of relation is 2x, x?, and — 2z3, is the sum of 
the three following geometrical recurring series, each hay- 
ing the same scale of relation : 


staetsetset ; att &e. 


AR AML RS BDO NEI ogy 

onan — _ 7 _ — &c. 
ia Soe ire 
Ll oy' [eee eee 

Piatt pls Sipboe tet” Zig Rin Lie 
Rite GB ee Gee ee ee 


1+ ¢+2277+323+4 6 z+ &c. 

(209.) From what has been shown, it follows that we 
may regard all geometrical series as recurring series, but 
all recurring series are not geometrical series. When 
a recurring series is not a geometrical series, it is the sum 
of two or more geometrical series. Hence, a geometrical 
series may be regarded as a particular case of a recurring 
series, the recurring series being of a more general form. 


(210.) We will now give some examples in which the 
general term, .4,, of a recurring series is required. 


‘ EXAMPLES. 


1. Suppose the scale of relation of the series 
1+ 2+ 32?-+ 52 + 1le*+ 212° + &e., 
to be p= 2 3 g= 22’, what will be the nth term 2? 


In formula (A), the values of r’ and r’’ are given by (4). 
In this example they become 


7 = 23 7"! — a. 
From the given series we have 


Ay —-] 5 Aga. 
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Substituting these values in formula (A), we find the 
Ans. A,=2(2x)"7! +-1(— 2)". 
2. If the scale of relation of the series 
1+2+502+ 132° + 41¢!4+ 1212°+ &e., 
Is p= 2x ; ¢=3z*, what will be the nth term ? 
LA Wil sp yhds ba 8 ACOA) tha 7) x), 
3. The scale of relation of the series 


1 + 22+ 527 + 1323+ 3421 4+ 892° + &e., 


being p= 32; g==— 2’, what will be the nth term ? 
8 Pp q ) 
(vo +184 voy 
Ans. A, == ano 
(v5 —1)(8 ONT a te 
ICR Wiss, 75 aga 


* Referring to the question of the oak tree, under Chap. 
XII, Higher Arithmetic, we see that if we call z=1, the 
above expression for 4, will give the number of branches 
of the tree, at the end of m years, thus the number of 
branches at the end of 20 years is 

Uo 4.5) (Sictay BI atin lahigrap 2). (4/5 J 
920 ay 5 920 Jd 


(211.) Having shown how to find the general term of 
a recurring series, it is easy to find the sum of n terms by 


the aid of formulas (C) and (D), Art. 203. 
EXAMPLES. 


1. Find the sum of n terms of the recurring series 
1+ 2-+ 327+ 523+ 11e'+ 217°+ &c., 
whose scale of relation is 
D==hS0== 22. | 
Under the last Article, we have found the nth term to be 
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_ 2 n—!) Ter n—1 
Writing n—1 for n, we find 
_ 2 n—2 1 __ »\n—2 


Substituting these values of A, and An, together with 
the known values of p and q, in (C), Art. 203, we have 
2°11 + aa (1 — 22)(— 2)"—3 
TT I siamese 1). dae 
or, hie: a simpler form is 
__ (2° 2)ett 4 (Q*t11)2"— 3 
6x? + 387 — 3 
In this last expression, the upper sign is to be used when 
n is even. 
2. Find the sum of 7 terms of the recurring series 
1+ 2-+52°+ 132°+-417'+ &c., 
whose scale of relation is 
WY wos ES a 
In this example, the mth term is 
Ay =5(82)+5(— 2), 
or which is the same thing, 
A,= 3(S El), 
The upper sign must be used when m is even. Writing 
n—1 for n, we find 
Ape (3-21), 


The values of 4n, An—1, p, and q, being used, cause for- 
mula (C) to become 


jsp 3(3° TF 1) at (3*e 1a" 4-22 — 2 
nua 62°42 — 2 


Use the upper sign when n is even. 
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CHAPTER VIL. 


CONTINUED FRACTIONS. 


(212.) Suppose we have the following conditions : 


A=y +s, holy) 

=uts (2) 
D=y +>) (3) 
D3= nto (4) 
&e. &c. 


In (1), for D,, write its value as given by (2),. and it 
becomes 4 = ee 


w+ In this expression, for De, 
2 
write its value given by (3), and we have _ 


A=y+= 


Z2 


YA + 23 
aah. 
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Now substituting for Ds, its value given by (4), and we 
obtain A= yt 


(213.) Such expressions as the above value of 4, equa- 
ho (5), are called conTINUED FRACTIONS. 


The expressions — cea = se PeCes OL which ~” is the gene- 
yi ye’ ys Yn | 


ral term, we shall call partial fractions. ‘The numerators 
Li, Lo Ver veincne Lng we Shall call parteal numerators. 

The denominators ¥;, 2, Y3y..+++: Yn, m like manner, 
we shall call partial denominators. 

If we compute successively 1, 2, 3, 4, &c., terms of the 
continued fraction (5), by reducing them to the form of 
common fractions, we shall find 


Us 'e'e 0 6.0 010 0.0.0 0 6 6 oe eeeoeveeee8 e@eeseeoereeen tee ee@ o ene, 
1 qi 
Ly YY +x; pe 
U] we Ces cessor ——= > TF Oe 0 ove 6:6 €6 0 @ 0 ee be ee'—-- 
fa Yj 2 
Ly} 
Yr 
Y2  YYo-barg g3 
rien ; | 
pee aS 
yop 28 PIs Terao} Yeas Fyyest its Pe 
Y3° YsY2y3-+ Te¥s+ W422 94 
RECOM elec bitte ce sts es Lo. Ghee ee Io Ay ei 


We shall hereafter represent these successive values, 
which we shall call approximative fractions, by the abridged 


expressions — Pi ve : es 3, &c., of which the general term is 7 
71 3. n 
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By carefully examining the above approximative frac- 
tions, we discover the following relations : 
| ps=pyptpir, (6) B= pyeturt, (8) 
Pa= pP3ys —- pets, (7) G4 == 93Y3-t Goto. (9) 
By referring to our continued fraction (5), we see that 
Mt vill change tol? , if we substitute ya for y3. Mak- 
q4 q5 Ya 
ing this substitution in (7) and (9), we find 


45 
Ps os ( ys - + pers yal pays -+- poxr3) ++ p34 


‘ ao +2) + qur3 ya Qa¥s-+ Yov3) + qara 


pays pst 
qayst gata 


Hence, ps= pays psts, (10) qs == Quy gata. (11) 

And in the same way may ps and gg be drawn from the 
next two inferior values. Therefore the law is general and 
may be expressed as follows: 


Dn = Pn-1Yn—-1 + Py —2En—15 (12) 
Qn =Yn—1Yn—1F Yn n1- (13) 
(214.) If we place our quantities in the following order : 
y ne SMM aU No cin ots 6 436 4 Seite. nas 
Se MM (oh. sb ee Shes EO pnts 480 
0 3 1 3 qe 3 q3 by q4 b) Gn—t 9 On 2) ° 
z 4 L3 v4 Xs In In+1 


“We may find the successive approximative fractions by 
the following 
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RULE. 


Multiply the numerator of the last approximative frac- 
tion by the partial denonunator which stands over it, and 
the numerator of the approximative fraction which precedes 
this, by the partial numerator which stands under it; the 
sum of these products, noticing the signs, 1s the numerator 
of the next approximative fraction. In like manner we 
must multiply the denominator of the last approximative 
Fraction by the partial denominator which is over it, and 
the denominator of the approximatie fraction which pre- 
cedes this by the partial numerator which stands under tt; 
the sum of these products ts the denominator of the next 
approximative fraction. 


EXAMPLES. 


1. Find, by the above rule, some of the approximative 
fractions of the infinite continued fraction 
a2 
a — 


a2 


Hal 


es 


a? 


7 


a? 
V9 = &e. 

Our work, when executed agreeable to the above rule, will 
be as follows : 


ioied 5 7 9 

1 a 3a—a? 15a—5a*—a*® 105a—35a2—10a°+-a! 

Gig ys”, joe”. = (105 aa : 
—a? —a2 —a? — a? —a? [ &c. 


2. Find some of the approximate fractions of the con- 
tinued fraction 
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ae 4a 
1+ 
1 Ne 
1+ &e. 
In this example, y, the integral part, is nothing, and our 
work is as follows: 
Oia na Ee 1 1 
AQ. i a ae a hl CA 
0 1’ 1 1420 1+5a’ 1+9a+8a? ~~ 
a 2a3a 4a 5a Ta 


(215.) If, in our general expression (5), we suppose all 
the partial denominators 41, Y2, Y3,++++-. Yn to be positive, 
and: aso V1 peng eae. sala g's = Lay SWE shall then 
have 


(14) 
yat &e. 

This is the kind of continued fraction most commonly 
employed. Any common vulgar fraction can be converted 
into a continued fraction of the above form, by the method 
explained in my Higher Arithmetic, which is equivalent to 
the following 


RULE. 


Divide the denominator by the numerator ; then divide this 
divisor by the remainder, and thus continue to divide the 
preceding divisor by the last remainder, until there 1s no 
remainder, or until we have obtained as many terms as we 


¢ / 
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wish; then will these successive quotients be respectively the 
values of Y1y Y2y Y39+ +202 Yn 

Norr.—In this rule we have supposed the vulgar fraction 
to be less than a unit, and consequently the integral part 
y= 0; when the fraction is not less than 1, we may first 
reduce it to a mixed number, and then proceed with the 
fractional part agreeable to the above rule. 


EXAMPLES. 


(=>) 
Ss 
Sc llpies 
0 aalo 
gee a ON 
aes Eee eee 
I gale 
Te) oS 1919) 
=> Holm 
Loc Bue 
ieee ae ake 
> 1910/2 
| esis 
e © 1) 
S Sia 
fs oS SSS 
< | sale 
foe} O19 |O9 
t] ae) Oo 
Ay 4 Paes 
° S BSlB 
| Sele 
RO le 
Sag at 
= 0 |en 
Sc 1c 
ar la 
Or ID 
rH |o 
19 xt 
“ 
oe) 
ee) 
faa) 
QQ 
RQ 


516901)740785(1 =: 
516901 
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Therefore, $1522 


. The fraction 122929909995 expresses nearly the ratio 
of ne diameter of a circle to its circumference ; required to 
expand it into a continued fraction. 


Proceeding as above, we find 


15 + 
Late 


292+ &e. 


(216.) Referring to (14), we see that 2>y, since, in or- 
der to obtain the true value of 4, something must be added 


toy. Again, 1< Ite, since, in order to obtain the true 
value of 4, the Se y1 must be increased, and con- 


sequently Ite will be diminished. We can show in the 
1 


same way that 


A>dy+- 


nto sed te 


37 
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(217.) Therefore, the value of 4 is always comprised be- 
tween two consecutive approximative fractions. 


(218;)' When! == a0fssr7 Se ageee., s- = Zn, equations 
(12) and (13) become 
Pn= PnAyYn— FP n— (15) 
Qn = Yn—1Yn-1 +4n—2: (16) 
Multiplying (15) by qs, and (16) by pat, and then 
taking the difference of the results, we find 
Pndra—i — Pr—192 = — (Pn—19n—2 — Dn—29n—i): (17) 


This shows that pnqn—1— Pn—in and Pn—1Qn—2 — Pn—29n—t 
are equal in numerical value, but contrary in sign. When 
n ==2, equation (17) gives 


Pri — Pie = — (Pigo— po): 
We know that”! 5 and £2 4 consequently, 190 — 
1 


qo 0” 
pogi==—1; therefore, pogi— pige = 1, p3qo— pos =—1, 
p4q3 — p3q4 = 1, and so on for other similar expressions. 
Hence, we always have 
PnQn—1 —Pr—19n = el. (18): 
The upper sign having place when n is even, and the lower 


sign when n is odd. 


If we take the difference of two consecutive approxima- 
tive fractions we shall find 


—— —————— ee —eee 
— — e 


By (18), we know that the numerator of the right-hand 
member of this equation is = +1. Hence, 


Pn Pn—-1 iad +1 4 (19) 
dn Qn—1 QnQn—1 
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This shows, that the difference between any two consecu- 
tive approximative fractions is equal to the reciprocal of 
the product of their denominators. 


We have already shown that the true value lies between 
the values of any two consecutive approximative fractions, 
1 
2> 
Qn-1 Gn-t dn 
‘ ae : 1 
the difference between £"=! and 4 is less than ;- That 


m—L Gn 


Therefore 


and since gn > Yn—1, we have 


is, the difference between the true value and any approxima- 
tive fraction, is less than the reciprocal of the square of rts 


denominator. 
Dividing (15) by (16) we find 
Pn __ Pr srt Pn 2 (20) 


dn Yn—~1Y n—1 +. Gn—2 ; 
If, in this equation, for y,1, we substitute the complete 
denominator, which we will represent by z, then will 


Px 4. From the form of our continued fraction (14), 
Qn 
it is obvious that z will also be in the form of a continued 


fraction. 


Thus, 2 = Yn—1-+ aac 


1 
Vu ao aaa S| 
Fah iat at Ke. 
This value of z being substituted for y,—; in (20), we 
have A— Patz Pane ) wD 
Qu—1 z ae Qn—2 
Equation (21) immediately gives 
Gra Yn-(Qn12- Gn) 
A—Pn= aa: (pra Gn—2.—— Pn-2 Qn—1)2 (23) 
Yn—2 Qu—2( Yn—12 + Yn—2) 
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The condition of (18) causes these to become 


ay ] 
Gu Gut Gut Gua) | 
fl coe ga Ss 


Gn—2 Qn—2 Qn Qua) 

Now, by the nature of continued fractions, z>1, and 
Qr—1 > Qu—z. Hence, the right-hand member of (25) is 
greater than the right-hand member of (24). Considering 
the numerical value without reference tothe signs. This 
shows, that each approsimate fraction is nearer the true value 
than the preceding approzimative fraction. 


if 2 “> A, conditions (24) and (25) will give 


Qn—2 
J 
Pa ons SS cen sv 
Yn—1 n—1( Qn—1Z f+ Gu—2) ( ) 
Pane z 


Gn—2 Gn—2( Yn—12 + Yn—2) ( 
if : “*< A, conditions (24) and, (25) will give 


- 1 
Gf PN ses fs, a aca Dal bs 
Qn—1 Yn Oni —- qd el ( ) 
ae Pn—2 puta on aR 
n—2 dn—2 (Gn 12 ao qd n—2) 


Equations (26) and (27) give 
JS Poa Pot >A 30 
3) Yn—2 nF Gn—1 ( ) 
Equations (28) and (29) give 
1 


Pn-2 Pui | 
~(— + A. 31 
5 bet Pet < (31) 


(29) 


Hence, the successive arithmetical means of two consecu- 
tive approximative fractions are alternately greater and less 
than the true value. 
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If we take the product of (26) and (27), we find, after a 
little reduction, 


A Pn—2Pn—1 
qn—2 q a—1 
6 32) 


cheese th tt eg Rts pet apenas sestecivmiceocamenasassaninsnionennsasineaes sissy 
—___—_—_—_——-——". 


be (quise eG ae 


Now, since rie >A, we have, by (18), 


(Pn—19n—2 — Pn—2Qn—1)2 +z = 0. 
Moreover, we have pn—1qn—12 >Pn—29n—2: 


Consequently, Pore tP ed ss ph: (33) 


gq n—2 Gn—1 


Taking the product of (28) and (29), we find 


fa — Pea not 
Gn—2 Fn—i 


Ak (Pn—19n—12—Pn—29n—2) H( Pn—19n—2— Pn—2 n—1) 2-2 


a sc TD 


Qn—29a—1 (Gantz + q. aay = 


by (18), 


S34) 


Now, s! 


aS: ee Pn—2Yu—1)Z— Sy, 
And, as before, pn—19n—12 >Pn—2Yn—2: 


Consequently, eee fp, (35) 


Qn—2 qd n—1 


Equations (33) and (35) show that the successive geomet- 
vical means of two consecutive approximative fractions are 
alternately greater and less than the true value. 


(219.) All approximative fractions are always in their 
lowest terms. For if not, let the numerator p,, and its 
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denominator qn, of the approximative fraction”, have a com- 
. In 


mon divisor h. 


Condition (18) shows, that if p, and g, are each divisible 
by A, then its left-hand member must be divisible by /, and 
consequently its right-hand member is also divisible by h ; 
that is, +1 is divisible by h, which is absurd ; consequently 
it is absurd to suppose p, and q, to be divisible by h. 


(220.) In the case of 1—=2,—=22—=2=...... ok dN 
the rule under (Art. 214) will require some modification in 
order to appear in its simplest form. Thus, placing the 
quantities as follows : 


Y Yn Yo YE Yhoooees Unt a Uae 
LY Pa Ps Pa Pat Png 
~~ 9 y) 9 —~eoesed 9 rea y. C. 
O* 1%: 9a" ga° G4 dui On 


We deduce the successive approximate values by this 


RULE. 


Multiply the numerator of the last approximative frac- 
tion by the partial denominator standing over it, and to the 
product add the numerator of the preceding approximative 
fraction, and the sum will be the numerator of the next ap- 
proximative fraction. In like manner multiply the denomi- 
nator of the last approximative fraction by the partial de- 
nominator standing over it, and to the product add the de- 
nominator of the preceding approximative fraction, and it 
will give the denominator of the next approximative frac- 
tion. . 


EXAMPLES. 


1. What are some of the approximative fractions of the 
infinite continued fraction 
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Yiks. 
1t+— 
he 
ee 
rearing] 
Parer 7 
oT 
caheaae 
B+ 9 &0.1 
172) dias BOO. RT 
An 


Pe Ba = te ee hr Saw 
“7? 3? 10’ 43’ 295’ 1393 
2. What are the approximative fractions of the continued 


ae | 
fraction 


ns, 2, 7, 8 28 100 623 623 1769 

ih3! 227.257 727313. 163% 195015537. 

This last value expresses accurately the true value of 
the above continued fraction. Whenever the value of a 
continued fraction is capable of being expressed rationally, 
it must consist of a finite number of terms; but when the 
value is irrational, the continued fraction will extend to 
infinity. 


A 


(221.) Continued fractions may be employed for determi- 
ning approximately the values of the square roots of surds. 
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Operating upon /19, we obtain the successive values : 


J/19—4 1 


A= /19=4+ ; a4) +>; 
Digg EE 
P= T53 ee +5, 
Haat Veg ee 
OE arbi ety hate uler ene em Tpasolk a teks Wolke baie ines ft otacate Sp de 


Collecting the results, we have 
y= 4, 2=2, p= 1, p=3, w= 1, yo=2, = 8, 
Yy7 = 2, &e. 


19-+-4 19-+2 19 
Di = “ aie, Dy Y aa » Ds= : =, D= 


var? ye vavaineg De AO ise ns v1974 
5 3 cls 3 
The values of D;, Do, Ds, &c., of which the genera} 
term is Dn, are complete denominators of their correspond- 
ing partial fractions. 
The values of 41, Yo) ¥3, &c., which we have already call- 
led partial denonunators, are the greatest integral parts of 
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their corresponding complete denominators Dj, D2, D3, &c. 
19 

e a and 

Y7 = 1 = 2, hence the operation must begin to repeat at ; 

this point, and the partial denominators as well as the com- 

plete denominators will recur in an infinite number of 


In this example, we see that Dy= D, = 


periods. 


(222.) Suppose we wish the value of the surd vB. 


If a? is the greatest square contained in B, with the re- 
mainder b, we shall obviously have 


if2 Pell 
J B= a+ w i vs 
(36) 
ea 1  VB+a_ vVB--a 
OE / Bais ay Beat barf 
The form of the general value of D, will be 
/B+-M, 
Dire eee. 37 
t (37) 
If n-++-1 is written for n, this becomes 
Dis eh ewe Mee (38) 
NMn+i 


Now, by carefully inspecting the operations just per- 
formed for finding the value of y19, (Art. 221), we draw 
this relation : ; 

1 


Dri 


D,= yn4- (39) 
Substituting in (39) the values of D,, Dy41, given by 
(37) and (38), we find 
Nn 38 JV B+ Mit 


(40) 
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This cleared of fractions, becomes | 
BH Met MesnVBt MaMess } 
Saas V B+ yan Mnti- Nn Vint 
Equating the irrational parts, as well as the rational bars 
(Art. 116), we find 


Mn--Mn+41= YnNVn y (41) 

B + MnMn4+1 Une a ae +N; n-+1- (42) 
These equations readily give : 

Mr+1 = nV, — Mh: (43) 

B— M41 

Ne 


If in (44) we substitute for M,+1 its value given by (43), 
we find 


N= (44) 


B— M,? 
Na = Sy Are rere 2M 2ynM, (45) 
_ Equation (44) gives 
B—Mh? 41 
Nae 46 

— (46) 

In (46) writing »n—1 for n, we get 

B— M,? 
Nn ew N,, e (47) 
This causes (45) to become 

Na = Not — Yn?2 N+2y nM. (48) 


‘Equations (43) and (48) show, that when V,,_4, JV;,, and 
M, are whole numbers, then will V;.1 and M,41 be whole 
-numbers. Whenn = 1, we have by (36) V,1—=1, V,=, 
and. J, == 4. 


Hence, NV, and M, are whole numbers for all values of n. 


(223.) If in (21) we substitute eee 


n—l 


for z, 4 will 
change to B, and we shall have 
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VB +M—-1 
Pn—-1 (“ae + Pn—o 


B+M,— 
Qn—1 ( Se tr Yn—2 


Clearing this of fractions and reducing, we have 


Qn—1B + qn—1Mn-1 JVB +9n—2 nid B = Pn—-iV B ; 
+Pn—1 Mn—1 + Pn. 
Equating the rational quantities, as well as the irrational, 
we have 
Pn—1Mn-1 + prin = Qn—1B. (50) 
Qn—1 Mn+ Qn—2WV; n—1 = Pn—i- (5 1) ; 
From (50) and (51) we readily deduce 


2 Be Ae 
Cay alee Goa i es ey (52) 
Pn—19n—2— Yn—1P n—2 
iM eros Qn—19n—2B —~ Pn—1Pn—2 (53) 
Pn—19n—2— Yn—1Pn—2 
It is readily seen, by reference to (18), (33), and (35), 
that the numerators and the common denominator of (52) 
and (53) always have like signs. 


Consequently, Ni, and M, are positive for all values of n- 

Equation (47) shows that Mn<.J/B; that ts, Mn cannot 
exceed a. Equation (43), by transposition, becomes YnVn 
= Mnis +Mn 3 which shows that N,, as well as Yn cannot 
exceed 2a. 


Now, since the continued fraction, which expresses /B, 
must extend to infinity, and since M, as well as NV, are posi- 
tive integers less than 2a, it follows that the values of M, 


and Ni in Dr, = es must recur in periods. 
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Suppose the number of terms in a period to be n, so that 
Yui = iy Mri = My, Na= MM. (54) 
If z denote the complete denominator, corresponding to 
the partial denominator y,,, we must have 
Z=Yyn—a-+ VB. (55) 
Hence, 
__ PaZ Pn _ Pa Yn— 2) FP nV BHP (56) 
GZ Yn Yn(Yn — 4) + nV BH Gna 


Proceeding with (56) as was done with (49), and we 
find 


VB 


Pn(Yn— 4%) + Pn—1 = Ban. (57) 
In(Yn — %) Gna = Pra (58) 
Equation (58) gives 
Pn anda Qn—1 
— = Yn — 4 —., 59 
aot i e (59) 
Qn—1 


Now, since cannot be a whole number, it follows 


n 

that y, — a is the greatest integral part of - ; but, since the 
n 

process begins to repeat at this point, the greatest integer of 


a is a; therefore, y, — a =a, hence, y, = 2a. 
n 

So that, whenever we obtain a partial denominator which 
is equal to twice the greatest square root of B, the process 
must begin to repeat. 


Equation (58) gives, when 2a is substituted for yn, 


Int = Pn — 4Qn, which, divided by q,, becomes 


Qn—1 Pn 
———_ ==—_ — dd. 60 
Fane @. (60) 
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Inverting both members of (16), it becomes 
poe 1 | 
Gu Yan Gre 

Multiplying the numerator of the left-hand member of 


(61) by qn—1, and dividing the denominator of the right- 
hand member by the same quantity, we obtain 


(61) 


ET hie 
qn Yuna Ino (62) 
Qn—1 
Writing n —1 for n, in (62), and it gives 
Yn—2 ene 1 
Gn—1 Yn In—3 
Yn—25 


which substituted in (62) gives 
ae ie 

Cutis w 1 
Yn 


Qn—3 
nu? ° 63 


Again, in (62), writing n — 2 for n we get 
Gere senttoes 


Qn—2 ti Yn—3-t- Yn—4 
Qn—3) Which substituted in (63), 


ee (64) 
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Continuing this process we discover, that the value of 
Qn-1 | 


n 
of which the partial denominators are the same as those of 


the continued fractions arising from B, taken in a reverse 
order. 


is expressed by a continued fraction, less than a unit, 


From this, we see that if the partial denominators are 
symmetrical, that is, of the following form : 


15 Y25 Y35 eeeerseo eoeee ° 35 Y25 Yi5 eoee cece eces (65) 


then will = ee OY Qn == Pn, and conversely, if 


Qn—1 =n, then will the partial denominators be symmet- 
rical as given by (65.) 


Now, (60) shows, that a is the same as the value of 


a in the expansion of /B, after a is subtracted. 
nn 

Hence it follows, that, if we neglect the integral part 
a= y, the partial denominators of the continued fraction 
arising from tre value of /B, will recur in symmetrical 
periods. 


(224.) We will now extract the square root of some surds 
by the method of continued fractions. 


From equations (43) and (44), we readily find M,11, 

J B + Mn+1 
n+1 

= Yntit&e., we readily deduce 743. Continuing the 

process in this way we find in succession all the different 

partial denominators, of which the general term is yn. 


NVnti; When y, is known. Then by condition 


Observing the above law of derivation, we have in the 
case of /19, the following successive operations : 
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JV B+Mn 


N, =yn+&e; Vin >» —M= hte a Vgahn ne 

eye: 

YET = 44 bes 1x 4—0=4; ly i : e70. 
Pe 
10 __ 22 

ETE 1} Be 5 xX 1—2=—3; a 3 = 9. 
| __ 22 

VETS 3-4 &o; 2x 3—3=3; SS =< 0), 
ee: t) 

yi — 1+ &e; 5 xX1—3=2; i 5 : = 3. 

&e., &c., &c. 


These operations are all so simple that most of the work 
can be performed mentally. Consequently, the conversion 
of the square root of a surd into an infinite repeating con- 
tinued fraction, is a very simple matter. 


If B= 28, we shall have by proceeding as we have 
already done for B = 19, the following periods of partial 
denominators : 


Yo Yip Yeo YB, Ys 
RCE t Ts NOs Ost eats LU sy oy ay LOS eC. 


and our continued fraction becomes 


y28=5-+ -— 


‘eee 
2+— 

Sear 
Wr 

3+-— 

5 See 
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If we compute some of the approximate fractions, by 
Rule, under Art. 220, we shall find 
Dy | Syian tepen Be Ue eos 
| Lv) 1G es Teelon 13018 
Des ee i) 940 ae 
1307 
V28>5; VBL; y28>= 28 <2! = 3 V28> Ses 


and so on for the successive values. This last value differs 


from the square root of 28 by a quantity less than oan 

In the same way we find, for the square root of 31, the 
following partial denominators, the first term being always 
the integral part : 


, 1, 3,5, 3,1, 1, 10; &c., the approximate fractions are 


531 
1 BGs 11 39206. 657. $63 1520, 16063. 
TA. A RR Pre at ; 


The square root of 44 gives the partial denominators 


Od Me Lee Ev Sele sincccre tue gedit frac- 
one are 


1 6 7-13 20 53 73 126 199 2514 
O2At 12 20? ait Bish) 210 BOs eS TOR 
The square root of 45 gives 
6; 1, 2, 2, 2, 1, 12; &., 
16,720. 47 114 161 2046 
071713 Poem 24 * 805 3 
For the square root of 53 we have 
Ti pls dee l4 +s &e., 
Pe 6 22 29 51 182 2599 
Obata 05? Baa? 


&ce. 


(225.) If we suppose s to equal the following infinite 
continued fraction, we have 
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eee 
| 2a 


1 | 

carb Pee. (66) 
Transposing a, and then inverting both members of (66), 
we have ! 


birt 2a+ 


1 
Peta ots Ree ak) 
Adding a to both members of (66), it becomes - 


eva eioat te : 
2a-+ 


1 
vO aan (68) 
Equating the left-hand members of (68) and (67), we 


j 1 ? : 
have s--a = ; clearing of fractions,.s? —a?—1; 
s—a 


..s= Va?+1, and 


Va?—+1= falls 7 
2a + i 
pian aoa ied (69) 
If we make a == 1 in (69), we find 
af i 1f-— 
ele 
7a 
Phonak (70) 


If we make a= 2, we have 
39 
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Yo= 24—— 
Sev | 
Agtopie 
ape War 9 | (71) 
Again, suppose | 
$= oft 
2-- ; 
a ae Reh 
SOT eo! (72) 
Transposing a and inverting both members, we have 
= 24> 
s—a oF — 
2-- 


1 
Sar area (73) 


Transposing 2 and inverting, we have 


s—a 1 
1—2s+2a eee : 
po aae (74) 
Adding a to both members of (72), and it becomes 
sia =20-— 
ee 
2+-&e. eek io) 


Equating the left-hand members of (75) and (74), we 
have 
$a 
ST et 95 10a, 


Clearing this of fractions, and reducing, we have 


(76) 
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s=Var+a.°. Ve fa=a+-— 
art 


2a+"— 
Je OE 
Toqp ke. (77 


If we take a =2, in (77), we have 


v6= 2-+-— 7 
2p 
ca Eerace 
9-+-— 
Tae ee: 
Making a=13, we have 
——— Al 
V182=13 + Te 
2+- 7 
oo 
. Sas ee! 


(226.) A continued fraction, and consequently any com- 
mon fraction, can be converted into a series as follows: 


Equation (18) gives 


PRG PL sever 
q2 71 11192 
Pas Pt ee 
q3 q2 9293 
Paes Ey 
4 8 93 8 4s 


@eeeseeeeevee e888 


Brian irt (= WY! 
qd n Qn—1 Qn —1n ; 
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Hence, by addition, 

iio 2 ea eG ahe einicael 

192 qos 9394 


(A) 


Qn 71 

The terms of this series continually decrease, and are al- 
ternately positive and negative; consequently the error 
committed by taking n terms of the series is less than the 


(n-+-1)th term. 
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CHAPTER IX. 


LOGARITHMS. 


(227.) Logarithms are numbers, by the aid of which 
many arithmetical operations are greatly simplified. 


In the following relations : 
a* = b, my 
aY = Cy (2) (A) 
a* = d, (3) 
&Gi, &e. 


a, y and z are respectively the logarithms of }, c,and @, 


(228.) The assumed root a is called the base of the sys- 
tem of logarithms. 


(229.) If in (1), of equations (A), we make x= 0, we 
shall have a9==b=1, for all values of a, therefore the 
logarithm of 1 1s always 0. 


(230.) If in (1), we suppose the base to be negative, we 
shall have (—a)*=b. If 6 is positive, then z must be 
even, if bis negative, then « must be odd; hence we can 
not represent all values of b by the expression (—a)*. 
Therefore the base of every system of logarithms must 
be positive. 
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(231.) If in (1), we suppose b to be negative, we shall 
have at==— b. Now, since a is always positive, the ex- 
pression a® is positive for all values of x either positive or 
negative. 


Therefore, the logarithm of a negative quantity 1s impossible. 
(232.) Each different base must produce a different sys- 


tem of logarithms ; the logarithms in common use have 10 
for their base. 
So that we have 
10° sae O rt 0 a OU 2 108 = LOU ace 


Hence, we have 
1 


log. 1—0, log. Tiamoee 
1 
log. ty ily log. Sank — 2, 
log. 100 = 2, log. a0 = 
log. 10003, log. saan Bory 
log. 10000 = 4, &e., 
cep 


(233.) If we take the product of equations (1) and (2) 

of group (A), we shall have ; 
ety = bc, (4) 

from which we discover that, the logarithm of the product 
of two quantities is equal to the sum of their logarithms. 

Jind in general, the logarithm of a number consisting of 
any number of factors is equal to the sum of the logarithms 
of all its factors. 


(234.) It also follows from the above, that n times the 
logarithm of any number is equal to the logarithm of tts 
nth power. 
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(235.) If we divide equation (1) by (2), of group (A), 
we shall find 
a ce a (5) 
c 
from which we see that, the difference of the logarithms of 
any two quantities is equal to the logarithm of their quotient. 


(236.) We have just shown that the logarithm of a 
number raised to the nth power, is equal to m times the 
logarithm of the number. Conversely, the logarithm of 
the nth root of a number, ts equal to the nth part of the 
logarithm of the number. 


(237.) We will now show how the numerical values of 
logarithnis may be found. | 


If x is the logarithm of JV for the base a we shall have 
this condition : 


a®*= N. (6) 
If we assume 
oe 1+m, 
M=1--n, ") 


we shall have | 
(1+ m)*=1-+n. (8) 
Involving both members of this to the yth power, we shall 
have 
(1-+-m)*7= (1-+n)’. (9) 
By the Binomial Theorem, we find 
(1m) 27 
ee se re ee basi is 


Equating these expanded values, rejecting the units of 
both expressions, we have, after dividing through by y, 
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o} mm pa =). mp Se, ba 


_— (yh) —— 2) 3 
n,n? ea 


This must be true for all values of y. 
When y= 0, it becomes 

x{m —1mn? +-1m?—1m'+-&e. } =n —1n?+1n'—1n'+ &e. 
Hence, 


—1n?t1n3—1 &e. 
ne lor eV == lor. | (1-+n)=—— os th cae aan (10) 


Re-substituting a—1 for m, and we Haida! 
log. (1-+-n)= 


n —in?+1n? —in’+ &e. (11) 
(G1) Ha 1 se — 18 3a Te. 


If we assume 


ie 1 
elt (ING WEY OIE ALM IR BY TAME Te 2, 


we shall have 

log. (1-+-n) = M {n—4n?-+ yn’ —in'+ jn*— &e.}. (B) 
1f the base be so chosen as to render M= 1, then for- 

mula (B) will become 


log. (1--n) = n — }n?+- in? — in'+ In'— &e. (C) 
(238.) The logarithms obtained by formula (C) are 


called hyperbolic or’ Napierean, whilst the common loga- 
rithms given by formula (B), are called Briggean. 


Lorp Napier, or Neper, is supposed to have first con- 
structed logarithms. The logarithms in common use, were 
first calculated by Mr. Bricees. 


(239.) We shall hereafter denote the Napierean loga- 
rithms by the abbreviation JV log., whilst the common or 
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Briggean logarithms will be represented simply by log. 

Hence formula (C) will become 

NV log. (1--n) =n — In?-+ In? — 1n*+- 1n?— &e. (C’) 
(240.) By comparing formulas (B) and (C’) we discover 

this relation 


MX WN log. (1-En) = log. (1--n). (12) 
Therefore, 
vi log. (1--n) (D) 
NV log. (1--n) 
1 


— (ga 1) Sa NEE Ha Coa? is called the 


modulus of the system of logarithms whose base is a. 


From (12) we see that, the logarithms of any particular 
system is equal to the Napierean logarithm multiplied by 
the modulus of that particular system. 


(241.)We will now proceed to calculate some Napierean 
logarithms. 
Resuming formula (C’), which is 
Nlog. (1--n) = n — }n?+ jn? — jnt+In® — &e. 
we have, when n is made negative, 
Nlog.(1 — n) = — n — 3n?— 1n? — jn*§— &e. (1) 
Subtracting (1) from (C’), we have 
NMlog.(1-+n)—WNlog.(1 —n) = Wlog. = 2) 
=2nf Inf Inf in" Jn?4-&e,) 


1 1-+-n 1 
2), 5 El shall find —— a =?t and 


If we assume n == 


(2) will become 


Wlop fs =2} 5 Pee 
ae Pp Sp-L1' 3appiy* 


Or, which is the same thing, 
40 


vari a3 +e. Lo 
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NMlog. (p-+1) = 


iD 
Mlog.p+2) pit aap y py 


If we take p = 1, formula (E) becomes 
Mlog.2—2 : : 


teat et ©) 


1 1 
staptggetagrté | 
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3° = 9/0.66666666— 1—0.66666666 
9|0.07407407— 3=—0.02469136 
9}0.00823045 = 5—0.00164609 
9/0.00091449— 7=—0.00013064 
9/0.00010161— 9—0.00001129 
9/0.00001129—11 —0.00000103 
9,0.00000125 +13 = 0.00000010 
9/0.00000014 +15 — 0.00000001 
0.00000001 


0.69314718= Mog. 2. 
Take p = 4, in formula (E), and we get 


1 ] at 1 
Nog. 8 = Wlog. 4-42) 5+ east sige port bef 
But NM log. 5 = Mlog. 10 — WVlog. 2 ; 


also, Niog. 4=2 WMlog. 2. 
- Hence, substituting these values of Vlog. 5 and Mlog. 


4, in the above expression, and we get, after pe 


1 
Vlog. 108 Mlog. 242) 5+ teatime ai tazgrt ke. 


Executing the calculation, for the sum of the series, as in 
the above example, omitting the ciphers on the left, we ob- 
tain the following: 
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9/2 

9)0.22222222 —1 = 0.22222222 

9} 2469136 

2 2743483 = 91449 

9 30483 

9 3387-5 = 677 

9 376 

9 42-7 = 6 
5 pets bee otc n ad 


0).22314354 = sum of series. 
3 Mlog.2 = 2.07944154 


2,30258508 = Vlog. 10. 


We are now prepared to find the modulus of the Briggean 
system. Since the base of the Briggean system is 10, and 
the logarithm of the base of any system is 1, we have log. 
101; formula (D) shows, that the common logarithm 
of any number divided by the Napierean logarithm is equal 
to the modulus of the common system. 


Hence, 


BeOS ee vee ey 3400419, 
au: Nilog.10 2.30258508 


This value, when carried to 35 decimal places, is 
M = 0.43429448 190325 18276511289 1891660508. 
We will now proceed to calculate common logarithms. 


Since all numbers are either primes, or composed of a 
certain number of prime factors, and since the logarithm 
of any number is equal to the sum of the logarithms of 
all its factors, it follows that it will be necessary only to 
calculate the logarithms of prime numbers. 
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By equation (12), Art. 240, we see that the Napierean 
logarithm multiplied by JM, gives the common logarithm. 


Hence, 
log. 2 = NV log. 2X M— 
0.69314718 x 0.43429448 = 0.30103000. 


The logarithm of 10 we know to be 1, therefore the 
oeNeaetbe! 2 —1—log. 2—=0.69897000. 


Formula (E), when adapted to common logarithms, be- 
comes 
log. (p+ 1)= . 
1 1 
log. p 21} VTP RE By ies Por ee 
Gab Spit amp tape et 
or, 
log. (p-+-1)= log. p+ 
J J 1 (F) 
0.86858896 i 
ae +1 3@ppiyt sapiyt | 
Take p= 2 in (F), and we get 


log. 8=log. 2+-0.86858896 } = was PAT dvi rte pith. 


a ts De 


5|0.86858896 
5?== 25|0.17371779—1 = 0.17371779 


25 6948713 = 231624 

25 27195 5 == 5559 

25 Lid Tae 159 

25 44-9 = 5 
2 ‘ee 


0.17609126 —=sum of series 
log. 2== 0.30103000 


ee 


0.47712126 = log. 3. 
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If, in (F), we make p — 49, we get. 


log. 50 = . 
1 ] ] 
log. 49-0. 86858996 } bs 95y enue ee 
And since 


log. 50= log. 10-Llog. Bs and log. 19 = 2 log ig 


we have by substitution and transposition, 
2 log. fi 


me 1 
_ log. 10+log. 5—0. 86858896 99399 (99)8 '5.(99)§ Gots 


Calculating the series, we find 


99]0.86858896 
(99)? 9801 877362—-1 — 0.00877362 
. 89-3 — 29 


0.00877391 = sum of 


series. 


log. 5 == 0.69897000 
log. 10s 


1.69897000 
0.00877391 


1.69019609 = 2 log. 7, 
0.84509804 = log. 7. 


We might have calculated the log. 7 by substituting 6 for: 
p in (F), but the operation would have been more lengthy 
than the above. 


The next prime in order is 11; to find its log. we make, 
in equation (F), p= 99, observing that log. 100 = 2, also, 
that 
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log.99 = log. 9+-log. 11 = 2 log. 3-+-log. 11, 
we thus obtain 


a 


Or, by transposing, it becomes | 
1 1 


11=2—21 —0.86858896 
payee og. 3 nat Sasa t & 
199]0.86858896 
39601 436477 —1 = 0.00436477 
| 11+3 = 4 


0.00436481 = sum of series. 
2 log. 3 = 0.95424252 


0.95860733 
2.00000000 
0.95860733 


1.04139267 = log. 11. 


To find the log. of the next prime 13, we assume p = 1000 
in equation (F), and obtain 


log. 1001= 
1 1 
log. 1000-+-0.86858896 
Spang soi + (2001+ ** 
Now, since . 


1001 = 7X11 13, log. 1001 50. 7+-log. 11+log. 13 
Hence, 
log. 13 = 


1 1 ! 
mn ss 6858896 poe We 
3—log. 7—log. 11++0.8 soot soot 8 
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2001/0.86858896 
43407 = sum of series. 
log. 7 == 0.84509804. 
log. 11 == 1.04139267 


3.00043407 1.88649071 
1.88649071 


1.11394336 =log. 13. 


We might proceed in this way until we should have cal- 
culated the logarithms of all the prime numbers within the 
limits of the tables. 


If, in formula (F), we substitute g’—1 for p, it will, be- 


come 


1 i 
fom, ate long eal) too See ee ee 
og. g? = log. (g*>—1)+ LU acomm PeqSE C 


Now, since log. q? = 2log. q, 
and = ~— log. (qg2— 1) = log. (q+1)+log. (¢q—1), 
we have _~ 


log. (q+ 1) = 2log. g 


] ari y 
loc. lg—1)\—0: Sh Ss a fale ane Da YS ak 
log.(q—1)—0O 86858896} 5 tga + &e 
When g>18, we have this very simple formula : 
0.86858896 
log.(q+1) = 2log. q—log.(q —1) — ~S5 ORT (G) 


q—t 
This formula will be true to 8 places of decimals. 


Having already obtained the logarithms of all numbers 
as far as 13, we may now make use of formula (G) for all 
numbers exceeding 13, and thus shorten the labor. 


(242.), We have already (Art. 237) said, that the base a 
of the Napierean system of logarithms satisfies the following 
equation : 


4 


j 
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(2-1) —4(a— 1) (0 1)"-(a—- 1) &e.= 1. (1) 


From example 3, page 260, we see that if we have 


(y—1) We + aloes (2) 


en will | 


Equation (2) will agree with (iy when y—a, a 1. 
Making these ae in (3), we find 


1 
esa Ue stsytagit PeTeM ers a 


This series may be summed as follows : 


1 
2)1 
3/0.5 © 
4|0.16666666 
5| 4166666 
6 833333 
7 138888 
8 19841 
2 2480 
10 276 
11 28 
| 2 


2.71828180 = base of Napierean logarithms. 


This value, when extended to 35 decimals, is found to be 
e = 2.71828182845904523536028747135266249. 


EXPONENTIAL THEOREM. 


(243.) This theorem makes known the law of the develop- 


ment of a* according to the ascending powers of z. 
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To determine this law, we will assume 
a® = 1+ Ar+ Bert Cr?+ Dz'-+ &e., (1) 
poth members of which become 1, when, z= 0. 
Changing z into y, in (1), and we have 
a’ = 1+ Ay+ By+ Cyy+ Dy'+ &e. (2) 
Subtracting (2) from (1), and actually dividing the right- 
hand member by 7 — y, we obtain 


=AL Bet y+ Or tat. @ 
+ D(z? vy ayy) + &e. af 
Writing z— y for z, in (1), and it becomes 

a?~4¥ = 1+ A(t —y)+Ba— y)+Cie@—y+&e. (4) 

Transposing the 1, and multiplying by a”, we get 

a¥(a*—¥ —1)= a4] A(r—y) + B(a—y)l?+ Cla—y)?+&e.] (5) 
Dividing (5) by « — y, after replacing its left-hand mem- 

ber by its equivalent value a” — a’, we find 


a* — ay 


a*— ay 


; =a A+B(r—y)+C(c#—y)+ D(a—y)?-+&c. ] (6) 
Equating the right-hand members of (3) and (6), we 
have 


fe B(a+y)+ C(2?-++ay+y’) 
(7) 
] 


4 


+ D(ai+e°y+2y+y5)-&e. § 

= a [A+ B(a—y)-+C(2—y)?+ D(e—y)?-L&e. 
This is true for all values of z and y. 
When y=—za, it becomes 

A+ 2Bze+-3Cz?-+4Dxe?+ &e.=a*. A. (8) 
For a*, substituting its value, equation (1), we find 

A+ 2Bzr-+ 3Czx?+-4 Dz? +-&e. ; (9) 

= A+ Par AB2? + ACzr+ &e. 
Equating the coefficients of the like powers of x, (Art 
183), we find 
41 
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Bs oom toy Se Not 
9 a. RES 
QBs, B= ‘ae 
AB 
3C = AB, >: Uhereforen <..C — —-, 
2.3 
4D = AC Daa 
eatin | Tooele 
Gin ke &e. &e. 


Hence, (1) becomes 
vy bi x? 
j Some : 10 
a a as Ral Niall Sn AERA (10) 
Tt now remains to find the value of 7. 


For this purpose, put 1+-b—a, and we have a*= 
{1--b)*, which, by the Binomial Theorem, becomes 


a+i— 


i lea ey ay Ja (11) 


Performing the multiplications indicated, we find the 
coefficient of the first power of x to be 


DinieD 260 aokpS 
jo Tene PP 


or, re-substituting a — 1 for b, it becomes 


(ae iee See aa Ro. 
Therefore, 
ye oo, Same tl oy +e, (12) 


If in formula (C’), we put a —1 for n, we shall find 


Nlog.a=(a—1)— Angi fey (a — to BY phe, 
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Hence, 
te IN Lom (13) 
This value of 4 substituted in (10), gives 


2 3 
Ge eeuey Ni loee wa OBS we Bee SOE? Male (A) 


When 


a= e=2.7182818 &e., 
then 


Viloraa==4Viilog. ¢-— 1, 
_ and (A) becomes : 


=] Dy Ee vate (B 
geen’ a vier i ne tear een 
APPLICATION OF LOGARITHMS. 


(244.) By the aid of a table of logarithms, we can easily 
perform the following operations : 


1. Find the value of ae by logarithms. 


Recollecting (Art. 233) that the logarithm of the product 
of several factors is equal to the sum of their respective 
logarithms ; and (Art. 235) the logarithm of the quotient 
of one quantity divided by another is equal to the logarithm 
of the dividend diminished by the logarithm of the divisor, 
we find for the logarithm of our expression 


log. OATS = log. 3.75+log. 1.06 —log. 365. 
By the tables we have 
log. 3.75 = 0.5740313 


log. 1.06 = 0.0253059 


ae 


0.5993372 
log. 365 = 2.5622929 


log. 0.01089 = 2.0370443. 
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Therefore, the above expression is nearly equal to 
0.01089. 


2. Find the 11th root of 11, that is, the value of the 4/11. 
Taking the logarithm of this expression, we find 
log. 'VWl1=7, of log. 11 = , of 1.0413927 = 0.0946721 
= log. 1.24357 &c. 
Therefore, WV 1.24357. 
| 8°x Y7 
1/6 
5 X log. 8++4log.7—flog. 6 = 4.51545 +-0,2816993 
— 0.1556302 = 4.6415191 = log.43794.53. 


Therefore, our expression is equivalent to 43804,53. 


3. What is the value of 


q 


(245.) The above examples will show the great advantage 
of logarithms in abridging arithmetical labor. In the higher 
parts of analysis, the use of logarithms ts indispensable. It 
would not be difficult to propose questions, which by loga- 
rithms might be wrought in a few moments, but if wrought 
by arithmetical rules, would require years. The following 
example will illustrate the above remark. 


How many figures will be required to express 99° ? 
The exponent of the above expression is 
99 — 387420489 We POM = 99.8 14RD Ae 
Putting it into logarithms, we have 
log.'9 927479489 = 387420489 x log. 9 = 
387420489 x 0.954242509439 — 369693099.63 &c. 


Hence, the number answering to this logarithm must con- 
sist of 369693100 figures. This number, if printed, would 
fill upwards of 256 volumes of 400 pages each, allowing 60 
lines to a page, and 60 figures to a line. 
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EXPONENTIAL EQUATIONS, 


(246.) An exponential equation is one where the unknown 
quantity enters as an. exponent. 


Thus, Obes tU LE = ioe, 
are exponential equations. 


(247.) When the equation is of the form a*=b), we find, 
by taking the logarithm of both members, z X log. a=log. b. 
Therefore, aes pee d 
. log. a 
(248.) When the exponential is of this form z°—=c, we 
must find the value of x by the following double position 


RULE. 


Find by trial two numbers as near the value of x as possi- 
ble, and substitute them successively for x; then, as the dif- 
ference of the results is to the difference of the two assumed 
numbers, so is the difference of the true result, and etther 
of the former, to the difference of the true number and the 
supposed one belonging to the result last used; this differ- 
ence, therefore, being added to the supposed number, or sub- 
tracted from i, according as wt is too little or too great, 
will give the true value nearly. 


And if this near value be substituted for x, as also the 
nearest of the first assumed numbers, unless a number still 
nearer be found, and the above operations be repeated, we 
shall obtain a stall nearer value of x; and in this way we 
may continually approximate to the true value of z. 


EXAMPLES. 


1. Given 2*= 100, to find an approximate value of z. 


- The above equation, when put into logarithms, becomes 


326 LOGARITHMS. 


xX log. c= log. 100 = 2. (1) 
By a few trials we find the value of x to fall between 3 
and 4. If we substitute, in succession, 3 and 4 in (1), we 
shall find | 
3 X log. 3 = 1.4313639 
4X log. 4 = 2.4082400 


0.9768761 = diff. of results. 
0.9768761 : 1: : 0.4082400 : 0.418. 
Hence, 4—0.418 = 3.582 = « nearly. 


Upon trial, this value is found to be rather too small, whilst 
3.6 is rather too great ; therefore, substituting each of these 
in succession in (1), we find, 


3.582 X log. 3.582 = 1.9848779 
3.6 X log. 3.6 =2.0026890 


—— 


0.0178111 = diff. of results. 
0.0178111 : 0.018 : : 0.0026890 : 0.002717. 
Hence, 
3.6 — 0.002717 = 3.597283 = « nearly. 
2. Given x*=5, to find an approximate value of z. 
ANS. = Oeouee 
3. Given x’= 2000, to find an approximate value of z 
Ans. 2 = 4.8278. 
4, Given Z** = 100, to find an approximate value of z. 


Ans. 1= 2.2127: 


~ 


COMPOUND INTEREST AND ANNUITIES BY LOGARITHMS. 


(249.) Interest is money paid by the borrower for the use 
of the money borrowed. 
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It is estimated at a certain rate per cent. per annum; that 
is, a certain number of dollars for the use of $100 for one 
year. 


The sum upon which the interest is computed is called 
the principal. 

The principal, when increased by the interest, is called the 
amount. 

When the interest of a given principal is paid at the end 
of each year, it is called stmple interest ; but when the in- 
terest due, at the end of each year, goes to increase the prin- 
cipal, it is called compound intcrest. 


The present worth, at compound interest, of a given debt, 
due at some future time, is sucha sum as, being put out 
at compound interest, will, in the given time, amount to 
the debt. 


Aln annuity is a fixed sum which is paid periodically, for 
a certain length of time. 


(250.) In our calculations we shall use the following no- 
tation : 


p = the principal. 

7 =the interest of $1 for one year. 

R= $1-+-r = the amount of $1 for one year. 
a = the amount of the given principal. 

/l = an annuity. 

a’ =the amount of a given annuity. 

P =the present worth of a given annuity. 

n =the time in years. 


Since $1++r= R is the amount of $1 for one year, it 
follows, that the amount of a given principal, p, will in the 
same time be pR, and this being considered as a new prin- 
cipal, will in the next year amount to pR X R = pR?, which, 
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in turn, will the next year amount to pR? x R—=pR?; and 
so on. 


Hence, 


pR =amount for 1 year. 

pR* = amount for 2 years. 
pR* = amount for 3 years. 
pR* = amount for 4 years. 


pA” = amount for n years. 


Therefore, we have this relation, 
G == oR, 
which, in logarithms, becomes 
log.a=log. p-+n log. R. (1) 

(251.) When an annuity is left unpaid for n years, it is 
obvious that the annuity due at the end of the first year, must 
be on interest » —1 years, and must therefore amount to 
AR"; the annuity due at the end of the second year will 
be on interest n —2 years and will therefore amount to 


A1R"—*, and so on, hence, the amount of the annuity at the 
end of years will be 


ACR. Re does woe ee RI). 
The geometrical progression within the parenthesis being 
summed, we have, after substituting r for R—1, 


R"—1 
—). (2) 
We have said that the present worth of a debt is such a 
sum as being put out at interest, will, in the given time, 
amount to the debt, hence we have 


“| 
Ra | 


a= | 


PR= Al (2) 
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from which we find 


1 
Al ae 
Re a! 


When the annuity is continued forever, the value of n 
becomes infinite, making this substitution in (3), we find , 


P= —. (4) 


Tr 


The amount of $1 at compound interest for m years at r 
per cent., is 


(1-+r)”. (5) 
The amount of $1 at simple interest for m years at r per 
cent., 1s 
1--nr. (6) 
Expression (5), when expanded by the binomial theorem, 
panes: 


(pry par MC Dea | ODO), 4 0 


When n= 1, this expression becomes 


1--nr. 
When n>1, this expression is >1-++-nr. 


When n<1, it is <1---nr. 


Hence, the compound interest computed by formula (1), 
is equal to the simple interest when the time is one year ; 
it is greater than the simple interest, when the time is greater 
than one year, and less than the simple interest, when the 
time is less than one year. 


42 
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EXAMPLES. 


1. How much will $875 amount to in 12 years, at 6 per 
cent, compound interest ? 


In this example, we have 
PAP IDs etl eee OG 
and we are required to find a. 
Substituting these values in equation (1), we have 
log. a= log. 875-+-12 log. 1.06. 
By actually consulting a table of logarithms, we find 


log. 875 = 2.9420081 
12 log. 1.06 = 0.3036708 


eet en 


log. a = 3.2456789. 
Therefore, a == $1760.672. 


2. What principle will, in 10 years, at 5 per cent., anount 
to $1000 ? 

By transposition, equation (1) becomes 

log. p= log. a—n log. R. 
Substituting for a, n and R their given values, we have 
log. p= log. 1000 — 10 log. 1.05, 
“. 20g. p = 3 — 0.2118930 = 2.7881070. 

And, p= $613.913. 

3. At what rate per cent, will $100 in 16 years amount 
to $160 2 

Fquation (1) gives 

na log. a— log. Pi 
n 

which, in this example, becomes 
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log. R= aS — 0.012755. 


*, RussdeUeao L. 
Therefore, the per cent. is 2.981, or nearly 3 per cent. 


4. In how many years will $460 at 7 per cent., amount | 
to $1000 ? 
eee equation (1) gives 


__ log. 2B. 8: D 
log. R 


? 


which, in this example, becomes 


__ 3 —2.6627578 
0.0293838 


5. What is the amount of an annuity of $200, which 
has remained unpaid 14 years, at 6 per cent., compound 
interest ? 


= 11.477 years, nearly. 


Equation (2), when put into logarithms, becomes 
log. a'= log. A+log. (RX — 1) — log. r. 
In the present example 
go0 OGM a Rie 06) 12005. ree 
log. R= n log. R= 0.3542826. 
Teh ==> 2.2609 and R*—= 1 = 1.2609, 


Hence, 
log. a’= 2.3010300-+-0.1006806 — 2.77815 13, 
and 
log. a’= 3.6235593. 
Therefore, 


a'— $4203 nearly. 
6. What is the present worth of the above annuity ? 
Equation (3) gives 
log. P=log. a’—n log. R. 
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In this particular case, we have 
log. P= 3.6235593 — 0.3542826 = 3.2692767. 
and P =$1858.988. 


7. What is the present worth of an annuity of $100, to 
continue forever, at 7 per cent ? 


By equation (4), which is P = a we find 
P= —— = $1428.571. . 


8. A debt, due at the present time, amounting to $1200, 
is to be discharged in seven yearly and equal payments. 
What is the amount of one of these payments, if the inter- 
est is calculated at 4 per cent ? 

In this example, we have given the present worth of an 
annuity, the time of its continuance and the rate of interest, 
to find the annuity. 

Equation (2'), by a slight reduction, becomes 

Pr 
A= —— 

Rr—1’ 
which, in logarithms, is | 
log. A==log. P+ log. r-+n log. R—log. (R*—1), 
If we take 
P= 61200 s 7 = 004s eh 1.04: ni 
we shall find 
== Slee ol. 

9. In what time will a given principal, at compound inte- 

rest, amount to m times the principle ? 


Under example 4, we have the formula 


sti. log. a— log. p 
Wks eR 0’ 
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To make this agree with the present case, we must, for a, 
write mp, by which means it becomes 
__ log. m 
~ log. R a 


(252.) When the interest, instead of being added to the 
principal at the end of each year, is added at any other 
regular period, as half yearly, quarterly, &c., nm must be 
considered as standing for the number of those periods, and 
r will be the interest for one of those periods. 


10. What is the amount of $100, for three years, at 6 
per cent. per annum, when the interest is added at the end 
of every 6 months ? 


Equation (1), when adapted to the present example, 
becomes 


log. a = log. 100-+-6 log. 1.03, 
from which we find 
a = $119.405 
1i. If the interest of $1, for the zth part ofa year, is 


E , what will be the amount of $1 forn years, when r= 2 
Ee 


The formula for the amount will, in this case, be 


o=(142)" 


Expanding the right-hand member by the Binomial Theo- 
rem, we find 


pt r ,nx(nz—1) 7? , na(nx—1)(nz—2) 3 
a=1-+nz. —4 meet 5 Sic shes ae ~ + &e. 
When x = 0, this becomes 


ny4 


alter t os + oat ry ares 
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Comparing this with formula (B), Art. 243, we have 
O ten OF 
Using the common logarithms, we have 
log. a = 1 X 0.4342944819. 


This formula gives the logarithm of the amount of $1 for 
m years at 7 per cent. 


If we call n= 1, r = 0.07, we shall find 1.0725 nearly, for 
the amount. That is, the instantaneous compound interest 
of $1 for 1 year, at 7 per cent. per annum, is 71 cents nearly. 


Hence, however often a person adds the interest to the prin- 
cipal, to form a new principal, he cannot make more than 
7+ per cent., when the rate is 7 per cent. per annum. If 
we take the rate per cent. per annum, at 623, and compute 
the instantaneous compound interest on $1 for 1 year, it 
will be just the same as the simple interest of $1 for the same 
time at 7 per cent. 


(253.) Before closing this chapter, we will show how for- 
mulas 17, 18, 19, and 20 of Geometrical Progression were 
found. 

By taking the logarithm of both members of No. 1, as 
given in the table under Art. 178, we have 


log.  =log. a+(n— 1)log. r. 


This gives 
aaa __log. i— log. ‘4 
log. r 
log. J — log. a 
or, ‘ja ee ope Y 


which agrees with No. 17. 
No. 5 is readily put in the following form : 


a--(r—1)s = ar”. 
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Taking the logarithms, we have 
log. [a-+-(r — 1)s] = log. a+-n log. r, 
from which we readily get 
__ log. [a+(r —1)s] —log. a 
Si log. r gees 
which agrees with No. 18. 
No. 12 may take the following form : 
a(s—a)*—1 =1(s— I)", 
which, in logarithms, is 
log. a4-(m—1) log. (s — a) = log. J+-(n—1) log.(s—1), 
which gives 


log. ho 1d0g. a 
~ lo. (s—a)— log. ayia 


which agrees with No. 19. 
Again, No. 16 may be written as follows : 
ris —l)r?-'—sr™'+1=0, 
which is readily reduced to 
[v2 —(r—1)s |r? = 1. 
Taking the logarithms, we have ~ 
log. [rd —(r —1)s ]+(n—1) log. r = log. J. 
From this we find 
__ log. 1 —log. prt ree hs) Thy 
log. r 


which is the same as No. 20. 
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CHAPTER X, 


GENERAL PROPERTIES OF EQUA- 
TIONS. 


(254.) Any number or quantity which, when substituted 
for the unknown quantity in an equation, satisfies the equa- 
tion, is called a root of that equation. 

If the general algebraic equation, 

ot Ay 4 Aga... tA, st+Ay=0, (1) 
is satisfied by making r= ay, then a; is a root of equa- 
tion (1). 

Substituting a; for z in (1), we get 


a™ + Aat— + Agat—.... +} Andi +An= 0. (2) 
Subtracting (2) from (1), we have: 
ae at Ay(a"— cae a4, | Ae(a"-* a at) (3) 
ecccoes 4 (2@— es 0. 
We know that each of the expressions 
zr" — at, 
grt ey! 
gn—2 ees a"™—2 
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is divisible by z — a, ; consequently, the left-hand member 
of (3) is divisible by x — a. 

Equation (3) does not differ from (1), since (3) was de- 
rived from (1) by subtracting from it equation (2), which 
is equal to 0. Therefore, equation (1) is also divisible by 
xz—«,; hence the following property : 


(255.) If a, 1s a root of the general algebraic equation 
Bt oO Baek Ws dleia's +A, attA, = 0, 

then its left-hand member will be divisible by x — 44. 

As an example, suppose 3 is a root of the equation 

go xt 360: 

Now, by the above property this equation must be divisi- 
ble by x —3. 

Actually performing the division, we have 

x? — Tx?-+ 36|z — 3 divisor. 


x? — 32? 
—— |x°— 4x — 12 quotient. 
oa 
—42?-+- 12x 
— 127+-36 
— 127+36 
0. 


(256.) If we divide our general equation 
at Ayr"! + Agr”? .... + Ane + A, = 0, (1) 
by z— aj, we shall obtain for a quotient, a new equation 
of one degree less than equation (1), which may be repre- 


sented as follows: 
a" 4. Bx” Box3 ogee +B, t+ Br-1 saz, (), (2) 


This equation must also have a root, which we will rep- 
resent by ag. Again, dividing (2) by x — az, we paRAL obtain 
43 
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a new equation one degree less than (2), and consequently 
two degrees Jess than (1). Let this new equation be rep- 
resented by 


gr? Cya7—3 4 Cpr ged, \e. + Ct + Ota =, (3) 
If a; isa root of equation (3), we can divide it by r—azg, | 
we shal] thus find a new equation of three degrees less than 
equation (1). If we continue in this way, we shall, after n 
divisions, obtain an equation whose degree = 0; therefore, 
equation (1), is composed of n factors. 
L—dy3 X—Ag; T— dg; &e. 


Hence, we have the following property : 


CET i uilia ls Gilets cet Gn, denote the n roots of our 
general equation of the nth degree, then this equation will 
take the following form: 

(a — ay)(a@ — az)(a@ —az)...... (2 — d,—1)(@— adn) = 0. 

This equation is verified by making either of the n fac- 
tors =0; that is, by making z= a, or r= ag, or T= 4, 
&c., from which we infer, that every equation of the nth 
degree, has n roots. 


(258.) It does not however follow, that all the roots a1, 
dg, 3, a4, &c., are different, since two or more of them may 


be equal, but still, their number must be n, since there are | 
n factors. 


(259.) If all the roots ay, do, d3,.......Gn are negative, 
then each factor of the equation 


(x-+-a))(x-+-ag)(ateag). ......(@-an_1)(x@-+- an) = 0, 


will be positive, consequently each term of its equivalent 
value 


ant Aye" + Anan, A eeceotecen + An1t-+- A, — 0 
will be positive. 
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If the roots are all positive, then will the terms of 
(x aa ay)(x an: dg) (x Oe a3) Pet atet aie. (x — An )(x a an) = 0, 


when expanded, be alternately positive and negative. 


(260.) Hence, if the terms of any equation are neither 
all positwwe, nor alternately positive and negative, that equa- 
tion must contain both positive and negative roots. 


(261.) Reasoning after thismanner, Harriot has shown 


That every equation whose roots are possible, has as many 
changes of signs from + to —, or from — to -++, as there 
are positive roots; and as many continuations of the same 
signs from + to +, or from — to — , as there are nega- 
tove roots. 


(262.) If, as we have already supposed, the n roots of 
ane juation of the nth degree be denoted by aj, a2, dg,.... aay 
we can put the equation under the following form : 


(x — a;)(x— a2)(x — a3)(wx—ay)....(e@—a,) = 0. (1) 
Let us suppose @; >d23 d@2>a3; ds>a4;3 and so of the rest. 
If a quantity 5 greater than a, be substituted for x in 


(1), the result will be positive, since all the factors will 
then be positive. 


If a quantity c less than a;, but greater than ay, be sub- 
stituted for x, the factors will be all positive except one, 
and consequently the result will be negative. 


If a quantity d less than ag, but greater than a3, be sub- 
stituted for av, all the factors except two will be positive ; 
and since two negative factors produce a positive product, 
the result must be positive. 


By following out this plan of reasoning, we deduce the 
following property : 
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(263.) If two quantities be successively substituted for x 
in any equation, and give results affected with DIFFERENT 
stans, there must be aun odd number of roots between these 
quantitres. 

But of the two quantities when substituted for x giwe 
results affected with the SAME siGNns, there must be either 
no root, or else an even number of roots between these quan- 
tities. 


EXAMPLES. 


1. Find the first figure of one of the roots of the equation 
v+1.52?+0.302 —46 = 0. 

If we substitute 3 for x, the result will be — 4.6, a nega- 
tive quantity. If we substitute 4 for z, the result will be 
43.2, a positive quantity. Therefore, the first figure of the 
root sought must be 3. | 


2. Find the first figure of one of the roots of the equation 
z+ 32° 22? 62 — 148 = 0. 
Putting 2 for z, the result is — 88, and putting 3 for z, 
we get 50, .°. the first figure of the root sought is 2. 


3. Find the first figure of one of the roots of the equation 
z*— 17x?+-54x2 — 350 = 0. 


In this example, the two consecutive numbers between 
which there is a root, are 10 and 20, therefore, the first 
figure of the root sought is 1 in the ten’s place. 


(264.) By actual multiplication, we find 
(x — a;)(%& — a2) = 2? ay vA r+ ayaa, 


— ay +ayjae 
(—a,)(x—a2)(x—a3)= 2? —ay > 2? ayaz > 2 —ayaeds, 
— Qs “+-a2a3 
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— ty ) 
wee 3. 


(a—a1)(@— az)(x—a3)(a—ay)—=2* “pe 


: +- ajay 


+ 4143 — 444203 
aia — 8,304 
Baie x Lay dod3d4, 
+ d2ds — 1 a3A4 
+-deay — Agi3a4 
+ asi 
ss Sey Son) 


By carefully examining the above results, we discover 
the following properties : 


(265.) The coefficient of x in the first term ts always 1. 


The coefficient of the second term, is the sum of all the 
roots with their signs changed. 


The coefficient of the third term, is the sum of all the 
products of the roots taken two at a time. 


‘The coefficient of the fourth term, is the sum of all the 
products of the roots with their signs changed, taken three 
at a time. 


J/lnd so on for the succeeding terms, until we reach the 
last term, which is independant of x, and is equal to the 
continued product of all the roots, with their signs changed. 


(266.) The general form of an imaginary or impossible 
root of an equation is a+ V— b. 

The only factor which will render a+. V — d rational, is 
C= /—d. * 


We have just. seen, that the last term of our general 
equation 


342 GENERAL PROPERTIES OF EQUATIONS. 


ert Ayr" 1+ Aor”... A, t+, = 0. 
is composed of the continued product of all its roots. 
Hence, if a-+- V—b is a root of this equation, then also 
will a—V—b be a root, unless A, is imaginary. 
In the same way, if a!++ ee isaroot, then will ai— J eat 
be a root, and so for other imaginary roots. From this we 
infer the following properties : 


(267.) Every equation has an even number of impossible 
roots, or else none at all. 

JIn equation of an even degree may have all its roots im- 
possible; but if they are.not all impossible, two of them at 
least are possible. 


If all the roots of an equation are impossible, then what- 
ever values are substituted for x in that equation, the results 
will always be affected with the same signs. 


Jin equation of an odd degree has at least one real root. 
(268.) If we divide both members of the identical equa- 
tion 
a Aya"? 4 Aen" —* . Ant, = 
(x — a;)(x — a2)(x —a3)....(@—a,) 


by 2”, we shall obtain 


(1-2)[)—2](-8) (0-8) 


Taking the logarithms of both members, we find 
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Aye Al Bi Pras, Bee EN 4 
0g: eee tS l= ++log.(1— | 


lor. (Vey. 
+ log (1 =) | 

If we actually take the logarithm of the left-hand mem- 
ber of (A), by formula (C), Art. 237, where 


Sy PTs od Eas A ta 
4 eae $4 
it yea x 45 
is put for n, we shall obtain 
+A, 
PAs —A,A, 
FESO) ais oe Oe Nato gee 
= ATH GS Ohare EOE tay ie 
1 mas — Ge 
2 +3 1 +/2A, i ) 
oe gs 
4 1 


By taking the logarithms of the terms of the right-hand 
member of (A), we get 


1 
<a (a; +do+as clalenelene an) 
ote (aieHetca? so. ei 
2 ? 

‘ ¢ 

— (qs agen bs eae a3 a (©) 
2 i a8 
1 ] 
rg eirasaas SBpeex as 


&C., &e. 
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By equating the coefficients of the like powers of z, in 
(B) and (C), we find the following interesting properties : 
a, +a, +c, vos00, —=—A,, 
a?tai+a2....a2—=/Ai—2h, 
a?+a3+a?....03 =—A34+3A,4—3A4,, (D) 
Gi4-a3-+a073....a4— ? 

A!—4.42A,+4.4;A3+2A2—4M, 
&e., &e. 


(269.) These relations make known the sum of the mth ; 


powers of all the roots of an equation in terms of its coefh- 
cients. 


(270.) If we suppose the general equation is deprived of 
its second term, or which amounts to the same thing, if we 
suppose .1; 0. the above results of (D) will become 

a,+a,+a,....dn =D, 

a?—+a2?+a2....a2 =—2Ap, ? 

a?ta?+a3....a3 =—3A, 

at—tastai....a4=2/13—4MN, 
&c., &e. 


TRANSFORMATIONS OF EQUATIONS. 


(271.) We will resume our general equation 
ert Aya" 4+ Aor®* 5 oe fAnit +A, = 0. (1) 
If in this equation we suppose «—=w--2’, wu being a new 


unknown quantity, and z’ an indeterminate quantity, we 
shall have | } 


bert He tede tt Alero ys Ye a) 


wee Ap—i(u-- 2!) +- A, = 0, 
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which, when expanded by the Binomial Theorem, becomes 


u*-nz' dy n—1_,, +2!" 
1A, bn are: x tes + Agi! 
+(n—1) Aye! ft Ape! 
stale A iil ve eran - p=0. (3) 
+ Ayia! 
+A, 


Now, since 2’ is wholly arbitrary, we are able to give it 
such a value as to satisfy this condition mz’-+ 4=0; 
which is done by making z! = ett 

This value of z’ substituted in (3), will give an equation 
of the following form : 

u" + Bou? + Buu"... 00s B,-1u +B, = 0, (4) 
which is deprived of its second term. 


(272.) Hence, to cause the second term of an equation to 
disappear, we must replace the unknown by a new unknown 
augmented by the coefficient of the second term with its 
sign changed, and divided by the number denoting the degree 
of the equation. 


, —EXAMPLES. 


1. Transform the quadratic equation 
a? f,c-+ A= 0, 


into a new equation wanting its second term. 
Assume 2 = ue and it will become 
\ 2 
(«— 3] 4 Ai (u— S\44 oh 


this, when reduced, becomes 
44 


346 GENERAL PROPERTIES OF EQUATIONS. 
: An 
el i i 
4. y) 


or, by transposing, 


and, L= U— - = —— tY —— 
The same result as was obtained by the direct solution 
of the above equation under Art. 151, formula (D). 


2. Transform the cubic equation 
et Aya? + Ast As = 0, 


into a new equation, wanting its second term. 


Paik ey il aN 
ssuming v—- U— +, we ge 


3 


which, when expanded and reduced, gives 
w+ Bou+ Bs= 0, 
where YE amp 


aed  ledaaae 
Re i hie 


We might proceed in this way for the transformation of 
equations of higher degrees, but its easy to see that this 
method would be very lengthy and complicated for such 
equations, we shall therefore seek some law by which these 
transformations can be made with less labor. 


(273.) If in the general equation 
at Aya" Ag”? ,, 0. +A, +A, =0 = X. 
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we substitute z’--u for z, and imitate the operations of 
Art. 271, we shall have 


gz!" +nz'n—! * 
+ Aix"! +(n —1)Aja!'"— 
+ Avr'n—? +(n — 2).Ayx'"—8 


Cael) Su Ayaln-* 
wt... pu" 


eveeee ee eet teen e eee oe 


If in the above transformation, we put X’ for the coefficient 
of uv, or which is the same thing, for the sum of the terms in- 
dependent of uw. Also, put X’’ for the coefficient of uw, and 
Xt xX 


Con for the coefficient of w’, for the coefficient of uw’, 


2.3 
and so on, we shall have 
X= a AeA At 77, ac atees ceciees An att An, 
X' = 2! Aja! 9 bgt! oo cece ce cease An—12! +-An, 
X"= na!" + (n—1) Aya!" ? + (n — 2) Aga!™3. 2. An—ty 
X= n(n—1)z'"-?- (n — 1) (n — 2) Ae!” 3 + ; 


X= n(n—1)(n—2)a!""—3-L (n—1)(n—2)(n—3) Aya? 
&e., &c. 
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If we examine the above expressions, we shall discover 
the following law : 


X' is derived from the general equation X, by simply 
changing x into z’. 

‘X" is derived from X' by multiplying each of the terms 
of X' by the exponent of x' in that term, and diminishing 
this exponent by a unit. 

X""' is derived from X" in the same manner as X" was 
derwed from X’. 


And, in general, a coefficient of any rank, in the above 
transformed equation, is formed by means of the preceding, 
by multiplying each term of the preceding by its exponent, 
and dividing the product by the number of coefficients which 
precedes the terms sought, and diminishing the exponent by 
a unit. 


(274.) The polynomial X’’ is called the first derived poly- 
nomial of X’. 


The polynomial of X’’’ is called the second derived poly- 
nomial of X’; and so on for the succeeding polynomials. 


(275.) We willadda few examples to illustrate the above 
law. 


1. Transform the equation 
xt — 1223+ 172? — 9r-+-7 = 0, 
into an equation wanting its second term. 
By Art. 272, we must substitute ute =u+3, or3+u 
for x; this transformed by Art. 273, will be of this form : 
i 
Xf Kup Aap u>t-ut = 0. 


Now, by the above law, we find 
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X' = (3)'—12(3)8+-17(3)2—9(3)! +7 = — 110, 
X" —4(3)§ — 36(3)?-+34(3)'—9 = — 123, 


xX!!! 
xX 
= 4(3)!— 1: —< 0. 
5 ieee hk ah : 


Hence, our transformed equation is 
ut — 37u? — 123u — 110 =0. 


2. Transform 
x° — 10xr4+-773+-4re —9 = 0, 
into a new equation wanting its second term. 


Proceeding as above, we find 
X' = (2)®— 10(2)4 +7(2)?-+-4(2)' —9=— 73, 


X" —5(2)4—40(2)8-121(2)2-44 —— 152, 
rr 
— 10(2)* — 60(2)?-.21(2)! Sie 
xu 
oy = 102)? —40(2)' 7 hin 9D) 
wees | 
Fj 5(2)!— 10 sdbghe\ xi) 


Hence, our transformed equation is 
u° — 33u* — 118u? — 152u — 73 = 0. 


3. Transform 
323+ 152°-+25r—3—=0, 
into an equation wanting its second term. 
Dividing each term by 3, in order to make it agree with 


the general equation, we get 


oat 2 —1=0, 
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Now, in order to make the second term disappear, we 


must, by Art. 272, substitute Ru for x. 


Hence, 

5 \3 OA hate erie 152 
| fie as, wee, at RE T26 | (Pa ee) Ae 
x= (3) +5 (—3) +3(—3) a7 

oye 9) 25 
Geant Mai eh oy) ae 0 
x" =3(—3) + 10/2) , 
Otek 5 
prince SF ¢ kala i 5 — 0. 
y—(—s) + 
Hence, the transformed sought, is 

aa ay 
Dae 


In this example, the third term vanished at the same time 
as the second. 


4. Transform 
423 — 52°+-Ta —9=—0, 


into a new equation, of which the roots shall exceed by a 
unit, each of the corresponding roots of the given equation. 


We must assume vu = x-++1 or r= u— 1, which gives 


X= 4 (—1)?—5 (—1P-+7(— 1) —9=— 95, 


xX" 12(— 1)? — 10(— 1-7 ago. 
x 

“_— 12(— 1) —5 —=—17, 
xu 

___._. — 4 

2.3 


Hence, the transformed equation 1s 
4u3 — 17u?+-29u — 25 = 0. 
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(276.) The derived polynomials possess some remarkable 
properties, which we will develop. 


Let X, or 
eb Aya" Age. eee byt +A, = 0, (1) 
HAV Gide Opens B+ 63's An—1) Gn, for its m roots, we shall 
then have by Art. 257, the identical equation 
a” OE aan EE + A,12 - Ay = (2) 
(a — ay)(@— dg)... ee ween (2 — dy—1) («@ — an). 
In (2) change z into z+ wu, and it will become 
(a+u)"+A, (au) eevee . An—(2-+u) +A, So (3) , 
[w+ (2—a,) |[u-+ (w—ae)]...... [w—-(a— a,)]. 


The left-hand member of (3), by Art. 273, is 


x4 ups oe dp ‘ip (4) 


If we should actually perform the multiplication of the 
factors of the right-hand member, we should find, by pay- 
ing attention to the properties under Art. 265, that the part 
independent of w is equal to 


(2 — a1)(x— az)(% — 3) «ee oe (2 —0,-4)(e—a,). (9) 


The coefficient of w will equal the sum of the products 
of all the terms z— a,, x — dg, X — a3,..--- taken 2 — 1 
at a time. 


The coefficient of w’ will equal the sum of the products 
of the same terms taken n — 2 at a time. 


Hence, by equating the coefficients of the like powers 
of wu, in the two numbers of (3), we have 
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X= (x—ay)(2—ay)(x—az) . 2 «(L—An1)(2—An) 


xX xX x xX 
x’ ea eeee 
Xx xX 
M pe 4, A 
4 (x—a1) (Gl) oa eee) (A) 
xX 
a (2—Aye-1)(Z—An) 

&c. &c. 


EQUATIONS HAVING EQUAL ROOTS. 


(277.) Let X denote the first member of the equation 
et 2" +. Apr? M15 +A,»~t-+A, S=5 0, (1) 
and suppose m factors equal to z—a, m’ factors equal to 


xz—b, m'' factors equal to x—c, &c.; also, that it contains 
the simple factors z—p,z—q,z—r, &c., then we shall have 


X= (r#—a)"(x—b)™(a—c)”".... (2) 
(c—p)(e—q)(@—1)....=0. 
Calling X’ the first derived of X, we shall, by (A), Art. 
260, have 


Hence, the greatest common divisor of X and X’ is 
D=(2£—a)"""(a@—b)"-“""(x—c) “. (4) 


(278.) From this we conclude, that when the equation 
X =0Ohas no equal roots, then the polynomials have no 
common measure. 


(279.) If the greatest common divisor D, equation (4), is 
of the first degree, and equal to ,—h=0, we conclude that 
equationX ==0 has two roots equal to 2. And in general, if 
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it is of the form (2—h)” S303 then the equation has n-+-1 
roots equal to h. 

When itis of the form x2?+.4,7+.A,—=0, we must find 
the two values of x by quadratics, which we will suppose to 
be k and k’, so that the equation will have two roots=k, 
and two more =k’. 


EXAMPLES. 


1. Has the equation 
2x4 — 127°+19x2°—6z+9 — 0 
any equal roots, and if so, what are they ? 
X = 2x44 — 122°+ 192? — 62-49, 
X'= 8x* — 36z°+38r — 6. 
Now, by the method of Art. 50, we find the greatest com- 
mon measure of X and X’ to be 
18 pomasp Novena 
Therefore, the above equation has two roots.equal to 3. 


Dividing its first member by 
“(2—3) = 2? — 67-19, 


we find 
2x1 — 1227°+ J9x* — 67+ 9)a? — 6e-+9. 
2r1— 122°+- 182° fe 
ee ‘Qa? 1, 
x*— 62+ 9 
x3 — 62-49 
0. 


The two roots of 22?-+1—0 arexz=+ Vf i 
Hence, the four roots of the above equation are 
Peps: emmee ? 
2. Find the equal roots of 
x° — 2744323 — 7z?+-82 —3 = 0, 
if it has any. 
45 
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A= 2° —2zr'+ 323— Tz?+ 8r—3, 
X!= 521 — 82? + 92° — 1dr + 8. 
Seeking the greatest common divisor of X and X’, we find 
D=x*—2c4+1=(«¢#—1)’, 
hence, there are 3 roots equal to 1. 


If we divide the value of X by 
(2 — 1)? = 2° — 327°-++ 32 — 1 
we shall obtain the quotient 2? -+ x-+ 3. 


The two roots of z? + 2+3= 0, are rx =— Poe et ty 
hence the five roots of 


x — 2x4 + 32° —7Tz* + 82 —3 = 0, 


3. Find the roots of 
x?+ 52° + 62° — 6x1 — 15x3 — 3x? + 84+ 4=—0. 
Proceeding as in the last example, we find 
X= «7+ 52°+ 62°— 62r'— 15z?—3z2z*?-+ 8r--4, 
X' = 7x*° + 30x°+ 30x! — 24x73 — 452?— 62 + 8, 
D= zt d3r* + 2— 3r—2. 


Now, since the greatest common divisor D, surpasses the 
second degree, we cannot immediately resolve it. 
If we apply the same process to D, as we have done to 
X, we shall find 
D= zv!+ 375+ 2?—3r—2, 
D' = 42° + 9x? + 22 —3 = first derived of D, 
D'' = «x +1= greatest common divisor of D and D’. 


Hence, D has two roots equal to—1. Dividing it by 
(7+ 1)??=2?+ 272+], 
we obtain the quotient x?-++- x — 2, 
which equated to zero, gives x= 1, or z= — 2. 
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Therefore, D=(r+1)(a—1)(2+ 2), 
and consequently, X= (x-+ 1)*(¢—1)*(x-+4+ 2)? 
and the equation has three roots, = —-1; two roots, =1; 


and two roots, = — 2. 


RECURRING EQUATIONS. 


(280.) 2 recurring equation is one which remains the 


1 ‘ 
same when — is substituted for x. 
x 


All recurring equations are of this form : 
xr Aya Aga” oe ee Age? + Aye +10, (1) 
where the coefficients of the terms equi-distant from the 
extremes are equal, because, if for x we substitute 2s the 


above equation will become 


te Ae i eH 
Seria hi Say Face “+ + 1=0, (2) 


2: 


which, when cleared of fractions by multiplying by 2”, 
becomes | 

L+tAet Apt... Age? 4 Ae" +2"=0, (3) 
which is just the same as equation (1), only the terms are 
taken in a reverse order. 


From the above definition of a recurring equation, we 


ee 
know, that if a; is one of the roots, then will — also be 
(4 


a root of this equation. 
Hence, recurring equations are sometimes called recipro- 


cal equations. 


(281.) A recurring equation of an odd degree can in 
general be represented by 
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eee Pg A te a Prt Art1 0. (4) 
Now, if the corresponding coefficients have the same sign, 

x ==—1 will satisfy (4), but if the corresponding coeffi- 

cients have contrary signs, then 21 will satisfy (4). 


(282.) Hence, —1 or +1 is always one root of a recur- 
ring equation of an odd degree; consequently, by Art. 255 
we know that arecurring equation of an odd degree 1s divist- 
ble by +1, or by x—1; and the quotient will be a recurring 
equation of one degree lower, and consequently of an even 
degree. 


(283.) The general form of a recurring equation of an 
_even degree is 


om Aye Agre24 + Ayrtt+A+1=0. (5) 
This divided by 2”, becomes 


rt Aye" I+ Agr™ 2-1. , , Aa She 


Si +e=0, 66) 


which becomes, by bringing the terms of tity coefhicients 
together, 


at Ste = sai) th 224 =) +e. 0. (7) 


If we expand (2+: =) (e+: ) we shall obtain this 


identical equation, 
1 1 
nN Wee n+] n— 
(2 +5] x (2+: 5 ppeeeta md 
By transposing, we have 


Ce ae (2"4+5)-— (24 ), (9) 


(8) 


where z = of 
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If in formula (9) we suppose successively 
Mail | Qi sty iy 5 Ca ais ey 
we Shall find 


1 ] 
Ploy eolbarirepes 
ae dik eae oe ol) r F 
x a=( aise z—(ato jae —42?+-2, (A) 
ap Nan(o4 3): (43) 25145. 
"ob xt)” sn ? 


These values of US ae : rd &c., in terms 
Zz r 


of z, being substituted in the general recurring equation of 
an even degree, will give an equation in terms of z of but 
half that degree. | 

(284.) From Art. 281, we know that a recurring equation 
of the degree 2n-+-1, can be immediately reduced to a re- 
curring equation of the degree 2n, by dividing by x1, or 
x—1. Consequently a recurring equation of the degree 
2n—+-1 can be reduced to an equation of the nth degree. 


Suppose, for example, we wish to find the five roots of 
the recurring equation 

x* — (let+ 1723+. 172” — 1la+1= 0. (1) 

Since this is a recurring equation of an odd degree, and 

the corresponding coefficients have the same sign, it follows, 

by Art. 281, that one of its roots is—1. Dividing this 

equation by x-+-1, we obtain for a quotient this new recur- 


ring equation of the fourth degree. 
xt — 1278+ 292? — 12z-+1 = 0. (2) 
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Dividing this by x°, and reducing the result to the form 
of (9), Art. 283, we have 


“Saal Paneer (3) 


Substituting, i in (3), for x? fo: eye +3, ~, their values in 


terms of z, as given by group (Ay, Art. 283 we obtain 
22—2— 122-1290, (4) 
or z?—12z + 27=0. (5) 
Equation (5), solved by the usual rule for quadratics, 
gives 


i aoe SF or Z =o. (6) 
Taking the first value of z, we have 
te or z? — 9x = — 1. (7) 
Solving (7) by quadratics, we find 
Ocal 
= =-+-f77 8 
ne sped 8) 
Taking the second value of z, we have 
gba bade or 2? — 3r-— — 1. (9) 
2 
Equation (9) gives 
HB 
= -+:,//5. 10 
“ch onl Se 


Therefore, the five roots of the proposed equation are 
eck: VIiT 9—v77 3+ V5 3— V5 


If the numerator and denominator of the third root be 
each multiplied by 9+ ¥ 77, and the numerator and de- 
nominator of the fifth root, be each multiplied by 3+ y 5, 
the roots will assume the following form : 
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GH ee ae rae iss il: 
| eh Seal hep Rw titra 

which shows. that the third root is the reciprocal of the 
second, and the fifth is the reciprocal of the fourth. 


—1, 


BINOMIAL EQUATIONS. 


(285.) Binomial equations are of this form 
ated is 
in which, if we substitute ax for y, and divide the result by 
a”, we shall obtain 
git Lo= 0, 
for the general form of binomial equations. 


(286.) If n is even, the equation 27+ 1=— 0; or, 
xz"==—-1, gives for x the impossible expression Y—1; 
hence all the roots are imaginary. But the equation 
Me sem Vis On eee 1s oived. Ge) o/ boat) omer 
so that the equation has two real roots, and n — 2 imaginary 


roots. 
(287.) If nis odd, the equation x’-++1—0; orz"=—1; 
gives £== */— 1=—1; so that there is one real root and 


n—1 imaginary roots. But the equation 2>—-1—0; or 
x” == 1, gives r= */ 1==-+ 1, so that, as before, we have 
one real root and n — 1 imaginary roots. 


(288.) If a is one of the imaginary roots of the binomial 
equation 
Hic eli Nemeth bay (1) 
(v)"=a"= 1, (2) 
(a7\taeen == 1? =), (3) 
(a2)7 epee es 18g (4) 
(04) epee tT (5) 
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So that a’, a’, a®, a’, &c., satisfy the equation z = 1, 
when substituted forz. These quantities are therefore roots 
of the above equations. 


Hence, if a is one of the imaginary roots of the equation 
x"==1, then any power of a, will also be an imaginary 
root. | 


From this it follows, that the roots z*= 1, may be rep- 
resented under an infinite variety of forms, each term in 
the following series being a root. 


2 3 n—1 
DO AY au PR a 
OPS VARI. saictl ee 
29 7pQ4u+1 p72n+2 8n—1 A 
a”, arth, aT, aeons Thi e (A) 


(289.) When is a prime number, the roots of the 
equation z”= 1, are all contained in either of the expres- 
sions (A), for in each of these series of roots all the m terms 
will be different. But when is a composite number, the 
roots of the equation are not all contained in either of the 
series (A), for some of them will be the same root under 
different forms, for suppose n= pXq, and let q>>p, then 
the first series of (A) is the same as 


2 3 1 2 1 —1 
MUGS 07,0 we os C2 UR Oa eine a 09, OTe ate 
Now, since 
emice Vara t/ | a eeealso of 8/7 eee 


therefore the terms 1, a”, and a’, are each equal to 1, and 
consequently, each must be the same root under different 
forms. 


(290.) Suppose we have 2??—=1, where p= a prime. 
If we put 2’—y; then y?= 1. 
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Now, suppose 0 is a root of y?=1, it will follow from 
Art. 288, that the p roots of y?=1 will be denoted by 
TV, OSbA, Oss. tees eo be. 
Hence, by substitution, we have 
v—1=—0, (1) 
z?—}b = 0, (2) 
ep P ——,)? = 0, (3) (B) 
xP — bP-*==0. (p) 


The p roots of the first equation 2? — 10, have already 
peen found to be 


1S aad anarpea eR hemes: 
If we make x= 2z'/ b, the second equation of (B) will 
become 
ag? — b = (zP—1)xb=0; 
therefore the roots of a?— b =O, are equal to the roots of 
z?— 1=0 multiplied by 4 0d. 
Hence, the p roots of (2) are 
BO eD figs Un) Dy dele ave (salar be—14/ b. 
Again, if we make r= z ‘yb’, the third equation will 
become . 
x? — h* = (z?—1)xb°=0; 
therefore, the roots of 2?—- b?= 0, are equal to the roots 
of z?—1=0, multiplied by ¥ b?. 
Hence, the p roots of (3) are 
A/ De, Dis Usa ys bs oltents bP—! 27 §?, 
Proceeding in this way may find the following for the pp 
roots of x”—=1. 
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1g: b, b?, hEwe sts, be=3, 
27d, BD 2/b, b? 2/Dy se veee be} 2b, 
SA ONIN CDR ORR (C) 
Py bP! b 2/ BP, B2B/BPV. cece ee be) ny be, 


(291.) Again, suppose we have 2”? — 1— 0, where p and 
q are both primes. 


If we put z? = y, we shall have y7— 1=0. 
Let the q roots of this equation be 
1, a, a, aye eee at, 
or which, by Art 288, is the same as 
Detar er Meo siecaie aQ—p, 


then by substitution, we find 


rz? —1=0, (J) 
x? — a? =, (2) 


a?—y = ee a Uy ace (3) (D) 
ge? — g@-De —0. (q) 
We will denote the values of z in 2? —1=0, by 
Wey scle shae e be 


If we make x = az,, equation (2), of (D), will become 
ax? — a? == (2? —1)b?=0; 


‘therefore the roots of 2? — a? =0, are equal to the roots of 
2? —_1==0 multiplied by a. And inasimilar way we dis- 
cover that the roots of z? — a’? =0, are equal to the roots 
of 2? —1=—0O multiplied by a*, and so for the other equa- 
tions of (D). 


Hence, the pq roots of 2” — 1— 0, are 
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(E) 


_ Asa particular case, suppose we wish the 15 roots of the 
equation z!® — 1 — 0, or 23° —1=0. 

In this case, p== 3, and g=5; we must therefore seek 
the roots of z? —1=—0, and 2° —1=0. 

We know, by Art. 287, that c= 1 will satisfy each of 
the above equations ; hence they are, by Art. 255, both di- « 
visible by x—1. If we effect the division, we shall have 


z?+t-r2+-1—0, and z'+-2°+ 2?+27+1=—0, 
for the results; the first of these, 2toet1—0, being 
solved by quadratics, gives 


go — 1-17 — 3, or ga — 1 — 1 V— 3. 
The other equation, 2*+-23+-2°+-2-+ 1 =—0, is a recur- 
ring equation. Dividing it by x*, we have 
hand Titel 


or, which is the same thing, 
ya 1 . 
(#+3)+(2+2)-+1 =A if 
ad x 
5 itiottin tinge REAL indgastada Bist eateu 
ubstituting for x Be) anc Ses eir values in terms 


of z, Art. 28°, we find 
2 -+-z—1=—0, 
This, solved by quadratics, gives 
z=—1+1¥5, or z=—1—1¥5., 
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Taking the first value of z, we have 
gap =—}41¥5,0r8—(bv5—}e=—], 
0 


which, solved by quadratics, gives 


r= if v5 —1+V—10—2,5], 
PEAY Sh jefe Renan ADS HV SED EIT AE 


Taking the second value of z, we have 


Zz ali Bie —i—1yY5,or2+(1v5+})c=— 
x 
which, solved by quadratics, gives 
x= — 1{ yo +1—V—104 25], 
or x = —1[ Y5+14+V—1042 5]. 


In this case we have for the three roots of «3 — 1= 0, 
the following : 


Lica is 
b= a 1V— 3, 
bt == — 3 — Baik 
We have for the five roots o 1 = 0, the following : 
i eae 4 
a= i[v5 —14+V—10—2y 5], 
a? = —1[y5+1—VvV— 10+ 2 5], 
a = —1[v54+14+V—10+ 2v 5], 
a= i1[y5—1—V—10—2y5], 
Consequently, the fifteen roots of z°—1=0, are 


i Bomende Rs 

a= 3[v5—14+V—10— 2/7 5], 
a? =—1[yvy5+1—V— 10+ 2y 5], 
a =—i[v5+14/—10 + 2y 5], 
a 17 v5 —1—V— 10— 2y 5], 
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i ee ote Gt = V¥ 3|, 

ba = — 1 [1 —V— 3] x[ v5 —1+V—10- r=crTyh 
b= 1[1—V—3]x[ v5 +1—V—10+ 2v5], 
ba = =F [1 —V—3]x[ v5 +14+¥—10-4 2V5], 
bat = — 1 [1 —V— 3] x[ v5 —1—V— 10 — 2/5], 
b?==— 3 [1 apne wait 

be = — 1 [Pt V¥— 3] x [v5 = 14+ V¥— 10-3875 |, 
BaF eel peta ama aT o/b Tn nt | 
Bai = PT tVvV—3]xfy5 +14+v—10+9/5), 
bat a ft V8] x] 75 + 1 VV 10 — 2b]. 


If we extract the roots indicated, to 7 places of decimals, 
and reduce the results to their simplest forms, we shall 


have 

Lie I, 
a= 0.3090170-+0.9510565V—1, (3) 
a? —= — 0.8090170+4-0.5877853V—1, (6) 
a? = — 0.8090170—0.5877853V—1, (6’) 
at—=  0.3090170—0.9510565V—i, 3’) 
b = — 0.5000000-++-0.8660254V—1, (5) 
ab = — 0.9781476 — 0.2079117V-—1, (7) 
a*) — — 0.1045285 —0.9945219V—1,  (4") 
a8 = 0.9135454—0.4067366V—1, 1’) 
ah 0.6691306—0.7431448V—1,  (2') 
b? = — 0.5000000 — 0.8660234V—1, — (5’) 
ab? =  0.6691306-+-0.7431448V—1, (2) 
ab? = 0.9135454-+-0.4067366V—1, (1) 
a’b? — — 0.1045285+4-0.9945219V—1, (4) 
a‘b? — — 0.9781476-+-0.2079117V—1, (7) 


These imaginary roots are each of this form, 
A+ BY—1. 
And in all cases, 


A? + B= 1. 
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For a complete and full discussion of the Binomial Equa- 
tion, £*— 1==0, when n is a prime, the reader is referred 
to the 5th part, Vol. Il, of Legendre’s Theorie des Nom- 
bres, 3d edition, where he will find collected and demon- 
strated the many beautiful theorems on this subject, which 
were first published by M. Gauss,-in his Disquisitiones 
Arithmetice. 


(292.) Before closing this subject, it may not be amiss 
to apprise the student, that the solution of binomial equa- 
tions are most readily found by the aid of Trigonometrical 
formula. 


GENERAL SOLUTION OF AN EQUATION OF THE THIRD 
DEGREE 


(293.) We have seen, Art. 272, that an equation of the 
third degree may be put under this form : 
e+ Aye+ Ap=0. (1) 
If we assume r= y-+-Z, (2) 
we shall find 2° = (y-+-z)?= y° + 23+ 3yz(y+z) 
=P 2+ 3yz.2, 
.°. 8®— d3yz.2 — y— 23 — 0. (3) 
If we equate the coefficients of (3) with those of (1), 
we shall find 


JI, = — 3y2, (4) 
A = — yy — 2°, (6) 
oe A; 
Which give yz=— (6) 
itn nearer cane (7) 
Cubing (6), we obtain 
| oon i g 
Y, Ale (8) 


Squaring (7), we get y®+2y?2?-+ 29— 42. (9) 
Subtracting four times (8) from (9), and we have 
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44) 
y® — 2y3z3 + 2° = 2 


10 
Extracting the square root of (10), we find 


OR th @ a 

PH | oe 
By adding and subtracting half of (11) to and from the half 
of (7), we find 


(12) 


A Ae A Ae 
§—=  — /f -2 4-1, (13 
4 2 4° OF (13) 
Hence, 
z=yt+z= 
Ag Az Ast Ae Az As)t 
—_—— ———/ —?+4+ 135 . (A 
ey ETS 2 en (A) 
If we assume 
As Az A3Qs 
n=} SV Geol, 
(14) 
MES Net ag Cr aa 
=| 4_4/ 4 +5 
the above value of z will become 
z=m--n. 


(15) 


Now, to obtain the other two kpotsy we will depress the 
equation 


7 ¢—-o49 = 0 
by dividing it by z— (mn). See Art. 255. 


368 GENERAL PROPERTIES OF EQUATIONS. . 
OPERATION. 
et. Air+ Ae r— (m-+n) 


2 (m-pn)2 
ce a x? (m—+-n)r+ (m-+n)?+ A. 
(m-Ln)2*-+ Ais 


(m-fn)s?— (m-+n)'e 


[(m-+n)-LA 1 ]a-+Ae 
[(m-bn 4 A,Jo—(mn-fn)'—(m-pn) A 
(mf n)-H(m-fn) A+ Ae 


As it regards this remainder, we see that since m+ is a 
root of equation (1), it will be satisfied by substituting m-+-n 
for x; making this substitution in (1), we find 


(m--n)®+ (m-n)Ay-+ 4a = 0, 
which proves our remainder to vanish. 
Hence, the true value of the depressed equation is 
x°-+-(m—-n)x—-+- (m-+n)?+ A; = 0. (16) 
This, solved by quadratics, gives 


dn Me A 


So that equations (15) and (17) give the three roots of 
equation (1). 


The two roots contained in (17) may be found from (15), 
as follows: Comparing equation (14) with (12) and (13), 
we find y3 =m’, z5=n'; therefore, by Art. 288, we have 


YM, my 
y =am, and 2 
y =a*mn, 2 Car 


where 1, a, a, are the three cube roots of 1; that is, 
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Hn eR aces 28 | 1 ean Ps De ah ce pia 
c= 2 a 2 Vv 3 5 3 3 Vv 3. 
See example under Art. 203. 


The only way in which we can combine the above six 
values of y and z, so that at the same time their product 


shall equal ue equation (6), is as follows : 


r==m +n, giving the root of equation (15), 
r==am-+a’n, 


Pee aie ‘giving the roots of equation (17), (18) 
The roots given by (17) may be simplified as follows : 
Since y==m and z= 7, we have yz==mn. Comparing 

this with (6), we find .4;—= — 3mzn, this value of 41, sub- 

stituted in (17), gives 


C= 5) ; 
(19) 
, sa tr aN ret Sy AI 
2 a 


Collecting in one point of view, the roots of the equa- 
tion 2? + Az + A,= 0, we have 


r==m +n, Cia 
poll: Bi ia gare (2) 

: 2 (B) 
a 3, (3) 


where m and n are given by equations (14). 


We will now see what conditions must be fulfilled, in 
order that one or all of the roots may be real. 
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CAS Ey fy 
Alp /l,\8 
As Aes 
When OS am (3) + (3) a, 
In this case, the values of m and are real, and each 


Se gach 
equal to eee and the values of x, given by (B), are 


20/_& (1) 


= 
=e 2) > (B") 
~V—2 (3) 
CASE II 
When (=) + (3) >0. 


In this case, the values of m and n are both real, and 
unequal. Hence, the first root as given by equation (B), 
is real, whilst the other two are imaginary. 


C AS Hartt. 


/ly\? /l,\8 
ey ()-+5) 


In this case, since (=) is positive for all values of A, 


it follows that 4,<0. This is called the irreducible case, 
since m and n are both imaginary. 
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Nevertheless, we can prove, that in this irreducible case, 
all the roots are real. For, 


ae 3 : 
me (BY Ege 
OF 3 
(C) 
aig 
Sie 
Then we shall have 
m = (p+qv¥—1)*, 
n= (p—qv—l)’. 


See questions 13 and 14, Art. 191, which give the ex- 
panded form of mand 7 as follows : 


(p+q¥—1)* = 


3 s BAA csc Fi p8 is 
re id Belong paren MN 


(C) 


zh 3V—1—& 
CLE "4 oe 
oy ily = 

els ‘Wvaits ae +o wae 3/1 — &e 


Therefore, we find 


Hence, the three values of x, as given by (B), become 


— 
te 


2.0 “Fe kg | 
sa i is og 369? ‘p+ &e.{ v3, (B") 


where the values of » and q are given by (C). 


And since p and q are real quantities, it follows that the 
three roots as given by (B’’) are real. 


GENERAL SOLUTION OF AN EQUATION OF THE FOURTH 
DEGREE. 


(294.) Let the equation of the fourth degree be put under 
this form : 


ze Aye? + Aor + Ay = 0. (1) 
If we assume e=ytetu, (2) 
we shall find 2? =7?+ 2?-+ w?+-2(yz+-yu+zu), 
or 2 — (yeu?) 2A yz+-yubeu). (3) 
By squaring (3), we find 
xt - Q(y2+o+u)c?+(y2+2 22-447)? = (4) 
1 ys tyra ow) Syzu(y-pe-+u). 


Replacing y+z-+-w by «, in (4), and transposing, we find 
at —2(y2+2?-+-u2 2? — 8yzu.x be (5) 
+-(y?+-2?-+-42)2 — 4(y224-+-y?u? +-27u?) 
Now, in order that (5) and (1) ne become identical, we 
must have 
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A, =— Ay 2+, 
Aly = — 8yzu, (A) 


As = (y?4-2?---u*)’? — 4(y22? ty? w2w’). 
From these conditions, we immediately deduce 


ytetun— 


yz? yeu? + 22u? = gabe 7 —s (B) 


2 
you — 


Now, by Art. 265, we know that the sum of the three 
roots of a cubic equation with their signs changed, is equal 
to the coefficient of the second term of that equation ; and 
the sum of their products taken two and two, is equal to the 
coefhicient of the third term; also the continued product 
of the three roots is equal to the absolute term. 


Hence, the values of y?, 2°, and w®, will correspond with 
the three roots of this aquation: 


At», Ai—4As , | At 
: see Meat L 0) 6 
Baia Cote: an emits Gg (6) 


If we suppose ¢t = ‘ , equation (6) will become 


s§-2.4)s°+ (A? Sao 4.13) a a —— 
If we denote the three roots of this equation, as found by 
method explained under Art. 293, by s’, s'’, s'’’, we shall have 


y = a3Vs, 
A wn 9h (C) 
uw— tiys!”, 


Now, in order to find z, a root of (1), we must add the 
values of y,z, and u, observing that their signs are so taken 
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that their continued product may be affected with a contrary 
sign with .4,, so as to satisfy the second condition of (A). 


CASE I. 


When Als < 0; 


The four values will be as follows : 


e= hye tiyst-piys", 


ga bys! —iLys!!—1 ysl, (D) 
g=— vs tiys!—tys'", 
c= — 3/8 — 3 V8" 38", 
‘CASK FP. 
When Alz> 0. 
The four values will be as follows: 
ga — 1 sl —1 ys! —1 ys!” 
ga —lys'tiysl tt ysl, (D') 


pap ivel— lve" five" 
=} fomemron +ivs'+iys'—tysl!. 


The method of solving a cubic equation as given under 
Art. 293, is generally supposed to have originated with 
Cardan, an Italian analyst of the 16th century ; it is there- 
fore frequently referred to as Cardan’s Method. Montucla, 
in his Histowre des Mathematiques, seems to have proved 
that it was also discovered about the same time, independ- 
ently of each other, by Scipio Ferreus and JVicolas 
Tartalea. 

The above method for equations of the fourth degree, 
which is a close imitation of the method for cubic equations, 
was first given by Kuler, a distinguished analyst. 


As yet, analysts have not been able to obtain the general 
solution of equations beyond the fourth degree. 
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STURM’S THEOREM 


(295.) Let X=0 be an algebraic equation having real 
coefficients ; we will suppose, also, that it has no equal roots. 
Call Xj; its first derived polynomial, found by the method 
of Art. 273. | 

Apply to X and X, the method of finding the greatest 
common measure, as explained under Art. 50, with this con- 
dition, always to change the sign of the remainder at each 
operation, and to use this remainder, thus modified, for a dt- 
visor in the next operation. 


Designate, moreover, by Xe, Xg, X4,....-- X,, the succes- 
sive remainders, taken with contrary signs. 


If we denote the successive quotients by 


G19 72 93g+22e%*9r-15 
we shall have the following relations : 
X= Xigi— Xa (1) 
Xi, = Xoqe — Xa, (2) 
Xp Re are Xa, (3) (A) 


X72 == Ap—19r—1 — X,. (r—1) 


We shall necessarily have X, independent of x, and dif- 
ferent from zero, (Art. 278.) 


After having obtained the functions X, X1, Xo,...... pes 


suppose we substitute in them for x, two numbers p and q 
of any signs whatever, p being <q. 


The substitution of p will give results either positive or 
negative ; if we only take account of the signs, and write 
them one after another in a line, they will give a certain 
number of variations and permanences. 


' 
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The substitution of q will in like manner give a succes- 
sion of signs, of a certain number of variations and perma- 
nences. 

Now, the THEorem oF Sturm consists in this: 

THE DIFFERENCE between the number of variations given 
by the first series of signs, and the number of variations given 
by the second series of signs, will express exactly the NUMBER 
of real roots of the proposed equation, which are comprised 
between p and q. 

(296.) We shall now proceed to demonstrate this beau- 
tiful theorem. 

I. Consider the function X in particular, and suppose a, 
isareal root of X= 0. If we substitute a;+-u for x, in X, we 
shall obtain, Art. 273, a.result of this form : 


! 


Al! A! 
{ or eres 2 > ae 3 oeeeoee ig 
AA trp mae 1 Sh sii Ws (1) 


where is what X becomes when q is put for 2, and 
Be bs AN KES) Se are the successive derived polynomials 
of 4, found by the method of Art. 273. 

Now, by hypothesis, a; is a root of X=0, therefore 1—0, 
and the preceding expression becomes 


ai aa 
oat 


5 US Uae +u~'), (2) 


We can always take wu sufficiently small to cause the quan- 
tity within the parenthesis of (2) to have the same sign as 
its first term A’. 

Tl? Sf, in the functions 'X, X41) Xa)... 006 X,, we subste- 
tute any quantity a for x, it cannot happen that two conse- 
cutive functions shall vanish at the same tune. 

For take any three consecutive functions as Xn-1, Xn, Xn. 
Then, by conditions (A), we have 
Xn tS Aan Xn41- (1) 


GENERAL PROPERTIES OF EQUATIONS. S77 


Now, if we are able to have at the same time 


Xna=0, (2) 
Xn, = 0, (3) 

we must also, by condition (1), have 
Xn — 0. (4) 


Since the relation (1) is general, it must be true when we 
write n+-1 for n; hence we have 
ee eine Tapers ak 4 (5) 
In (5), substituting the values of X,, X,41, as given by 
(3) and (4), and we obtain 


hala a> Ue (6) 
By continuing this process, we should finally find 
X,= 0, . (7) 


which is absurd, since we have already shown that X, can- 
not equal zero. 

III. The relation X,—1 = XnQn— Xn41, shows that if a 
function X,, becomes 0 by the substitution of x = a, the two 
functions Xn1, Xn41, between which it is placed, have ne- 
cessaruly contrary signs for x= a. 


(297.) Designating by & a quantity positive or negative, 
but less than each of the the real roots of the equations, 


XESO 
X= 0, 
Ay ==), (B) 
Ae; 


Conceive that the value of x is made to increase continu- 
ously from «=k, and that its successive values are substi- 
tuted in the functions X, X1, Xo,...... X,. Now, so long 
as the increasing values of z are less than each of the roots 
of equations (B), the signs, arising from their substitution in 
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the functions of X, X1, Xe,...... X;, will occur in the same 
order ; for, in order that the number of the variations and per- 
manences of signs should change, it is necessary that some 
one of the above functions, as X,,, should have passed through 
the stage in which X,—=0, which cannot have happened, 
since z is supposed less than the least value which can satisfy 
either of the equations (B). 


(298.) We will now suppose that x has reached a value 
x == a, which causes one of the intermediate functions Xj, 
Xo, X3,....-.X;—1, to vanish, without causing z to vanish. 
We will also suppose X,, to be the one which vanishes when 
x==a; then by II, under Art. 296, we know that X,,.., 
Xn4+1, cannot vanish, and by III, under the same Art., we 
also know that X,-; and Xns1 must have contrary signs. 
Now, if we consider the sign of the vanishing term X, to be 
either plus or minus, the three consecutive functions Xy_1, 
Xn X41, can produce only these two combinations of signs, 


decane ir ® 


Either of which gives one variation and one permanence. 


We know, by Art 297, that the signs of X, 1, Xn+1, will 
not be changed from z= k to xa, and since we are able 
to take wu as small as we please, it follows that they will not 
be changed from «ato r=a-+u. 


Hence, the hypothesis x =a, introduced in the series of 
functions X, X1, Xo... ., can produce neither a gain or 
loss in the number of variations. 


(299.) We-will now suppose that z =a; causes X to va- 
nish. Let U and U, represent the values of X and X;, when 
Gos aj +u. 


Represent, as in Art. 273, by .4, .4', 1!',......, the va- 
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_lues of X and its successive derived functions, when x = a. 
In the same way, represent by 4), 4’, 4y"’,......, the 
values of X; and its successive derived functions. 

By Art. 273, we shall have 


A! 
Cre ee Octo Ut ode. 


on (C) 
Uy = Ap Au wp ee, 


Since a; is a root of XO, we must have 10. 
Again, the values ./’ and .4, each represents the value of Xi 
when a) is put for z, and since the equation X = 0 is sup- 
posed not to have any equal roots, 4’ or its equal cannot 
vanish, therefore (C) becomes 


U=Aut wate 


U-scseeeeee 


A "T (D) 
Ue A Au ue CLO 


ot which the right-hand members will have the same signs 
as their first terms .4’u, A’, if we take wu sufficiently small. 

Hence, when u is positwe, U and U, will have the same 
SUN. 

When u is negative, U and U, will have contrary signs. 

From which it follows that the functions X and X, will 
give a variation for x=a,—u, and a permanence for 
Les Oa Ue 

Consequently, in the passage of the continuously increas- 
ing values of x from x= a, — u to x=a,+ u a variation 
will be changed into a permanence. 

The same results would have place, if the value r=ay, 
which causes X to vanish, should at the same time cause 
some one or more of the functions 44, Xe, X3,...... ..to 
vanish. (Art. 298). , 

Now, commencing with = a,-++u, if we suppose the 
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value of x to increase continuously, the number of varia- 
tions in the series of signs will remain the same, although 
the order of the succession of the signs may be changed 
until we reach another value, x==ae, which causes X to 
vanish, and which is therefore a root of X=0; in which 
case a second variation must be changed into a permanence ; 
and so on. 


Hence, the number of variations lost when x increases 
from «x =k tox=k', must be equal to the number of real 
roots of X= 0, comprised between k and k’. 


APPLICATION OF STURM’S THEOREM. 


(300.) Before passing to the application of this theorem, 
we shall do well to pay attention to the following principles : 


I. In obtaining the functions X, Xj, Xo,....X;,, we are, 
by Art. 53, at liberty to introduce or suppress any numeri- 
cal factor, provided that it is positive ; but it is necessary 
to pay particular attention to the signs, and make only the 
changes mentioned under Art. 295, as the peculiarities of 
this theorem depend principally upon this change of the 
sions of X, X1, Xo,...3X;. 

II. If we simply wish to know the total number of real 
roots, without. fixing in any manner their limits, we need 
only substitute in the first terms of X, Xi, Xo,....X;, the 
values —oand + o. 


EXAMPLES. 


1. How many real roots has the equation 8c? —6r—1= 0 ? 


The first derived of 82—6x —1 is 242?—6, or sup- 
pressing the positive numerical factor 6, it becomes 42?— 1. 


Now, applying to 823 —6z — 1 and 4x? — 1 the method 
of finding the greatest common divisor, we obtain —4r2—1 
for the first remainder, changing its signs it becomes 42-++1, 


) 
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continuing the operation with 422?— 1 and 42-4 1, we’find 
-—3 for the remainder, hence we have 


X41 — 4z7°— 1, 

A 
Xo = 4e+-1, (A) 
Xoo. a 


Now, if for z in the above functions we substitute — 00, 
the signs of the results will be — ++ — +- giving 3 variations. 


If we substitute ++ 0, they will be + ++ + + giving 0 
variations, 

Hence, the number of real roots is 3—0= 3. 

If in the same functions (A), we substitute the three 
consecutive values x= — 1, z =0, 2 —1, we shall find that’ 
for x==— 1 the signs are — +- — +. giving 3 variations, 

(Coe é< eBay rety ag 6G) ae %3 
opera | 66 ATE Bat Re TU 9 BEM 

Hence, two roots lie between —1 and 0; and one root 
between 0 and 1. , 

If we substitute x == —1, we shall find +- + —-+ giving 
2 variations. 


Therefore, one of the negative roots lies between — 1. 
and — 1, and the other between — } and 0. 


2. How many real roots has z* — 52? 82 me al) 


In this example, we find 


X= 23? — 522+ 8c —1, 
X;, = 32? — 10x +. 8, 


X? = 2x — 31, 
X3 == — 2295. 
When x = — ©, we find —-++ — —, giving 2 variations, 


66 r= ++ ©, * 66 +++—, 66 1 66 
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Therefore, the above equation has but one real root, and 
consequently, it must have two imaginary roots. 


3. How many real roots has 24— 2x°— Tx?-+- 10x-+- 
10—0?2 
In this example, we find 
X = r$'— 2r° —7x’+10zr-+ 10, 
X, = 228 — 32? — Ta-+5, 
X»y = 17x? — 232 — 45, 
Xs = 1522 — 305, 


X, = 524785. 

When z = — ©, we find + — ++ — +, giving 4 variations. 
14 r= +0, 66 +++4+44-, 14 1 c¢ 
Consequently, the roots are all real. 

We also find 

whenz=— 0 + + — — + giving 2 ae 
os 1 + — ——-+ 2 
re D) gg te 4 As 6 iq 


3 +++4++ 
-1 —++-4 « 
aw) be 25 4 ashe ~f ce 
AS SME SSeS Te | 6c 

From which we see that the equation has two positive 
roots between 2 and 3; one negative root between 0 and 
—1; and one negative root between — 2 and —3. 


4. How many real roots has 2x*— 132z?-+- 10x —19=0? 
Here we find 
X = 2xt— 13x? +. 10x — 19, 
X, = 42° — 132-15, 
Xe == 1382? — 152-+- 38. 
It is not necessary to calculate X3 and X4, since the 
two roots of X_2== 13x2°— 15z+-38 =0, are imaginary, for 
(15)?<4x 13X38. See Art. 149, Formula (B). 


88 8 RRB 
He Ul fT et 
ww on 


GENERAL PROPERTIES OF EQUATIONS. 383 


Using only the values X, X;, Xe, we have 
when z= —o + — + giving 2 variations, 
© p—to Bip ia el sR Oi & 


Therefore, the two remaining roots are real. 


5. How many real roots has 2°—36z?+-722°—372-+-72 = 01 


Here we find 
X =2°— 362°+ 722? — 372-+72, 
X, = 52+ — 1082” + 1442 — 37, 
Xy = 1823 —54x?+ 372 — 90, 
X3 = 1319x? — 248727 — 684, 
X4 == — 2960933xr-+ 34935426, 


X3=—, 
when s—=— © we have —+—-+-+— giving 4 variations, 
"ON en r2=+o 6c +... —___ 66 1 66 


Hence, the proposed equation has three real roots and two 
imaginary ones. 


6. How many real roots has 2?-+-.4,7-++4,—=012 
In this example, we find 

xX = 2+ Act, 

Xi = 827+, 

X» ae QAyx ae 3A, 

X3 == — 44? — 27/2. 


CASE I. 
When — 4A? —27A2>0. 

Now, since — 27.72 is negative for all values of Ao, it is 
necessary that 4,<0, in order to fulfil the above condition. 
Consequently, 

when «—=-— © we have— -+- — + giving 3 variations, 


66 r= +0 <4 ++++ <4 O 66 
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Therefore, when —4.1 2 — 27A?2>0 or 4.43-+27.42 <0, then 
the three roots are real. See Case III, page 370. 


CASE II. 


| When —443 — 27.42 <0. 
This condition can be fulfilled for values of .4, either posi- 


tive or negative, so that 
when z —=— © we have — + + — giving 2 variations. 
rT: £==-+ 0 rq a ls | 6“ 
Therefore, when — 4.43 — 27.12 <0, or 4.4°-+-27.12>0, 
then there will be but one real root, and consequently two 
imaginary roots. See Case II, page 370. 


CASE IIL. 


When — 4.43 — 2742 =0. 


In this case, we know, by Art. 279, that there are two 
equal roots which will be given by 2.4;2-+3/2—0. Hence, 


one of the equal roots is s = — os and the other root must 
1 


2 


be ee) See Case I, page 370. 
1 


\ 


7. How many real roots has z1++.4;2?-+-2yr+- 43 = 02 
Here we find 


X = 24 Aye? At + As, 

X1 oS 42°42 Ar+-As, 

Ag a 2A x? — 3 Aor — 4A, 

X= 16.5(2 — 4.45)? — A2(4A23—144.4,.45-L27A2) 
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CAS ET. 
When 41<0, 8.4 A3;— 2.43 —9A?>0, and 
16.43(.4? — 443)? >A2(4.42 — 144.4,.43+ 27/42). 
Then, 
when z == — ©, we find + — + — ++, giving 4 variations. 
“capo, “ +4+4+++, € 0 & 


Therefore, in this case all the roots are real. 


CAA Ls 
When 16 As(.4? — 4.43)?<.A2(4.4% — 144.4),.43-++ 2742). 
Then, 
when x= — ©, we find + — — + —,, giving 3 variations. 
ori easy JE Ege Pee ee a DL 66 


Therefore, in this case, there must be two real roots, and 
consequently, two imaginary roots. 


When neither of these conditions are fulfilled, all the 


roots are imaginary. 


GENERAL METHOD OF ELIMINATION AMONG EQUATIONS 
ABOVE THE FIRST DEGREE. 


(301.) Suppose we have two equations, each containing 
x and y, represented by 
x 0, (1) 
X,=0, (2) 
Now, if we seek the greatest common measure of the 
polynomials X and %4, by the method of Art. 50, we shall 


have 


X= Xq-+7, (3) 
49 
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where q is the quotient of X divided by X;, and 7 is the 
remainder. Now, since by (1) and (2), X and X, are each 
zero, it follows that r as given by (3), must also be zero. 


(302.) From which we conclude, that if we operate upon 
the polynomials X and X,, by the method for finding the 
greatest common measure, we shall have the successwwe re- 
mainders each equal to zero. 


If we arrange the polynomials with reference to either 
of the letters, before operating upon them, we shall ult- 
mately find « remcinder independent of that letter, when 
the polynomials have no common measure, which remainder 
being put equal to zero, will gwe un equation containing 
but one unknown quaniity. 


When the two polynomials have a common measure, wt 
must be put equal to zero, if it contains both the unknown 
quantities, then divide both polynomials by at, and proceed 
with the results as in the first case. 


Norr.—In the operation of finding the greatest common 
measure of two polynomials, it frequently becomes neces- 
sary to suppress factors, as well as to introduce new factors. 
When this is done, we must carefully examine whether 
such factors are able to effect the final result. If uo 
factors other than numerical, are either suppressed or 
introduced, then the above method is rigidly correct, but 
in other cases, the rule would require some modification. 


EXAMPLES. 


1. Obtain from the two equations 


v-+-ay+y—1=0, (1) 
x + y>= 0, (2) 


a single equation in terms of y. 
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Proceeding hy the method of finding the greatest common 
_measure, Art. 50, we have for the 


FIRST OPERATION. 


is le Le yard? — 1 
Pb yo (42g) 
7 lr — y, 

at yor? — (y?—— 1) 24? 

— yx? — ye—yty 


a 


——- 


r+ 2y?— y = first remainder. ~ 


Again, dividing 22+ yr-++-y? — 1 by this remainder, we 
find for the 


SECOND OPERATION. 
at yoty'—I jz-24° —y 
x* + (2y°—y x ————. 
———la— (29° 24). 


—(y—2y)a+y—I 
—(2y’—2y)a—4y? 4-By'—2y" 


Coat eee 


4y° —6y*+ 3y’°—1 = second rem. 
Putting this rema nder, which is independent of x, equal 
to zero, we have for the equation sought ; 
4y° —6y'-+3y?—1=0. (3) 
If we were required to find, from the above two equations, 
one single equation in terms of x, we observe, that all that 
would be necessary would be to change y into z, in equation 


(3), since z and y can be changed the one for the other in 
equations (1) and (2) without affecting their form. 


2. Obtain an equation independent of y from the two 


equations | 
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(y-$A)e°—(3y9-} By? y—1)a° + (2422) 24 
+(3y'+-3y°-3y-+3 )?—(2y2—4y*—4y—1 x? 6 =0, (1) 
—(2y?++ 8y—4 zt y—1 
da? y3—( 32° 2?) yf (2Qat+ Bz2—Qry , 
| 5 : e fie {—o. (2) 
+x°+o°—2eit3r+e?tatl 

Proceeding with these equations agreeably to the above 

method, we find for the first remainder the following: 
3x7 y? — 2294-32 —2. 

Repeating the process, we find for the second ohint alee 

the followin g: 


root ot 2-2-1, 
which being put equal to zero, gives for the equation sought, 
roto? tt otaetoet] =0. 

3. Obtain an equation | independent of y from the two 
equations 

B22! (32? — 3xr)y? — (22°—-2)y? t= 0.7. (1) 

+(x? — Qa%+27 —3)ytai—z—2) 
322y3 — 3xy? — (2a2?— z)yte+r—3=0. (2) 


Ans. 22@—2z—2—0. 


(303.) When we have three equations involving three 
unknown quantities, we must first eliminate one of the un- 
knowns by combining either of the equations with the other 
two; we shall thus obtain two new equations involving 
only two unknown quantities, which, as we have just shown, 
will give a final equation involving but one unknown quan- 
tity. 


EXAMPLES. 


1. Obtain an equation containing only 2, from the three 
equations 
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zty?—a za), (1) 
yt2—b=0. (2) 
zt2*—c=0. (3) 


Eliminating z between equations (2) and (3) we have the 


following 


OPERATION. 


z*+y— b za? —c 

z?+-(2? —c)z ae 

a lz — (x?—c). 
—(v’—c)z-+-y—b 

— —(22?—c)z—2*+2cr?9—C? 


x*$—2cx*-+-y-+c?—b = remainder. 


Putting this remainder equal to zero, we have 
zt — 2cx*+-y+c?—b = 0. (4) 
Now, eliminating y between equations (1) and (4), we 
have the following 


OPERATION. 


yx — 2cx?-+ c?—b 


y — (at — 2cx?-+- c?— ). 


y+r—a 
y+ (x! — 2cx°-+ c? — b)y 


—(x*— 2cx?-+- c?—b)y-+- z—a 
—-( et —2en7 Fc? by — (24 Dex? - c? —-b)? 


(c* — 2cx?+-c* — b)?-+- x — a= remainder. 
Expanding this remainder, and then equating it witb 
zero, we have 
x®— 4cx* + (6c?— 2b)x* — (4c>— 4he) 2? = 0. (5) 
+2x-+ c+ b?>—2bc?— a Mi 
By simply permutating these quantities, (Art. 85), we 
have | 
y° — 4ay® + (6a? —2c)y!—(4a3 — 4ca)y? ta 0, (6) 
+ytattc?—2ca?—bh ” 
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2° — 4b2° + (6b°—2a)z*—(4ba? —4ab)z? 
+ z+ b4-++-a?— 2ab?—c 


2. In a similar manner, find three equations each contain- 


= 0. (7) 


ing but one unknown quantity, from the three equations 


+ ry —a—=0, (1) 
y+ yz— b=0, (2) 
2°+tz22—c—0. (3) 

First, eliminating z between (2) and (3), we find 
yi — ay? —(2b+c)y+bry+h?=0.° (4) 


Secondly, eliminating y between (1) and (4), we find 
2x2°—(Ta+ 3b -+ c)x°+(9a?-+5ab-+ 2ac-+ b*)x4 0. (5) 
— (5a3-+ 2a7b + arc)a*taty 
By permutating these letters, we find 
2y°-— (7b-+3c--a)y®+(9b?+ 5be-+ 2ha + €?)\y4 {—o (6) 
—(5b3+ 2b%c+ ba)y?+b44 
2z°— (Tc-+3a+b)z°-+ (9c?+5ca + 2b + a*)z! —o (7) 
— (5c3-++ 2c*a-+ c*b)z2+ct4 °° 
[iter 16 be. and: 6-15: 
Then will the eight sets of values be 
x = + 4.173281, 
: y = + 4.287098, 
z= + 0.330363. 
x= + 2.525516, 
2; y= + 2.969156, 
==-+ 3.240579. 
r= + 0.418924, 
5. = + 3.912240, 
Zz == + 4.048877. 
x = =F 4.003756, 
oF y = + 0.007100, 
= 7F 4.245971. 
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3. Find three equations each containing but one unknown 


quantity, from the three equations 


c- yz— a0, (1) 
r+ zr—b=), . 2 
s+ ay—c=0. (3) 


Operating as in the preceding examples, we find the 
ashi results : 


2° — ax — 2234 (2a--be) 2° —(b+e? sn hae mer, 
ye— i — 2y3-+ (2b--ca) y?— (ec? +a?— 1)ytec—b=0, 
z°— cz4-— 229+ '2c-+ab) 22— (a? +b?— 1)z+ab—c= 0. 

4. Find three equations each containing but one unknown 
quantity, from the three equations 


z+ yz—a=0, (1) 
y? + zx — l= 0, (2) 
z*- ry —c = 0. (3) 
f 82° — 20ax® + (18a? — 2bc) x4 

+ (5abe — Ta?— b?— c*)x?-+ (a? — bc)? (<0, 

‘Nis Sy® — 20by® + (18? + 2ca) x4 fa 
+ (5bca — 7b — c8 —a*)y? +-(b?— ca)? 
8z° — 20¢ez° -+- (18? — 2ab):z# es 0 

+ (5cab — 7c? — a? — b3)z*-++ (c? — ab)? 


(304.) When there are fou equations, we must first 
reduce the number to three by eliminating any one of the 
unknown quantities, and then proceed as above. From 
what has already been done, it will not be difficult to know 
how to proceed for a greater number of equations, but it is 
obvious that in many cases this general method must be 
very long and laborious, still it is valuable on account of 
the certainty of the result. 


392 NUMERICAL SOLUTION OF HIGHER EQUATIONS. 


CHAPTER XI 


NUMERICAL SOLUTION OF CUBIC EQUA- 
TIONS, AND EQUATIONS OF 
SUPERIOR DEGREES. 


(305.) Let Ax} + Agr? + Agr = Aa, (1) 
be any cubic equation, and suppose that two consecutive 
numbers in either of the series 

1D 2, 5..4, OCC. 
10, 20, 30, 40, &c. 


RG ee ae (A) 
0.1, 0.2, 0.3, 0.4): &c. 
0.01, 0.02, 0.03, 0.04, &c. 
&e.. &e. 
are foun:! such, that by substituting the first for z in equa- 
tion (1), the result shall be less than /24, and by substituting 
the second, the result shall be greater than .44 ; then, by Art. 
263, the first of these numbers, omitting the cyphers if it 
have any, will be the first figure of one of the roots. Let 
this figure be denoted by 71, and the other succeeding figures 
of the same root by 7s, 73, 74, &c., respectively. That is, 
115 125 73) Ta, &C., are the local values of the successive fig- 
ures of the root. 
If for z, in equation (1), we substitute its first figure 71, 


we shall have Ayr? + Aer? + Agri = Ay. (2) 


es (3) 


Therefore i ee 
? ¢ Ag+ Agri + Ayr?. 


| 
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If we put y for the excess of the true root above its first 
figure, we shall have z==7,+y; this value being substi- 
tuted in (1), we get 

; Asy + Agr, = Asx, 
Ay? +2Aer y+ Aor? = Aer, 
Aye +3Any+3Ayiyt+ Ayr = Az, 


en ns ee 


Ayi+ JA oy? -f- A'sy -}- B so /l4, 


" OF Ay + ANey + Ney = A's, | (4) 
where J’ 2 Ag+ 3/4715 (1) 
aly 3 == Ag+ 2Aori +3Ar?, (2) (B) 
as = J/ly— Agr, — Agr} —Ayr?.(3) 


Equation (4) isin all respects similar to the original equa- 
tion (1); therefore, repeating the above process upon this 
equation, we shall obtain 

Al's 


= Aether Par? ©) 


where 72 is the first figure of the root of equation (4), or the 
second figure of the root of equation (1). Putting z for the 
sum of all the remaining figures, we have y=v7,-+2; this 
value substituted in (4), gives 


A' z+ A sr, = A's, 
A! oz? +-2A' or, z+ Aor? = A’ oy, 
A+ 3Ayrez*? + 38Ariz+ Ari = Ay, 


/Ayz? Al'oz? 4+ AN got B' = A's, 


4’ 


or Ayz? + AM 92? + AN3z = ANG, (6) 
where A") = Alo +3Ajr2, ay 
Als = A'34-2A' gre 3.Air2, (252 >a (a) 
Ay!" = A's — A srg — Aor? — Ayr?. (3) 


Here, again, equation (6) is similar to equations (4) and (1) 
50 
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We might now proceed to find the first figure of the 
root of equation (6), the value of which must be such, that 
we shall have wy 

WBE Her ba @) 

(306.) Now, by observing the formation of the coeffi- 
cients .1'3, 4’9, in equation (5), and recollecting that 7, 
being the first figure of the root, must be greater than 79, it 
will appear obvious that .4’3 must constitute the largest 
portion of 4’3-+ A’gra-+ Ayr2, which is the denominator 
of the value ry as given by (5), and if 711s already known, 
then (2), of (B), will make known .4’3, which may be used 
asa trial divisor for finding ro, the second figure of the 
root ; the same may be observed of the succeeding divisors, 
and it is obvious that these trial divisors .4’’3,.4'"’3, &c., 
will continually approach nearer the true divisors. 


(307.) If we multiply the first coefficient by 7;,and add 
the product to the second coefficient, we shall find 


Ag+ Ayr. (8) 
Multiplying expression (8) by 7,, and adding the product 
to the third coefficient, we have 
As -- Agr; + Ayr}. (9) 
Multiplying expression (9) by 7, and subtracting the 
product from .44, we have 
Ay — Agr; — Aor? — Ayr. (10) 
Again, multiplying the first coefficient by 7;, and adding 
the produ@ to expression (8), we have 
Ag+ 2A. (11) 
Multiplying expression (11) by 7:, and adding the pro- 
duct to expression (9), we have 


Ag+ 2Aeri + 3Ayr3. (12) 
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Again, multiplying the first coefficient by 7,, and adding 
the product to expression (11), we have 
Ag+ 3/171. (13) 
Expressions (13), (12), and (10), are the values of the 
coefficients 'o, 4's and 4’, respectively, of equation (4), 
as given by (B). 


(308.) From the above method of operation, we dis- 
cover that the root of a cubic equation having numerical 
coefficients, can be found by the following 


RULE. 

I. Having found the first figure of the root, multiply it 
into the first coefficient, and add the product to the second 
coefficient, which sum, multiply by the same figure and add 
the product to the third coefficient, multiply this last sum by 
the same figure and subtract the product from the term 
which constitutes the right-hand member of the equation; 
the remainder we shall call the FIRST DIVIDEND. 

Again, multiply the first coefficient by the same figure, 
and add the product to the last number under the second 
coefficient, which sum must be multiplied by the same figure 
and the product added to the last number under the third 
coefficient, the result we shall call the FIRST TRIAL DIVISOR. 

Again, multiply the first coefficient by this same figure, 
and add the product to the last number under the second 
coefficient. 


II. Find the second figure of the root by dividing the 
FIRST DIVIDEND by the FIRST TRIAL DIVISOR, proceed with 
this second figure precisely as was done with the first figure, 
observing to keep the work so that units shall Stand under 
units, tens under tens, &c., Sc. 


Notr.—The above rule bears a close resemblance .to 
the rule for extracting the cube root of a polynomial, as 
given under Art. 106. 
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EXAMPLES. 
1. Finda root of the cubic equation 32°-++ 22?-+-42 = 75. 
F 5 r- OPERATION. FI 
om a4 = ro) e Rene 
=) o oO ~ 2 Ps o 2 he 
tops 5 2 255886 
8 8 8 3 oPPada 
Lars z REE ES 
Eat | | ee | 
ae 4 76(2.5779 &.—=z. 
8 20 40 
14 48 = Ist trial divisor. — 
20 5875 35 == first dividend. 
215 7025 = 2d trial divisor. 29375 
230 719797 
245 737241 = 3d trial divisor, 5625—2d dividend. 
2471 73900157 5038579 
2492 74076361 —4th trial divisor. 
2513 7409903713 586421 = 3d dividend. 
25151 517301099 
25172 ee eee 
25193 69119901 = 4th dividend. 
251957 - 66689133417 
2430767583. 
2. Find one of the roots of the equation 
Ta? +2? — 142 = 1675. 
‘| 1 — 14 1675(6.2676&c.= z. 
te Ici aa | »244 1464 
85 754 oie 
127 77968 211 
1284 80564 155936 
1298 8135372 — 
1312 8214596 | - 55064 
13162 822387163 48812232 
13204 823315069 a 
13246 82339463572 6251768 
132509 5756710141 
132558 eee 
132607 495057859 
1326112 494036781432 


1021077568. 


3 
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—2 


749 

78108 
81364 
8144663 
8152929 
815871877 


3. Find a root of the equation 323—~ 22?-+-x= 3. 


3(1.1417 &c.= z. 
2 


327 
312432 


14568 
8144663 


6423337 
5711103139 


712233861. 


(309.) The above roots are all positive. We will now 


give a couple of examples when the value of z is negative. 


The operation will remain the same if we observe the alge- 
braic rule for the signs. 


5 


—6 

— 16 

— 26 
—35 

— 365 

-— 370 

— 375 

— 3780 
— 3810 
— 3840 
— 38405 
— 38410 
— 38415 
~— 384165 
~— 384180 
— 384195 
~~ 3841995 


3 
35 
87 
9065 
9435 
966180 
989040 
98942405 
98980815 
9899233995 
9900386535 
990073231455 


4. Find a root of the equation 5r° — 6z?+-3r7 = — 85. 


— 85(—2.16139&e. = 
— 70 
—15 
=— 9065 
— 5935 
5797080 


— 137920 


— 98942405 


— 38977595 


— 29697701985 


— 9279893015 
— 8910659083095 


ee 


~ 369233931905. 
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5. Find a root of the equation z?-+-22+-'70x == —300. 


1 1 
—2 
—5 
—8 
— 87 
—94 
— 101 
— 1013 
— 1016 
— 1019 
— 10198 
— 10206 
— 10214 
— 102147 
— 102154 
— 102161 
-— 1021619 


(310.) When the second or first power of zis wanting, ~ 


70 i) — 300(— 3,.73879&c. == 2. 
76 — 228 
91 nase 
9709 —72 
10367 — 67963 
1039739 
1042787 — 4037 
104360284 — 3119217 
104441932 See 
10444908229 — 917783 
10445623307 — 834882272 
1044571525271 
— 82900728 
— 73114357603 
— 9786370397 
— 9401143727439 
-— 385226669561. 


we must consider its coefficient as being +0. 


6. Find a root of the equation z$-—— 127 = 28. 


129 
12902 
12904 
12906 
129061 
129062 
129063 
1290633 


—12 
4 

36 
3969 
4347 
43495804 
43521612 
4352290261 
4352419323 
435245804199 


28(4.302138&c.= z. 
16 


93 

86991608 
6008392 
4352290261 
1656101739 
1305737412597 


350364326403. 
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7. Find a root of the equation 22°-++32? = 850. 


2 3 
17 


31 

45 
4510 
4520 
4530 
453004 
453008 
453012 
4530130 


+0 
119 


336 

3382550 
3405150 
34052406008 
34053312024 
3405353853050 


850(7.05025&¢.= z. 
833 


ae 


17 
16912750 
87250 
68104812016 
19145187984 
17026769265250 


2118418718750, 


(311.) In all the preceding examples, the first figure of 
the root has been in the units’ place ; we will now add two 
examples in which the first figure is in the tens’ place. 

8. Find a root of the equation 323 — 7z*-++-13z = 45000, 


3 7 
53 
113 
173 
188 
203 
218 
2192 
2204 
2216 

221612 


13 
1073 
3333 
4273 
5288 
537568 
546384 
5464726448 


45000(25.404&c, = x. 
21460 


23540 
21365 


2175 

2150272 

24728 

21858905792 
2869094208, 


9. Find a root of the equation z*+ 60x? — 800z—60000 


1 60 
90 
120 
150 
1505 
1510 
1515 
15153 
15158 
15159 
151597 


— 800 
1900 
5500 
557525 
565075 
56552959 
56598427 
5660903879 


60000(30.537&c.=« 
57000 
~ 3000 
2787625 
212375 
169658877 


42716123 
39626327153 
~ 8029795847, 
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(312.) The method of proceeding, when the first figure 
is of a local value greater than ten, will be obvious. 
We will add two examples in which the first figure is in 


the tenth’s place. 


10. Find a root of 102? — 2427? — 3072 = — 6. 


10; 4" 24 2230 —6 (0.1768 &c.=2. 

— 23 — 323 — 323 
— 22 — 345 —— 
—21°'* — 35921 — 277 
— 203 — 37293 — 251447. 
— 196 — 3740604 - 
— 189 — 3751872 — 25553 
— 1884 — 275336896 — 22443624 
— 1878 ee 

. — 1872 — 3109376 
— 18712 — 3002695168 

— 106680832. 


11. Find a root of the equation z?-++ 92 = 6. 


1 +0 9 6 (0.6378 &c.=z. 

0.6 936 5616 

12 1008 oe 

18 101349 384 

183 101907 304047 

186 10203979 

189 10217307 79953 

1897 1021883644 71427853 

1904 

1911 8525147 

19118 8175069152 
350077848. 


(313.) By reviewing the foregoing examples, we discover 
that the last terms under the third coefficient, or the trial 
divisors, remain unchanged in several of its left-hand fig- 
ures, thus in example 1, 740 is common to the left-hand of 
the last two terms under the third coefficient. In example 
2, the figures common are 8233. In example 3, the figures 
common, are 815, and so for the succeeding examples. 
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It is evident, that if we omit all on the right of 
the constant figures of the last term under the third co- 
efficient, and also omit from the right of the last dividend, 
the same number of figures save one, we may then divide the 
remaining figures of the dividend by the remaining figures 
of the last term under the third coefficient, by long division ; 
and as many additional figures of the root may in this way 
be found as there are figures in the divisor thus used. 


12. Find a root, to 8 decimals, of the equation 


etx? = 500; 
1 1 +0 500(7.61727975&c.—=z. 
8 56 392 
15 161 — 
22 47456 108 
226 18848. 104736 
232 1887181 
238 1889563 3264 
2381 189123159 1887181 
2382 189290067 - 
2383 18929483724 1376819 
23837 18929.960752 1323862113 
23844 _—___ 
23851 52956887 
238512 37858967448 
258514 Ae SEES 
150979,19552 
132509 
18470 
17036 
1434 
1325 
109 
95 
14, 


51 
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EXPLANATION. 


After finding 4 decimal places in the root by the prece-_ - 
ding rule, we cut off 6 figures from the right of the last trial 
divisor, thus leaving the constant figures 18929 ; and from the 
right of the dividend we cut off 5 figures, leaving 150979 ; 
we then divided 150979 by 18929, by the rule for abridged 
division, (see Higher Arithmetic,) and thus obtained the 
additional figures of the root. 


13. Find a root, to 10 decimals, of the equation 
x? — 172?-+542 = 350. 


1 —17 54 350)14.9540686096. 
a —16 — 160 
3 14 - 
13 82 510 
17 166 328 
21 18931 a 
25 21343 182 
259 2148175 70379 
268 2162075 
277 2163189 11621 
2775  ~—-:216430348 10740875 
2780 2164320197236 | 
2785 880125 
27854 865275664 
27858 ah Sa 
27862 14849336 
2786206 _ 12985921183416 
186341.4816584 
173147 
13194 
12986 
208 
194 
14 
13 


1. 
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314.) Thus far we have sought only one of the roots of 
our equations. If we wish the three roots, we may divide 
the given equation, when all the terms are transposed to one 
side, by the unknown quantity minus the value of the root 
found by the above method, we shall thus depress the cubic 
equation to a quadratic. (See Art. 255.) 


14. Find the three roots of the equation 
x? — l5x2*+ 632 = 50. 


Here, we soon discover that one of the roots lies between 
1 and 2; seeking this root by the above process, we find 


i —16 63 60(1.028039231 &c.==zx. 
= 14 49 49 
— 13 36 — 
—12 357604 1 
— 1198 355212 -715208 
— 1196 35425744 
— 1194 35330352 284792 
— 11932 - 353299945208. 283405952 
— 11924 35329.6370427 a 
— 11916 1386048 
— 1191597 1059899835627 
w= 1191594 = 
326148 .164373 
317967 
8181 
7066 
1115 
1060 
55 
35 
20. 


Now, dividing 2? —152*-+ 632 — 50 by z—1.02803923 
we find, for a quotient, the following : 
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22— 13.971960772--48.6362762. 
Hence, we have this quadratic equation, 
x2?— 13.971960772 = — 48.6362762. 


This solved by the usual rule for quadratics, gives the 
following values : 
x == 6.576535 5 «= 7.395426. 
Therefore, the three roots of 2? — 152?+-63z = 50, are 
1.028039 ; 6.576535 ; 7.395426. 


(315.) From the work of the last example, we see that 
we need only seek one of the roots of a cubic equation by 
the foregoing rule, as the other two may then be found by 
the solution of a quadratic. When all the three roots are 
real, it will frequently be as simple to find them by the 
foregoing general method. But when two of the roots are 
imaginary, we must proceed agreeably to the last Art. 


15. Find the three roots of the equation z?—15r—=— 21. 
Applying the principle of Sturm’s Theorem, we find 


Xi = x*—5, 
Xs = 10z— 21, 
X53 = 59. 
For «= — o, we find — -+- — ++ = 3 variations. 


“ ¢—=+ 0, 66 ee 6 6c 


Therefore, this equation has three real roots. 


For z = — 5, we find — -++- — -+ ==8 variations, 
Oo go 4, 6 kt ug rq 
Pai yoo 1 ee — ee a3 
BO ae aoe Daa h(t) Somer.) Onan ee 6c 


r= 8 © +Hp+=0 « 


NUMERICAL SOLUTION OF HIGHER EQUATIONS. 409 


Hence, there is one negative root between —4 and —5 ; 
one positive root between 1 and 2; and one positive root 
between 2 and 3. 


For the positive root between 1 and 2, we have the fol- 
lowing 


OPERATION. 
1 +0 — 15 — 21(1.769149632 &c. =z. 
1 — 14 —14 
2 —12 —_—_— 
3 — 941 —7 
37 — 633 — 6587 
44 — 60204 - 
51 — 57072 — 413 
516 — 5659599 — 361224 
522 — 5611917 —_——- 
528 — 561138629 — 51776 
5289 — 561085557 — 50936391 
5298 — 5610.6432764 —- 
5307 — 839609 
53071 — 561138629 
53072 
53073 — 278470371 
— 224425731056 


530734 


eee 


ny 


— 54044.639944 
— 50495 
— 3549 
— 3366 
== 183 
— 168 


ser hi) 
rere ag! 


3 
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For the negative root, we have the following 


1 +0 
—A4 
— 8 
— 12 
— 1%4 
— 128 
— 132 
— 1324 
— 1328 
— 1332 
— 13321 
-— 13322 
— 13323 
— 133236 
— 133242 
— 133248 


— 1332482 


—15 


es 


OPERATION. 
—21(—4.441621651 &c. =z. 
1 —4 
33 ——— 
3796 — 17 
4308 — 15184 
436096 ——— 
441408 — 1816 
44154121 — 1744384 
44167443 pease. SEE 
4417543716 — 71616 
4418343168 — 44154121 
4418.3698 1764 
— 27461879 
— 26505262296 
— 956616704 
— 883673963528 


— 7294.2740472 
— 4418 
— 2876 
— 2651 


— 225 
— 221 


—4 
—4 


G. 
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For the positive root between 2 and 3, we have this 


407 


OPERATION. 
SO dee 6 — 21(2.672472018 &c. = 2. 
2 e— 11 — 22 
4 —3 —_— 
6 96 1 
66 528 576 
72 58309 —_— 
78 63867 424 
787 6402724 408 163 
794 6418752 
801 642195856 15837 
8012 642516528 12805448 
8014 6425.7264889 —_— 
8016 3041552 
80164 2568783424 
80168 oe 
80172 462768576 
. 801727 449800854223 
12967.721777 
12851 
116 
64 
52 
51 
1. 
Hence, the three roots of z3— 152——21, are 


x = —4.441621651 ; 


1.769149632 ; 2.672472018. 


16. Find the three roots of the equation 


10000z*? — 45 19z?-++ 6652 = 32. 


Applying Sturm’s Theorem to this equation, we find 
X = 10000z3 — 45 19224 6652 — 32, 
X, = 30000x? — 9038x-L 665, 
Xo = 9427222 — 125135, 
X3 = 5425404570000. 
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When x —0, we find — + — + =3 variations, 
6¢ Sree ES 6¢ +--+ -+-+=0. a4 
Hence, the equation has three positive roots, each less 
than 1. | 
When z 0.1, we find — + — + =8 variations, 
“ g=02, “ ttttno «6 
Which shows that the first figure of each root is 0.1. 
Again, when z= 0.11, we find — + — + =3 variations. 
© g==0,12, “© f—+4=—-9 
“ g=0.13, “ +-——+—2 66 
co coe QUTANY Steam gL any cc 
CC. pe, 102 h Ceeimeeeme te rrs olay c6 
From this, we discover that the first two figures of the 
least root are 0.11; the first two figures of the next root are 
0.13; the first two figures of the other root are 0.19. 
For the first root we have the following : 


10000 —4519 665 32 (0.119503816&c. 
— 3519 3131 3131 
— 2519 612 — 
— 1519 4701 69 
— 1419 3382 4701 
— 1319 23659 a 
— 1219 14308 2199 
— 1129 138360 212931 
— 1039 133665 
— 949 1336.369809 6969 
—944 6918 
—939 —— 
—934 51 
— 93397 4009109422 
10908.90573 
10691 
2 217 
134 
83 
80 
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For the second root we have the following 


10000 —4519 
— 3519 
— 2519 
— 1519 
— 1219 

—919 
—619 
— 549 
— 479 
— 409 
— 408 
—407 
— 406 


— 4057 
— 4054 
— 4051 
— 4050] 


OPERATION. 


665 
3131 
612 
2463 
— 294 
— 6783 
— 10136 
— 101768 
— 102175 
— 10229671 
— 10241833 
— 1024.547809 


48 


32 (0.137139216&c. 
3131 
69: 
7389 
— 489 
— 47481 
— 1419 
— 101768 
— 40132 
— 30689013 
— 9442987 
—. 9220930281 


— 2220.56719 
— 2049. 


— 171 
— 102 


— 69 
— 61 


—8. 
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For the third root we have the following 


10000 — 4519 
— 3519 
— 2519 
— 1519 
— 619 

281 
1181 
1231 
1281 
1331 
1333 
1335 
1337 
13375 
13380 
13385 
133856 


665 
3131 
612 
549 
3078 
36935 
43340 
436066 
438736 
43940475 
44007375 
440.1540636 


32 (0.195256967 &c 
3131 


69 
4941 
1959 
184675 


11225 
872132 


250368 
219702375 
30665625 
26409243816 


4256.381184 
3962 
294 
264 
30 
30 


0. 


Hence, the three roots of the equation 


10000x3 — 45192?+- 6652 — 32, 
are 0.119503816 ; 0.137139216 ; 0.195256967. 


17. Find the three roots of the equation z?+-22°— 32=9 


Applying to this equation the Theorem of Sturm, we find 
X = 2+227?— 3x— 9, 


X — 32°-+ 42 — 3, 


Xo = 26x-- wD, 
X53 == — 7047. 
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When x = — o, we find — + — — = 2 variations, 
(gato, * +4+4+—=1 « 
“ g= 1], es Se eee G6 


“« 2=Q, Cates Wee tye ree | 66 
Then this equation has but one real root, which lies 
between 1 and 2, the other roots being imaginary. 
We find the real root by the following : 


1 2 3 9(1.939465 &c. =<. 
3 0 0 
4 4 ~ 
5 931 9 
59 1543 8379 
68 156619 —- 
77 158947 621 
Ti3 15964891 469857 
776 16035163 
779 1603.828996 151143 
7799 143684019 
7808 
7817 745898 | 
78174 6415315984 


10436.65016 
9623 


813 
801 


12. 
Dividing z?-+-22? — 3x —9 by «— 1.939465, we find 
x? +- 3.9394652 + 4.640455 for the quotient. 
Therefore, solving the quadratic 
x?-+- 3.9394652 = — 4.640455, 
we find the following imaginary roots, 


o—§ — 1.96973 + 0.87213 v—l, 
~~ §—1.96973 — 0.87213 V—-1. 
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18. Find the three roots of the equation z5— 57?-8r=1. 


By Sturm’s Theorem we have already found, page 381, 


X =2—57?+8r—1, 


X, = 32?— 102-8, 


X3 = — 2295. 
When 2 =— 0, we find — -+ — — = 2 variations, 
“6 goto, “© f4+4+—=1 6 
“ ¢=—0, We ie cee CAML Ss tL oy Dame 
¢ go], Bde kee yt 6c 


Hence, this equation has one positive root which lies be- 
tween 0 and 1, and two imaginary roots. 


Its real root is found by the following: 


CPERATION. 


8 

751 

703 

68899 
67507 
6723076 
6695488 
669 .456964 


1 (0.1362934&c.=—=c. 
751 / 

249 

206697 


42303 


40338456 


1964544 
1338913928 


6256.30072 
6025 


od 


231 
201 


30 
27 


3. 


| By dividing 2*—5z?-+-8z — 1 by x — 0.1362934, 
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we find the quadratic 2? — 4.8637066z = — 7.3371089, 
which gives the following imaginary roots: 
tele made yad 
2.438185 — 1.19298V—1. 
19. Find one of the roots of 2? —2r—=5. 
Ans. == 2.09455 148&c. 


20. Find one of the roots of 22°-+- 3x2 = 90. 
Ans. 2=3.41639726&c. 


21. Find one of the roots of 2°-+x?+z2— 100. 
Ans. == 4.26442997&c. 


22. Find one of the roots of rite = 500. 
Ans. x = 7.89500828&c. 


23. Find one of the roots of 7°++-102?-+-52 = 2600. 
Ans. 11.00679933&c. 


SOLUTION OF EQUATIONS ABOVE THE THIRD DEGREE. 


(316.) Itis obvious that the above method which we have 
employed for cubic equations, will apply equally well to 
equations of a superior degree. By carefully studying the 
preceding method, we shall be able to deduce, for equations 
of the nth degree, this general 


“RU By 


1. Having found the first figure of the root, multiply it 
into the first coefficient and add the product to the second 
coefficient, which sum multiply by the same figure and add 
the product to the third coefficient, and this sum must be 
multiplied by the same figure and the product added to the 
fourth coefficient ; and so continue to multiply the last re- 
sult by this same figure and to add the product to the next 
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succeeding coefficient, until the last coefficient is reached, 
which last sum must be multiplied by the same figure and 
the product subtracted from the term constituting the right- 
hand member of the equation; the remainder we will call 
the FIRST DIVIDEND. 

Again, multiply the first coefficient by the same figure, 
and add the product to the number under the second coeffi- 
cient, which sum must be multiplied by the same figure, 
and the product added to the term under the third coefficient ; 
and thus we must continue to multiply and addy until we 
have obtained the second term under the last coefficient, which — 
result we shall call the FIRST TRIAL DIVISOR. | 

Again, multiply the first coefficient by the same figure of 
the root, and add the product to the last term under the 
second coefficient, which result must be multiplied by the 
same figure, and the product added to the last number under 
the third coefficient; and thus we must continue to multiply 
and add until we reach the coefficient next to the last, when 
we must again begin with the first coefficient and multiply 
and add as before, until we reach the n —2th coefficient ; 
then, again, commencing with the first coefficient, we must 
multiply and add until we reach the n — 3d coeffictent ; we 
must continue this process, until we have thus obtained n 
terms under the second coefficvent,n—1 terms under the 
third coefficient, n — 2 terms under the fourth coefficient, 
n — 3 terms under the fifth coefficient, and so of the rest. 

II. Find the second figure of the root, by dividing the 
FIRST DIVIDEND by the FIRST TRIAL DIVISOR, proceed with 
this second figure, precisely as was done with the first figure, 
observing to keep the work so that units shall stand under 
units, tens under tens, &c., &c. | 

EXAMPLES. 


1. Find one of the roots of the equation 
Sat a? + 4a? + 52 = 375. 
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OPERATION. 

1 4 D 375 (3.13364 &c. = x. 
10 34 107 321 
19 91 380 — 
28 175 397873 54 
37 17873 416122 397873 
373 17249 421744861 
376 18628 427402264 142127 
379 1874287  427.971813721 1265234583 
382 1885801 —— 
3829 1897342 156035417 
3838 189849907 1283915441163 
3847 
3856 2764.38728837 
38569 2567 

197 

171 

26. 


2. Find the four roots of the equation 
rt — 8023 + 19982? — 14937z == — 5000. 


FIRST OPERATION. 


— 80 1998 = 14937 —~ 5000 (34.83228 &c. =z. 
— 50 498 3 90 
= 20 — 102 — 3057 a 
10 198 — 1561 — 5090 
40 374 703 — 6244 
Ed 566 1358552 anette 
48 774 <050968 1154 
52 81944 2078388507 10868416 
56 86552 2105862348 : 
568 91224 2107697832088 671584 
576 9140169 210.9583553472 623516552i 
584 9157947 . — 
592 9175734 480674479 
5923 917742044 4215395664176 
5926 917860692 ae 
5929 591.349125824 
5932 422 
169 


168 


ee 


1 
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SECOND OPERATION. 


i —80 1998 — 14937 — 5000(32.06029&c.==2. 


—50 498 3 90 
—20 §—102 — 3057 
10 198 — 2493 — 5090 
40 282 — 1753 — 4986 
42 370 — 1725106984 
44 462 — 169.7040736 —4104 
46 4648836 — 10350641904 
48 4677708 —_—— 
4806 , — 49.358096 
4812 — 34 
—15 
—15 
0. 


THIRD OPERATION. 


1 —80 1998 — 14937 — 5000(12.75644&e. =z. 

—70 1298 — 1957 — 19570 
— 60 698 5023 
—50 198 5267 14570 
— 40 122 5367 10534 
— 38 50 5339063 —— 
—36 —18 5296132 4036 
—34 —3991 5291946125 37373441 
—32 —6133 5287.687500 
—313 —8226 2986559 
—306 —837175 "26459730625 
—299 —851725 —— 
— 292 34058.59375 
— 2915 31726 
— 2910 piveawan) 

2332 

2115 

217 
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FOURTH OPERATION. 


v4 = 80 1998 — 14937 —5000 (0.35098&e.—=a. 
we TT» te IOTAQU © cms 14844779 — 43034319 
—794 195027  —13759692 
—791 192654  — 13663561875 — 6965681 
—788 19226025 — 135.67638500 § — 68317809375 
—7875 19186675 | sito lbckh 
— 7870 — 133.9000625 
ally si 
—14i 
= i 
pea 1G 


Hence, the four roots, true to 5 decimal places, are 
34.83228 ; 32.06029 ; 12.75644 ; 0.35098. 


3. Find the four roots of the equation 
xi t-4x3— 42° — 1lz+4 —0. 
By Sturm’s Theorem we have 
X = 2'-+425 — 42? — liz+4=—0, 
A; = 473+ 12x? — 82 — 11, 
Xo = 20x'-+ 252 — 27, 
X= 2272-31, 
X4== 1547988. 
When c==—5, we find + — + —-+ 4 yariations. 
a. RE Mf at pe: G< 
6 go, 6 mere ee eae id 


Ce gee tame 63) 2 a ae 66 
ee Oye’ || ee Be qs 
OS Rs ASR Ee &< 
SOP TGR OK te ee PE as 


Hence, there is one negative root between —5 and —4; 
one negative root between —2 and —1; one positive root 
between 0 and 1 ;-and one positive root between 1 and 2. 


es 
Do 
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These roots when found are 


L == — 4.2834, 
xz = — 1.6908, 
drome Yea 
Low a l6abu: 


4. Find one of the roots of the equation 
2x°+-5zr'-+ 6x3 2x? — 3x = 300. 


254 
258 
262 
265 
270 
2704 
2708 
2712 
2716 
2720 
27206 


27212 


126 
13108 
13624 
14148 
14680 
1473408 
1478824 
1484248 
1489680 
149049618 
149131254 


OPERATION. 

2 —3 

50 97 
150 397 
318 4658432 
344216 5401360 
371464 54819013632 
399760 55630342560 
402706816 55753066592656% 
405664464 558 .759248434410 
408632960 
409080108854 
409527502616 


5. Find one of the roots of the equation 


225 — 723 + 10c2 = 9 


300 (2.2233498&e. 
194 


106 
9316864 


1285136 
109638027264 
18675572736 
1672591997779686 
1949.65275820214 
1676 
273 
223 


NUMERICAL 
\ 
OPERATION. 

Tyee 0 10 

So ee eh a3 

debe) ey m9: earl 

6 yee 5 54992 

SOG e 10832 217760 

10 1972 27128 2326581362 

112 2716 48320 2479627610 

124 3532 49660454 248015150553963002 
136 4420 51015416 24806.7544722052010 
148 446818 52384940 

160 451654 52389553963002 

1606 456508 52394168089008 

1612 461380 

1618 4613963002 

1624 4614126006 
1630 

163002 

163004 
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9(1.630101025 &e. 
5 

4 

329952 


70048 
6979744586 


25055914 
2480 15150553963002 


2543.989446036998 
248] 


6. Find one of the roots of the equation 


25 + Ort 1 393+ de? + 52 = 54321. 


424 
428 
432 
436 
440 
4401 
4402 


OPERATION. 
3 + 5 

83 668 5349 

227 2184 25221 

435 5964 277224336 
T07 6253584 303424400 
72396 6550016 3041105122401 
74108 6853360 304.7974011605 
75836 6861122401 

T7589 6868889204 

7762401 

7766803 


54321(8.4144 &e. 
42792 


11529 
1108897344 


44002656 
3041105122401 
1359.160477599 
1219 


eed 
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7. Find a root of the equation 
2624 + 28123 — 576x? + 298x == 25. 
Ans. £== 0.77933994 &c. 


8. Find a root of the equation 
x§ —§23 + 524—= 1. 
Ans. + = 0.20905692 &c. 
9. Find a root of the equation 
x®+ 22° + 324 + 423 + 52?162 = 654321. 
| Ans, &== 8:95697957 &c: 
10. Find a root of the equation 
2x7 — 6x — 52° + 20xt+ Qu? — 182? +- da = 4. 
Ans. 2-=2.62599736 ‘&c. 


r 
ue : < 
Pony ed A | a 

Wey 

‘yi N 


. - i 4) Hey Ae Ht ye + AY etek 
j : ieee 1 Stu PS Vani. ty Ruy 
Wo tet Metre iin WAG) Bai yew: 

a | Aas Aes if ay i 

wn) x ty VER AN ea Ga PR on eg 
DAL ORY SHANA Ok NR aR Se aa AK 
1 Sy MENDEL IAT a hg 1h mit Ay 
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